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Recall	thermodynamics	at	fixed	background	temperature	T.



Standard view: thermodynamic limit

Folklore: spontaneous processes have
�F  0
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But this is a statement on average, since “work” is 
a random variable.

Recall	thermodynamics	at	fixed	background	temperature	T.
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�F
<latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit>

W

Extractable work “is” (optimally)

only true in the thermodynamic limit              .

�F :
<latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit>

n ! 1
<latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit><latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit><latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit><latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit>



Standard view: thermodynamic limit

Work is a random variable (for fixed process):
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<latexit sha1_base64="QSgTTvK8UW/7zUKlKuvasyW9owQ=">AAAB9HicbVBNS8NAFHypX7V+VT16WSxCvZREBPVW9OLNCsYW2lg22027dLMJuxulhPwPLx5UvPpjvPlv3LQ5aOvAwjDzHm92/JgzpW372yotLa+srpXXKxubW9s71d29exUlklCXRDySHR8rypmgrmaa004sKQ59Ttv++Cr3249UKhaJOz2JqRfioWABI1gb6aEXYj0imKc3WV0c96s1u2FPgRaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHSaOkNHRhmgIJLmCY2m6u+NFIdKTULfTOYp1byXi/953UQH517KRJxoKsjsUJBwpCOUV4AGTFKi+cQQTCQzWREZYYmJNkVVTAnO/JcXiXvSuGg4t6e15mXRRhkO4BDq4MAZNOEaWuACAQnP8Apv1pP1Yr1bH7PRklXs7MMfWJ8/jdeSFg==</latexit><latexit sha1_base64="QSgTTvK8UW/7zUKlKuvasyW9owQ=">AAAB9HicbVBNS8NAFHypX7V+VT16WSxCvZREBPVW9OLNCsYW2lg22027dLMJuxulhPwPLx5UvPpjvPlv3LQ5aOvAwjDzHm92/JgzpW372yotLa+srpXXKxubW9s71d29exUlklCXRDySHR8rypmgrmaa004sKQ59Ttv++Cr3249UKhaJOz2JqRfioWABI1gb6aEXYj0imKc3WV0c96s1u2FPgRaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHSaOkNHRhmgIJLmCY2m6u+NFIdKTULfTOYp1byXi/953UQH517KRJxoKsjsUJBwpCOUV4AGTFKi+cQQTCQzWREZYYmJNkVVTAnO/JcXiXvSuGg4t6e15mXRRhkO4BDq4MAZNOEaWuACAQnP8Apv1pP1Yr1bH7PRklXs7MMfWJ8/jdeSFg==</latexit><latexit sha1_base64="QSgTTvK8UW/7zUKlKuvasyW9owQ=">AAAB9HicbVBNS8NAFHypX7V+VT16WSxCvZREBPVW9OLNCsYW2lg22027dLMJuxulhPwPLx5UvPpjvPlv3LQ5aOvAwjDzHm92/JgzpW372yotLa+srpXXKxubW9s71d29exUlklCXRDySHR8rypmgrmaa004sKQ59Ttv++Cr3249UKhaJOz2JqRfioWABI1gb6aEXYj0imKc3WV0c96s1u2FPgRaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHSaOkNHRhmgIJLmCY2m6u+NFIdKTULfTOYp1byXi/953UQH517KRJxoKsjsUJBwpCOUV4AGTFKi+cQQTCQzWREZYYmJNkVVTAnO/JcXiXvSuGg4t6e15mXRRhkO4BDq4MAZNOEaWuACAQnP8Apv1pP1Yr1bH7PRklXs7MMfWJ8/jdeSFg==</latexit><latexit sha1_base64="QSgTTvK8UW/7zUKlKuvasyW9owQ=">AAAB9HicbVBNS8NAFHypX7V+VT16WSxCvZREBPVW9OLNCsYW2lg22027dLMJuxulhPwPLx5UvPpjvPlv3LQ5aOvAwjDzHm92/JgzpW372yotLa+srpXXKxubW9s71d29exUlklCXRDySHR8rypmgrmaa004sKQ59Ttv++Cr3249UKhaJOz2JqRfioWABI1gb6aEXYj0imKc3WV0c96s1u2FPgRaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHSaOkNHRhmgIJLmCY2m6u+NFIdKTULfTOYp1byXi/953UQH517KRJxoKsjsUJBwpCOUV4AGTFKi+cQQTCQzWREZYYmJNkVVTAnO/JcXiXvSuGg4t6e15mXRRhkO4BDq4MAZNOEaWuACAQnP8Apv1pP1Yr1bH7PRklXs7MMfWJ8/jdeSFg==</latexit>

O(
p
n)

<latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit>

�F
<latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit>

W

Extractable work “is” (optimally)

only true in the thermodynamic limit              .

�F :
<latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit>

n ! 1
<latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit><latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit><latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit><latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit>

What can we say for “small” or strongly correlated systems? 
Work     its fluctuations       reliability?⇡<latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit>



Single-shot: Thermodynamics as a resource theory



Single-shot: Thermodynamics as a resource theory

The rules of the game:

• It is “free” to bring in any “bath” B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
<latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit>

possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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The rules of the game:

• It is “free” to bring in any “bath” B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
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Def.: A thermal operation      is a map of the formT
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where [UAB , HA +HB ] = 0.
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Single-shot: Thermodynamics as a resource theory



The rules of the game:

• It is “free” to bring in any “bath” B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
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Question:  Which transitions (work extraction etc.) are 
                   possible via thermal operations?
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Def.: A thermal operation      is a map of the formT
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where [UAB , HA +HB ] = 0.
<latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit>

Single-shot: Thermodynamics as a resource theory



Thermodynamics as a resource theory
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Def.: A thermal operation      is a map of the formT
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where [UAB , HA +HB ] = 0.
<latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit>



Thermodynamics as a resource theory

Theorem (Horodecki, Oppenheim, Nat. Comm. 4 (2013)):
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Def.: A thermal operation      is a map of the formT
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where [UAB , HA +HB ] = 0.
<latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit>

For block-diagonal states,                  is possible via 
some thermal operation iff        thermo-majorizes

⇢A 7! ⇢0A
<latexit sha1_base64="hHRqbuXC//NmMiPyXQ16ts2bYJ0=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyiqzIjgi5b3bisYB/QGYZMmmlD8xiSjFCGgr/ixoUibv0Od/6NmXYW2nogcHLOvdx7T5Qwqo3rfjulldW19Y3yZmVre2d3r7p/0NEyVZi0sWRS9SKkCaOCtA01jPQSRRCPGOlG49vc7z4SpakUD2aSkICjoaAxxchYKawe+Wokw6bPUaKNhPnvLGyG1Zpbd2eAy8QrSA0UaIXVL38gccqJMJghrfuem5ggQ8pQzMi04qeaJAiP0ZD0LRWIEx1ks/Wn8NQqAxhLZZ8wcKb+7sgQ13rCI1vJkRnpRS8X//P6qYmvg4yKJDVE4PmgOGXQHppnAQdUEWzYxBKEFbW7QjxCCmFjE6vYELzFk5dJ56LuWX5/WWvcFHGUwTE4AefAA1egAe5AC7QBBhl4Bq/gzXlyXpx352NeWnKKnkPwB87nD55ilT4=</latexit><latexit sha1_base64="hHRqbuXC//NmMiPyXQ16ts2bYJ0=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyiqzIjgi5b3bisYB/QGYZMmmlD8xiSjFCGgr/ixoUibv0Od/6NmXYW2nogcHLOvdx7T5Qwqo3rfjulldW19Y3yZmVre2d3r7p/0NEyVZi0sWRS9SKkCaOCtA01jPQSRRCPGOlG49vc7z4SpakUD2aSkICjoaAxxchYKawe+Wokw6bPUaKNhPnvLGyG1Zpbd2eAy8QrSA0UaIXVL38gccqJMJghrfuem5ggQ8pQzMi04qeaJAiP0ZD0LRWIEx1ks/Wn8NQqAxhLZZ8wcKb+7sgQ13rCI1vJkRnpRS8X//P6qYmvg4yKJDVE4PmgOGXQHppnAQdUEWzYxBKEFbW7QjxCCmFjE6vYELzFk5dJ56LuWX5/WWvcFHGUwTE4AefAA1egAe5AC7QBBhl4Bq/gzXlyXpx352NeWnKKnkPwB87nD55ilT4=</latexit><latexit sha1_base64="hHRqbuXC//NmMiPyXQ16ts2bYJ0=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyiqzIjgi5b3bisYB/QGYZMmmlD8xiSjFCGgr/ixoUibv0Od/6NmXYW2nogcHLOvdx7T5Qwqo3rfjulldW19Y3yZmVre2d3r7p/0NEyVZi0sWRS9SKkCaOCtA01jPQSRRCPGOlG49vc7z4SpakUD2aSkICjoaAxxchYKawe+Wokw6bPUaKNhPnvLGyG1Zpbd2eAy8QrSA0UaIXVL38gccqJMJghrfuem5ggQ8pQzMi04qeaJAiP0ZD0LRWIEx1ks/Wn8NQqAxhLZZ8wcKb+7sgQ13rCI1vJkRnpRS8X//P6qYmvg4yKJDVE4PmgOGXQHppnAQdUEWzYxBKEFbW7QjxCCmFjE6vYELzFk5dJ56LuWX5/WWvcFHGUwTE4AefAA1egAe5AC7QBBhl4Bq/gzXlyXpx352NeWnKKnkPwB87nD55ilT4=</latexit><latexit sha1_base64="hHRqbuXC//NmMiPyXQ16ts2bYJ0=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyiqzIjgi5b3bisYB/QGYZMmmlD8xiSjFCGgr/ixoUibv0Od/6NmXYW2nogcHLOvdx7T5Qwqo3rfjulldW19Y3yZmVre2d3r7p/0NEyVZi0sWRS9SKkCaOCtA01jPQSRRCPGOlG49vc7z4SpakUD2aSkICjoaAxxchYKawe+Wokw6bPUaKNhPnvLGyG1Zpbd2eAy8QrSA0UaIXVL38gccqJMJghrfuem5ggQ8pQzMi04qeaJAiP0ZD0LRWIEx1ks/Wn8NQqAxhLZZ8wcKb+7sgQ13rCI1vJkRnpRS8X//P6qYmvg4yKJDVE4PmgOGXQHppnAQdUEWzYxBKEFbW7QjxCCmFjE6vYELzFk5dJ56LuWX5/WWvcFHGUwTE4AefAA1egAe5AC7QBBhl4Bq/gzXlyXpx352NeWnKKnkPwB87nD55ilT4=</latexit>

⇢A
<latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit>

⇢0A.
<latexit sha1_base64="7d7X8x6rk92OR3nYuswOSVHhjXM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdeOygr1AO5RMmmlDM8mYZIQy9CXcuFDEra/jzrcxbWehrT8EPv5zDjnnDxPBjfW8b1RYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDutt56YNlzJBztOWBCTgeQRp8Q6q93VQ3Xau672yhWv6s2El8HPoQK56r3yV7evaBozaakgxnR8L7FBRrTlVLBJqZsalhA6IgPWcShJzEyQzfad4BPn9HGktHvS4pn7eyIjsTHjOHSdMbFDs1ibmv/VOqmNroKMyyS1TNL5R1EqsFV4ejzuc82oFWMHhGrudsV0SDSh1kVUciH4iycvQ/O86ju+v6jUbvI4inAEx3AGPlxCDe6gDg2gIOAZXuENPaIX9I4+5q0FlM8cwh+hzx8u3I9k</latexit><latexit sha1_base64="7d7X8x6rk92OR3nYuswOSVHhjXM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdeOygr1AO5RMmmlDM8mYZIQy9CXcuFDEra/jzrcxbWehrT8EPv5zDjnnDxPBjfW8b1RYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDutt56YNlzJBztOWBCTgeQRp8Q6q93VQ3Xau672yhWv6s2El8HPoQK56r3yV7evaBozaakgxnR8L7FBRrTlVLBJqZsalhA6IgPWcShJzEyQzfad4BPn9HGktHvS4pn7eyIjsTHjOHSdMbFDs1ibmv/VOqmNroKMyyS1TNL5R1EqsFV4ejzuc82oFWMHhGrudsV0SDSh1kVUciH4iycvQ/O86ju+v6jUbvI4inAEx3AGPlxCDe6gDg2gIOAZXuENPaIX9I4+5q0FlM8cwh+hzx8u3I9k</latexit><latexit sha1_base64="7d7X8x6rk92OR3nYuswOSVHhjXM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdeOygr1AO5RMmmlDM8mYZIQy9CXcuFDEra/jzrcxbWehrT8EPv5zDjnnDxPBjfW8b1RYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDutt56YNlzJBztOWBCTgeQRp8Q6q93VQ3Xau672yhWv6s2El8HPoQK56r3yV7evaBozaakgxnR8L7FBRrTlVLBJqZsalhA6IgPWcShJzEyQzfad4BPn9HGktHvS4pn7eyIjsTHjOHSdMbFDs1ibmv/VOqmNroKMyyS1TNL5R1EqsFV4ejzuc82oFWMHhGrudsV0SDSh1kVUciH4iycvQ/O86ju+v6jUbvI4inAEx3AGPlxCDe6gDg2gIOAZXuENPaIX9I4+5q0FlM8cwh+hzx8u3I9k</latexit><latexit sha1_base64="7d7X8x6rk92OR3nYuswOSVHhjXM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdeOygr1AO5RMmmlDM8mYZIQy9CXcuFDEra/jzrcxbWehrT8EPv5zDjnnDxPBjfW8b1RYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDutt56YNlzJBztOWBCTgeQRp8Q6q93VQ3Xau672yhWv6s2El8HPoQK56r3yV7evaBozaakgxnR8L7FBRrTlVLBJqZsalhA6IgPWcShJzEyQzfad4BPn9HGktHvS4pn7eyIjsTHjOHSdMbFDs1ibmv/VOqmNroKMyyS1TNL5R1EqsFV4ejzuc82oFWMHhGrudsV0SDSh1kVUciH4iycvQ/O86ju+v6jUbvI4inAEx3AGPlxCDe6gDg2gIOAZXuENPaIX9I4+5q0FlM8cwh+hzx8u3I9k</latexit>



Thermodynamics as a resource theory

Theorem (Horodecki, Oppenheim, Nat. Comm. 4 (2013)):

T (⇢A) = TrB
h
UAB (⇢A ⌦ �B)U

†
AB

i

<latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit>

Def.: A thermal operation      is a map of the formT
<latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit>

where [UAB , HA +HB ] = 0.
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For block-diagonal states,                  is possible via 
some thermal operation iff        thermo-majorizes
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FIG. 2: Thermomajorization. Consider probabilities p(E, g) of the initial system ρ to be in the g’th state of energy E. Now let us
put p(E, g)eβE in decreasing order p(E1, g1)e

βE1 ≥ p(E2, g2)e
βE2 ≥ p(E3, g3)e

βE3 ... – we say that the eigenvalues are β-ordered. We
can do the same for system σ i.e. eβE1q(E1, g1) ≥ eβE2q(E2, g2) ≥ eβE3q(E3, g3).... Then the condition which determines whether
we can transform ρ into σ is depicted in the above figure. Namely, (a) for any state, we construct a curve with points k given by
{
∑

e−βEi/Z,
∑k

i pi}. Then (b) a thermodynamical transition from ρ to σ is possible if and only if, the curve of ρ lies above the curve
of σ. One can make a previously impossible transition possible by adding work in the form of the pure state ψW which will scale each
point by an amount e−βW horizontally.

commutes with Thermal Operations[21] since the latter must conserve energy. Since we can dephase the final state without
changing it (as it is already diagonal in the energy basis) we can use the fact that dephasing commutes with our operations
to instead dephase the initial state without changing whether the transformation is possible.
In the case where the final state is also non-diagonal in the energy basis, the criteria for which transformations are possible

depends on the coupling one has with the system, and especially, the degree of control one has of the system. Thus far, our
results have not depended on having fine-grained control of the system and heat bath – the interaction depends on macroscopic
variables such as total energy E, but the mapping between microstates g does not matter[21]. This is not necessarily the
case during the formation process of states with off-diagonal terms. Thus, while Equation (3) for the extractable work holds
in general, the same is not true of Equation (8) for the formation process. This is because for the formation process of
transforming Gibb’s states into a state ρ which is not diagonal in the energy eigenbasis, it is generally not possible to make
such a transformation using Thermal Operations without additional resources. In the case of formation of many copies n
of ρ, the additional resource can be two level pure states in a superposition of energy levels[21], and the size of the system
required scales sublinearly in n and hence vanishes as a fraction of n.

F. Changing Hamiltonians

So far we have considered transitions between the states of a system with fixed Hamiltonian. This might suggest that our
approach does not cover the microscopic analogue of thermodynamical processes between equilibrium states with different
initial and final Hamiltonians[3], such as isothermal expansions of a gas in a container. Yet, fundamentally, a time dependent
Hamiltonian is only an effective picture of a fixed Hamiltonian of a larger system, and we shall show below how to describe
such transitions in the microscopic regime.
Namely we introduce a qubit on system C which we can act on to switch the Hamiltonian from H to H ′ (we call this the

switching qubit). We can for example take the total Hamiltonian to be

Htot = |0〉〈0|C ⊗H + |1〉〈1|C ⊗H ′ +W |1〉〈1| (10)

and take the initial state of the work qubit, switching qubit and system to be |00〉〈00|CW⊗ρ and final state to be |11〉〈11|CW⊗
σ, so that we are effectively changing the Hamiltonian acting on ρ, and gaining or losing work in the work qubit when we
make the transition to σ. We now consider a transition between ρ and τ ′, the thermal state with Hamiltonian H ′, and want
to know what value (positive or negative) for W allows us to make this transition.
The results, obtained by means of thermo-majorization are depicted in Figure 3. One finds

W = Fmin
ε (ω)− Fmin

ε (τ ′) (11)

for extracting work, and for the amount of work required to form ρ (provided it is diagonal in energy eigenbasis) from the
thermal state, we obtain

W = Fmax
ε (ρ)− Fmax

ε (τ ′) (12)

This result does not depend on the form of the Hamiltonian of Equation (10) – we only require that at late times, there is
no interaction between the work qubit and the other systems (since we need to be able to separate out the work qubit to use
in some future process). More general state-to-state transformations assisted by work are also depicted.

⇢A
<latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit>

⇢0A.
<latexit sha1_base64="7d7X8x6rk92OR3nYuswOSVHhjXM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdeOygr1AO5RMmmlDM8mYZIQy9CXcuFDEra/jzrcxbWehrT8EPv5zDjnnDxPBjfW8b1RYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDutt56YNlzJBztOWBCTgeQRp8Q6q93VQ3Xau672yhWv6s2El8HPoQK56r3yV7evaBozaakgxnR8L7FBRrTlVLBJqZsalhA6IgPWcShJzEyQzfad4BPn9HGktHvS4pn7eyIjsTHjOHSdMbFDs1ibmv/VOqmNroKMyyS1TNL5R1EqsFV4ejzuc82oFWMHhGrudsV0SDSh1kVUciH4iycvQ/O86ju+v6jUbvI4inAEx3AGPlxCDe6gDg2gIOAZXuENPaIX9I4+5q0FlM8cwh+hzx8u3I9k</latexit><latexit sha1_base64="7d7X8x6rk92OR3nYuswOSVHhjXM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdeOygr1AO5RMmmlDM8mYZIQy9CXcuFDEra/jzrcxbWehrT8EPv5zDjnnDxPBjfW8b1RYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDutt56YNlzJBztOWBCTgeQRp8Q6q93VQ3Xau672yhWv6s2El8HPoQK56r3yV7evaBozaakgxnR8L7FBRrTlVLBJqZsalhA6IgPWcShJzEyQzfad4BPn9HGktHvS4pn7eyIjsTHjOHSdMbFDs1ibmv/VOqmNroKMyyS1TNL5R1EqsFV4ejzuc82oFWMHhGrudsV0SDSh1kVUciH4iycvQ/O86ju+v6jUbvI4inAEx3AGPlxCDe6gDg2gIOAZXuENPaIX9I4+5q0FlM8cwh+hzx8u3I9k</latexit><latexit sha1_base64="7d7X8x6rk92OR3nYuswOSVHhjXM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdeOygr1AO5RMmmlDM8mYZIQy9CXcuFDEra/jzrcxbWehrT8EPv5zDjnnDxPBjfW8b1RYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDutt56YNlzJBztOWBCTgeQRp8Q6q93VQ3Xau672yhWv6s2El8HPoQK56r3yV7evaBozaakgxnR8L7FBRrTlVLBJqZsalhA6IgPWcShJzEyQzfad4BPn9HGktHvS4pn7eyIjsTHjOHSdMbFDs1ibmv/VOqmNroKMyyS1TNL5R1EqsFV4ejzuc82oFWMHhGrudsV0SDSh1kVUciH4iycvQ/O86ju+v6jUbvI4inAEx3AGPlxCDe6gDg2gIOAZXuENPaIX9I4+5q0FlM8cwh+hzx8u3I9k</latexit><latexit sha1_base64="7d7X8x6rk92OR3nYuswOSVHhjXM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdeOygr1AO5RMmmlDM8mYZIQy9CXcuFDEra/jzrcxbWehrT8EPv5zDjnnDxPBjfW8b1RYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDutt56YNlzJBztOWBCTgeQRp8Q6q93VQ3Xau672yhWv6s2El8HPoQK56r3yV7evaBozaakgxnR8L7FBRrTlVLBJqZsalhA6IgPWcShJzEyQzfad4BPn9HGktHvS4pn7eyIjsTHjOHSdMbFDs1ibmv/VOqmNroKMyyS1TNL5R1EqsFV4ejzuc82oFWMHhGrudsV0SDSh1kVUciH4iycvQ/O86ju+v6jUbvI4inAEx3AGPlxCDe6gDg2gIOAZXuENPaIX9I4+5q0FlM8cwh+hzx8u3I9k</latexit>

p1e
�E1 � p2e

�E2 � . . .
<latexit sha1_base64="W4q+ooiy5Tz8Z46WUdkZkCBepDA=">AAACG3icbZDJSgNBEIZ74hbjNurRS2MQPIWZIOgxKILHCGaBTBx6OpWkSc9id40QhryHF1/FiwdFPAkefBs7yyEm/tDw81UV1fUHiRQaHefHyq2srq1v5DcLW9s7u3v2/kFdx6niUOOxjFUzYBqkiKCGAiU0EwUsDCQ0gsHVuN54BKVFHN3hMIF2yHqR6ArO0CDfLie+S+E+8wJARq99d+T14IEmfnmelqfUk50YtW8XnZIzEV027swUyUxV3/7yOjFPQ4iQS6Z1y3USbGdMoeASRgUv1ZAwPmA9aBkbsRB0O5vcNqInhnRoN1bmRUgndH4iY6HWwzAwnSHDvl6sjeF/tVaK3Yt2JqIkRYj4dFE3lRRjOg6KdoQCjnJoDONKmL9S3meKcTRxFkwI7uLJy6ZeLrnG354VK5ezOPLkiByTU+KSc1IhN6RKaoSTJ/JC3si79Wy9Wh/W57Q1Z81mDskfWd+/+dGgJQ==</latexit><latexit sha1_base64="W4q+ooiy5Tz8Z46WUdkZkCBepDA=">AAACG3icbZDJSgNBEIZ74hbjNurRS2MQPIWZIOgxKILHCGaBTBx6OpWkSc9id40QhryHF1/FiwdFPAkefBs7yyEm/tDw81UV1fUHiRQaHefHyq2srq1v5DcLW9s7u3v2/kFdx6niUOOxjFUzYBqkiKCGAiU0EwUsDCQ0gsHVuN54BKVFHN3hMIF2yHqR6ArO0CDfLie+S+E+8wJARq99d+T14IEmfnmelqfUk50YtW8XnZIzEV027swUyUxV3/7yOjFPQ4iQS6Z1y3USbGdMoeASRgUv1ZAwPmA9aBkbsRB0O5vcNqInhnRoN1bmRUgndH4iY6HWwzAwnSHDvl6sjeF/tVaK3Yt2JqIkRYj4dFE3lRRjOg6KdoQCjnJoDONKmL9S3meKcTRxFkwI7uLJy6ZeLrnG354VK5ezOPLkiByTU+KSc1IhN6RKaoSTJ/JC3si79Wy9Wh/W57Q1Z81mDskfWd+/+dGgJQ==</latexit><latexit sha1_base64="W4q+ooiy5Tz8Z46WUdkZkCBepDA=">AAACG3icbZDJSgNBEIZ74hbjNurRS2MQPIWZIOgxKILHCGaBTBx6OpWkSc9id40QhryHF1/FiwdFPAkefBs7yyEm/tDw81UV1fUHiRQaHefHyq2srq1v5DcLW9s7u3v2/kFdx6niUOOxjFUzYBqkiKCGAiU0EwUsDCQ0gsHVuN54BKVFHN3hMIF2yHqR6ArO0CDfLie+S+E+8wJARq99d+T14IEmfnmelqfUk50YtW8XnZIzEV027swUyUxV3/7yOjFPQ4iQS6Z1y3USbGdMoeASRgUv1ZAwPmA9aBkbsRB0O5vcNqInhnRoN1bmRUgndH4iY6HWwzAwnSHDvl6sjeF/tVaK3Yt2JqIkRYj4dFE3lRRjOg6KdoQCjnJoDONKmL9S3meKcTRxFkwI7uLJy6ZeLrnG354VK5ezOPLkiByTU+KSc1IhN6RKaoSTJ/JC3si79Wy9Wh/W57Q1Z81mDskfWd+/+dGgJQ==</latexit><latexit sha1_base64="W4q+ooiy5Tz8Z46WUdkZkCBepDA=">AAACG3icbZDJSgNBEIZ74hbjNurRS2MQPIWZIOgxKILHCGaBTBx6OpWkSc9id40QhryHF1/FiwdFPAkefBs7yyEm/tDw81UV1fUHiRQaHefHyq2srq1v5DcLW9s7u3v2/kFdx6niUOOxjFUzYBqkiKCGAiU0EwUsDCQ0gsHVuN54BKVFHN3hMIF2yHqR6ArO0CDfLie+S+E+8wJARq99d+T14IEmfnmelqfUk50YtW8XnZIzEV027swUyUxV3/7yOjFPQ4iQS6Z1y3USbGdMoeASRgUv1ZAwPmA9aBkbsRB0O5vcNqInhnRoN1bmRUgndH4iY6HWwzAwnSHDvl6sjeF/tVaK3Yt2JqIkRYj4dFE3lRRjOg6KdoQCjnJoDONKmL9S3meKcTRxFkwI7uLJy6ZeLrnG354VK5ezOPLkiByTU+KSc1IhN6RKaoSTJ/JC3si79Wy9Wh/W57Q1Z81mDskfWd+/+dGgJQ==</latexit>



Work extraction and work of formation

5

FIG. 2: Thermomajorization. Consider probabilities p(E, g) of the initial system ρ to be in the g’th state of energy E. Now let us
put p(E, g)eβE in decreasing order p(E1, g1)e

βE1 ≥ p(E2, g2)e
βE2 ≥ p(E3, g3)e

βE3 ... – we say that the eigenvalues are β-ordered. We
can do the same for system σ i.e. eβE1q(E1, g1) ≥ eβE2q(E2, g2) ≥ eβE3q(E3, g3).... Then the condition which determines whether
we can transform ρ into σ is depicted in the above figure. Namely, (a) for any state, we construct a curve with points k given by
{
∑

e−βEi/Z,
∑k

i pi}. Then (b) a thermodynamical transition from ρ to σ is possible if and only if, the curve of ρ lies above the curve
of σ. One can make a previously impossible transition possible by adding work in the form of the pure state ψW which will scale each
point by an amount e−βW horizontally.

commutes with Thermal Operations[21] since the latter must conserve energy. Since we can dephase the final state without
changing it (as it is already diagonal in the energy basis) we can use the fact that dephasing commutes with our operations
to instead dephase the initial state without changing whether the transformation is possible.
In the case where the final state is also non-diagonal in the energy basis, the criteria for which transformations are possible

depends on the coupling one has with the system, and especially, the degree of control one has of the system. Thus far, our
results have not depended on having fine-grained control of the system and heat bath – the interaction depends on macroscopic
variables such as total energy E, but the mapping between microstates g does not matter[21]. This is not necessarily the
case during the formation process of states with off-diagonal terms. Thus, while Equation (3) for the extractable work holds
in general, the same is not true of Equation (8) for the formation process. This is because for the formation process of
transforming Gibb’s states into a state ρ which is not diagonal in the energy eigenbasis, it is generally not possible to make
such a transformation using Thermal Operations without additional resources. In the case of formation of many copies n
of ρ, the additional resource can be two level pure states in a superposition of energy levels[21], and the size of the system
required scales sublinearly in n and hence vanishes as a fraction of n.

F. Changing Hamiltonians

So far we have considered transitions between the states of a system with fixed Hamiltonian. This might suggest that our
approach does not cover the microscopic analogue of thermodynamical processes between equilibrium states with different
initial and final Hamiltonians[3], such as isothermal expansions of a gas in a container. Yet, fundamentally, a time dependent
Hamiltonian is only an effective picture of a fixed Hamiltonian of a larger system, and we shall show below how to describe
such transitions in the microscopic regime.
Namely we introduce a qubit on system C which we can act on to switch the Hamiltonian from H to H ′ (we call this the

switching qubit). We can for example take the total Hamiltonian to be

Htot = |0〉〈0|C ⊗H + |1〉〈1|C ⊗H ′ +W |1〉〈1| (10)

and take the initial state of the work qubit, switching qubit and system to be |00〉〈00|CW⊗ρ and final state to be |11〉〈11|CW⊗
σ, so that we are effectively changing the Hamiltonian acting on ρ, and gaining or losing work in the work qubit when we
make the transition to σ. We now consider a transition between ρ and τ ′, the thermal state with Hamiltonian H ′, and want
to know what value (positive or negative) for W allows us to make this transition.
The results, obtained by means of thermo-majorization are depicted in Figure 3. One finds

W = Fmin
ε (ω)− Fmin

ε (τ ′) (11)

for extracting work, and for the amount of work required to form ρ (provided it is diagonal in energy eigenbasis) from the
thermal state, we obtain

W = Fmax
ε (ρ)− Fmax

ε (τ ′) (12)

This result does not depend on the form of the Hamiltonian of Equation (10) – we only require that at late times, there is
no interaction between the work qubit and the other systems (since we need to be able to separate out the work qubit to use
in some future process). More general state-to-state transformations assisted by work are also depicted.
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FIG. 2: Thermomajorization. Consider probabilities p(E, g) of the initial system ρ to be in the g’th state of energy E. Now let us
put p(E, g)eβE in decreasing order p(E1, g1)e

βE1 ≥ p(E2, g2)e
βE2 ≥ p(E3, g3)e

βE3 ... – we say that the eigenvalues are β-ordered. We
can do the same for system σ i.e. eβE1q(E1, g1) ≥ eβE2q(E2, g2) ≥ eβE3q(E3, g3).... Then the condition which determines whether
we can transform ρ into σ is depicted in the above figure. Namely, (a) for any state, we construct a curve with points k given by
{
∑

e−βEi/Z,
∑k

i pi}. Then (b) a thermodynamical transition from ρ to σ is possible if and only if, the curve of ρ lies above the curve
of σ. One can make a previously impossible transition possible by adding work in the form of the pure state ψW which will scale each
point by an amount e−βW horizontally.

commutes with Thermal Operations[21] since the latter must conserve energy. Since we can dephase the final state without
changing it (as it is already diagonal in the energy basis) we can use the fact that dephasing commutes with our operations
to instead dephase the initial state without changing whether the transformation is possible.
In the case where the final state is also non-diagonal in the energy basis, the criteria for which transformations are possible

depends on the coupling one has with the system, and especially, the degree of control one has of the system. Thus far, our
results have not depended on having fine-grained control of the system and heat bath – the interaction depends on macroscopic
variables such as total energy E, but the mapping between microstates g does not matter[21]. This is not necessarily the
case during the formation process of states with off-diagonal terms. Thus, while Equation (3) for the extractable work holds
in general, the same is not true of Equation (8) for the formation process. This is because for the formation process of
transforming Gibb’s states into a state ρ which is not diagonal in the energy eigenbasis, it is generally not possible to make
such a transformation using Thermal Operations without additional resources. In the case of formation of many copies n
of ρ, the additional resource can be two level pure states in a superposition of energy levels[21], and the size of the system
required scales sublinearly in n and hence vanishes as a fraction of n.

F. Changing Hamiltonians

So far we have considered transitions between the states of a system with fixed Hamiltonian. This might suggest that our
approach does not cover the microscopic analogue of thermodynamical processes between equilibrium states with different
initial and final Hamiltonians[3], such as isothermal expansions of a gas in a container. Yet, fundamentally, a time dependent
Hamiltonian is only an effective picture of a fixed Hamiltonian of a larger system, and we shall show below how to describe
such transitions in the microscopic regime.
Namely we introduce a qubit on system C which we can act on to switch the Hamiltonian from H to H ′ (we call this the

switching qubit). We can for example take the total Hamiltonian to be

Htot = |0〉〈0|C ⊗H + |1〉〈1|C ⊗H ′ +W |1〉〈1| (10)

and take the initial state of the work qubit, switching qubit and system to be |00〉〈00|CW⊗ρ and final state to be |11〉〈11|CW⊗
σ, so that we are effectively changing the Hamiltonian acting on ρ, and gaining or losing work in the work qubit when we
make the transition to σ. We now consider a transition between ρ and τ ′, the thermal state with Hamiltonian H ′, and want
to know what value (positive or negative) for W allows us to make this transition.
The results, obtained by means of thermo-majorization are depicted in Figure 3. One finds

W = Fmin
ε (ω)− Fmin

ε (τ ′) (11)

for extracting work, and for the amount of work required to form ρ (provided it is diagonal in energy eigenbasis) from the
thermal state, we obtain

W = Fmax
ε (ρ)− Fmax

ε (τ ′) (12)

This result does not depend on the form of the Hamiltonian of Equation (10) – we only require that at late times, there is
no interaction between the work qubit and the other systems (since we need to be able to separate out the work qubit to use
in some future process). More general state-to-state transformations assisted by work are also depicted.
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Work extraction and work of formation

Work extraction:

}�
<latexit sha1_base64="/VUI/ghGpVUjmpp6vnhsz9LHk6w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BRTxGMA/JLmF2MpsMmZ1dZnqFEAL+gxcPinj1c7z5N04eB00saCiquunuClMpDLrut5NbWV1b38hvFra2d3b3ivsHDZNkmvE6S2SiWyE1XArF6yhQ8laqOY1DyZvh4GriNx+5NiJR9zhMeRDTnhKRYBSt9OCPiX/NJdJOseSW3SnIMvHmpARz1DrFL7+bsCzmCpmkxrQ9N8VgRDUKJvm44GeGp5QNaI+3LVU05iYYTQ8ekxOrdEmUaFsKyVT9PTGisTHDOLSdMcW+WfQm4n9eO8PoMhgJlWbIFZstijJJMCGT70lXaM5QDi2hTAt7K2F9qilDm1HBhuAtvrxMGpWyd1au3J2XqjdPszjycATHcAoeXEAVbqEGdWAQwzO8wpujnRfn3fmYteaceYSH8AfO5w94a5Cb</latexit>

Wanted: largest possible      such that LHS thermo-maj. RHS.�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>

Result: extractable work is
<latexit sha1_base64="r6dFJNM+9xdT1Rv8nEy97QhszM4=">AAACBHicbZDNSsNAFIUn9a/Wv6g73QSLUEFLIgVdVoXisoK1hSaEyXQSh85MwsxEKKHgxldx40JB3PoQ7nwbp2kW2npg4OPce7lzT5BQIpVtfxulhcWl5ZXyamVtfWNzy9zeuZNxKhDuoJjGohdAiSnhuKOIoriXCAxZQHE3GF5N6t0HLCSJ+a0aJdhjMOIkJAgqbfnmXsu3a64kEYP+xdFJq+ZGkOV87JtVu27nsubBKaAKCrV988sdxChlmCtEoZR9x06Ul0GhCKJ4XHFTiROIhjDCfY0cMiy9LL9hbB1qZ2CFsdCPKyt3f09kkEk5YoHuZFDdy9naxPyv1k9VeO5lhCepwhxNF4UptVRsTQKxBkRgpOhIA0SC6L9a6B4KiJSOraJDcGZPnofuad1p1B3nplFtXhZ5lME+OAA14IAz0ATXoA06AIFH8AxewZvxZLwY78bHtLVkFDO74I+Mzx+fzZYK</latexit>

F0(�A)� F (�A),

where
<latexit sha1_base64="z063PcfwentSdCKOa10FpMrNvPM="></latexit>

F0(�) = kBT log
X

pi 6=0

e��Ei .

Similarly, work cost is
<latexit sha1_base64="fWBi+zGGk+edlXFKu2edfQC3Xns=">AAACCHicbZDNSsNAFIUn9a/Wv6hLQYJFqAtLIgVdVoXisoK1hSaEyXTSDp2ZhJmJEEJ3bnwVNy4UxK2P4M63cZpmoa0HBj7OvZc79wQxJVLZ9rdRWlpeWV0rr1c2Nre2d8zdvXsZJQLhDopoJHoBlJgSjjuKKIp7scCQBRR3g/H1tN59wEKSiN+pNMYeg0NOQoKg0pZvHrZ8l/BQpTVXkiGD/uXJaavmDiHL2Terdt3OZS2CU0AVFGr75pc7iFDCMFeIQin7jh0rL4NCEUTxpOImEscQjeEQ9zVyyLD0svyOiXWsnYEVRkI/rqzc/T2RQSZlygLdyaAayfna1Pyv1k9UeOFlhMeJwhzNFoUJtVRkTUOxBkRgpGiqASJB9F8tNIICIqWjq+gQnPmTF6F7Vncadce5bVSbV0UeZXAAjkANOOAcNMENaIMOQOARPINX8GY8GS/Gu/Exay0Zxcw++CPj8wezYJhc</latexit>

F1(�A)� F (�A)
<latexit sha1_base64="5mcofPjaO7RFqIiSlvPym6sUBfQ=">AAACKXicbVDLSgMxFM34tr6qLt0Ei+CilBkRFEF8bVwqWFtoynAnTaehSWZMMkIZ+jlu/BU3Igrq1h8xfQi+DiQczrmH5J4oFdxY33/zJianpmdm5+YLC4tLyyvF1bVrk2SasipNRKLrERgmuGJVy61g9VQzkJFgtah7NvBrt0wbnqgr20tZU0KseJtTsE4Ki0eH3fAUX2EikphIrkhOhEu3gJRJ+WBwEcNjCeEJEezmy4tBDqV+JSyW/Io/BP5LgjEpoTEuwuITaSU0k0xZKsCYRuCntpmDtpwK1i+QzLAUaBdi1nBUgWSmmQ8X7eMtp7RwO9HuKIuH6vdEDtKYnozcpATbMb+9gfif18hse7+Zc5Vmlik6eqidCWwTPGgNt7hm1IqeI0A1d3/FtAMaqHXdFlwJwe+V/5LaTiXYrQTB5W7p+HTcxxzaQJtoGwVoDx2jc3SBqoiiO/SAntGLd+89eq/e+2h0whtn1tEPeB+fEICl0Q==</latexit>

= kBT logmin{� : �A  ��A}.

�A ⌦ |gihg|W 7! �0
A ⌦ |eihe|W

<latexit sha1_base64="1v9lL6CpGhnjGFEYym3+svelkIE=">AAACPHicbVC7TgMxEPTxJrwClDQWEYIqugtIUPJoKEEQEikXnfaczWHF9p1sH1IU+DAaPoKOioYChGipcR5FCKxkeTQzq92dOBPcWN9/8aamZ2bn5hcWC0vLK6trxfWNG5PmmmGVpSLV9RgMCq6warkVWM80gowF1uLOWV+v3aE2PFXXtpthU0KieJszsI6Kileh4YmE6CRMLZdo6H0SalCJwFAMPprcR7VQQmZsSofm3TE3TrjRuaNiyS/7g6J/QTACJTKqi6j4HLZSlktUlgkwphH4mW32QFvOBD4UwtxgBqwDCTYcVOBGN3uD4x/ojmNatJ1q95SlA3a8owfSmK6MnVOCvTWTWp/8T2vktn3U7HGV5RYVGw5q54K6HPpJ0hbXyKzoOgBMc7crZbeggVmXd8GFEEye/BfcVMrBfrlyeVA6Ph3FsUC2yDbZIwE5JMfknFyQKmHkkbySd/LhPXlv3qf3NbROeaOeTfKrvO8fHmuv1A==</latexit>



Work extraction and work of formation

Work extraction:

}�
<latexit sha1_base64="/VUI/ghGpVUjmpp6vnhsz9LHk6w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BRTxGMA/JLmF2MpsMmZ1dZnqFEAL+gxcPinj1c7z5N04eB00saCiquunuClMpDLrut5NbWV1b38hvFra2d3b3ivsHDZNkmvE6S2SiWyE1XArF6yhQ8laqOY1DyZvh4GriNx+5NiJR9zhMeRDTnhKRYBSt9OCPiX/NJdJOseSW3SnIMvHmpARz1DrFL7+bsCzmCpmkxrQ9N8VgRDUKJvm44GeGp5QNaI+3LVU05iYYTQ8ekxOrdEmUaFsKyVT9PTGisTHDOLSdMcW+WfQm4n9eO8PoMhgJlWbIFZstijJJMCGT70lXaM5QDi2hTAt7K2F9qilDm1HBhuAtvrxMGpWyd1au3J2XqjdPszjycATHcAoeXEAVbqEGdWAQwzO8wpujnRfn3fmYteaceYSH8AfO5w94a5Cb</latexit>

Wanted: largest possible      such that LHS thermo-maj. RHS.�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>

Result: extractable work is
<latexit sha1_base64="r6dFJNM+9xdT1Rv8nEy97QhszM4=">AAACBHicbZDNSsNAFIUn9a/Wv6g73QSLUEFLIgVdVoXisoK1hSaEyXQSh85MwsxEKKHgxldx40JB3PoQ7nwbp2kW2npg4OPce7lzT5BQIpVtfxulhcWl5ZXyamVtfWNzy9zeuZNxKhDuoJjGohdAiSnhuKOIoriXCAxZQHE3GF5N6t0HLCSJ+a0aJdhjMOIkJAgqbfnmXsu3a64kEYP+xdFJq+ZGkOV87JtVu27nsubBKaAKCrV988sdxChlmCtEoZR9x06Ul0GhCKJ4XHFTiROIhjDCfY0cMiy9LL9hbB1qZ2CFsdCPKyt3f09kkEk5YoHuZFDdy9naxPyv1k9VeO5lhCepwhxNF4UptVRsTQKxBkRgpOhIA0SC6L9a6B4KiJSOraJDcGZPnofuad1p1B3nplFtXhZ5lME+OAA14IAz0ATXoA06AIFH8AxewZvxZLwY78bHtLVkFDO74I+Mzx+fzZYK</latexit>

F0(�A)� F (�A),

where
<latexit sha1_base64="z063PcfwentSdCKOa10FpMrNvPM="></latexit>

F0(�) = kBT log
X

pi 6=0

e��Ei .

Similarly, work cost is
<latexit sha1_base64="fWBi+zGGk+edlXFKu2edfQC3Xns=">AAACCHicbZDNSsNAFIUn9a/Wv6hLQYJFqAtLIgVdVoXisoK1hSaEyXTSDp2ZhJmJEEJ3bnwVNy4UxK2P4M63cZpmoa0HBj7OvZc79wQxJVLZ9rdRWlpeWV0rr1c2Nre2d8zdvXsZJQLhDopoJHoBlJgSjjuKKIp7scCQBRR3g/H1tN59wEKSiN+pNMYeg0NOQoKg0pZvHrZ8l/BQpTVXkiGD/uXJaavmDiHL2Terdt3OZS2CU0AVFGr75pc7iFDCMFeIQin7jh0rL4NCEUTxpOImEscQjeEQ9zVyyLD0svyOiXWsnYEVRkI/rqzc/T2RQSZlygLdyaAayfna1Pyv1k9UeOFlhMeJwhzNFoUJtVRkTUOxBkRgpGiqASJB9F8tNIICIqWjq+gQnPmTF6F7Vncadce5bVSbV0UeZXAAjkANOOAcNMENaIMOQOARPINX8GY8GS/Gu/Exay0Zxcw++CPj8wezYJhc</latexit>

F1(�A)� F (�A)
<latexit sha1_base64="5mcofPjaO7RFqIiSlvPym6sUBfQ=">AAACKXicbVDLSgMxFM34tr6qLt0Ei+CilBkRFEF8bVwqWFtoynAnTaehSWZMMkIZ+jlu/BU3Igrq1h8xfQi+DiQczrmH5J4oFdxY33/zJianpmdm5+YLC4tLyyvF1bVrk2SasipNRKLrERgmuGJVy61g9VQzkJFgtah7NvBrt0wbnqgr20tZU0KseJtTsE4Ki0eH3fAUX2EikphIrkhOhEu3gJRJ+WBwEcNjCeEJEezmy4tBDqV+JSyW/Io/BP5LgjEpoTEuwuITaSU0k0xZKsCYRuCntpmDtpwK1i+QzLAUaBdi1nBUgWSmmQ8X7eMtp7RwO9HuKIuH6vdEDtKYnozcpATbMb+9gfif18hse7+Zc5Vmlik6eqidCWwTPGgNt7hm1IqeI0A1d3/FtAMaqHXdFlwJwe+V/5LaTiXYrQTB5W7p+HTcxxzaQJtoGwVoDx2jc3SBqoiiO/SAntGLd+89eq/e+2h0whtn1tEPeB+fEICl0Q==</latexit>

= kBT logmin{� : �A  ��A}.

Fundamental irreversibility: F0 ⌧ F ⌧ F1.
<latexit sha1_base64="hIbZnAnHcDMoEpnwkpzSULHETSU=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuApJFXRZFIrLCvYBTQmT6aQdOpmEmYlQQjf+ihsXirj1M9z5N07bLLT1wL0czrmXmXvClDOlXffbWlldW9/YLG2Vt3d29/btg8OWSjJJaJMkPJGdECvKmaBNzTSnnVRSHIectsPR7dRvP1KpWCIe9DilvRgPBIsYwdpIgX1cD1zkc47q8x74TER67AR2xXXcGdAy8QpSgQKNwP7y+wnJYio04VipruemupdjqRnhdFL2M0VTTEZ4QLuGChxT1ctnB0zQmVH6KEqkKaHRTP29keNYqXEcmskY66Fa9Kbif14309F1L2cizTQVZP5QlHGkEzRNA/WZpETzsSGYSGb+isgQS0y0yaxsQvAWT14mrarjXTjV+8tK7aaIowQncArn4MEV1OAOGtAEAhN4hld4s56sF+vd+piPrljFzhH8gfX5A0tHlPE=</latexit>

�A ⌦ |gihg|W 7! �0
A ⌦ |eihe|W

<latexit sha1_base64="1v9lL6CpGhnjGFEYym3+svelkIE=">AAACPHicbVC7TgMxEPTxJrwClDQWEYIqugtIUPJoKEEQEikXnfaczWHF9p1sH1IU+DAaPoKOioYChGipcR5FCKxkeTQzq92dOBPcWN9/8aamZ2bn5hcWC0vLK6trxfWNG5PmmmGVpSLV9RgMCq6warkVWM80gowF1uLOWV+v3aE2PFXXtpthU0KieJszsI6Kileh4YmE6CRMLZdo6H0SalCJwFAMPprcR7VQQmZsSofm3TE3TrjRuaNiyS/7g6J/QTACJTKqi6j4HLZSlktUlgkwphH4mW32QFvOBD4UwtxgBqwDCTYcVOBGN3uD4x/ojmNatJ1q95SlA3a8owfSmK6MnVOCvTWTWp/8T2vktn3U7HGV5RYVGw5q54K6HPpJ0hbXyKzoOgBMc7crZbeggVmXd8GFEEye/BfcVMrBfrlyeVA6Ph3FsUC2yDbZIwE5JMfknFyQKmHkkbySd/LhPXlv3qf3NbROeaOeTfKrvO8fHmuv1A==</latexit>



Thermodynamic limit

Brandão et al., Phys. Rev. Lett. 111, 250404 (2013):

Allowing small errors    , we have"
<latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit><latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit><latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit><latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit>

<latexit sha1_base64="ZmsGzUPoqENUj0kxIDFdDf8k1aE="></latexit>

1

n
F (")
0/1(⇢⌦n)

n!1�! F (⇢).

Work extraction:

}�
<latexit sha1_base64="/VUI/ghGpVUjmpp6vnhsz9LHk6w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BRTxGMA/JLmF2MpsMmZ1dZnqFEAL+gxcPinj1c7z5N04eB00saCiquunuClMpDLrut5NbWV1b38hvFra2d3b3ivsHDZNkmvE6S2SiWyE1XArF6yhQ8laqOY1DyZvh4GriNx+5NiJR9zhMeRDTnhKRYBSt9OCPiX/NJdJOseSW3SnIMvHmpARz1DrFL7+bsCzmCpmkxrQ9N8VgRDUKJvm44GeGp5QNaI+3LVU05iYYTQ8ekxOrdEmUaFsKyVT9PTGisTHDOLSdMcW+WfQm4n9eO8PoMhgJlWbIFZstijJJMCGT70lXaM5QDi2hTAt7K2F9qilDm1HBhuAtvrxMGpWyd1au3J2XqjdPszjycATHcAoeXEAVbqEGdWAQwzO8wpujnRfn3fmYteaceYSH8AfO5w94a5Cb</latexit>

�A ⌦ |gihg|W 7! �0
A ⌦ |eihe|W

<latexit sha1_base64="1v9lL6CpGhnjGFEYym3+svelkIE=">AAACPHicbVC7TgMxEPTxJrwClDQWEYIqugtIUPJoKEEQEikXnfaczWHF9p1sH1IU+DAaPoKOioYChGipcR5FCKxkeTQzq92dOBPcWN9/8aamZ2bn5hcWC0vLK6trxfWNG5PmmmGVpSLV9RgMCq6warkVWM80gowF1uLOWV+v3aE2PFXXtpthU0KieJszsI6Kileh4YmE6CRMLZdo6H0SalCJwFAMPprcR7VQQmZsSofm3TE3TrjRuaNiyS/7g6J/QTACJTKqi6j4HLZSlktUlgkwphH4mW32QFvOBD4UwtxgBqwDCTYcVOBGN3uD4x/ojmNatJ1q95SlA3a8owfSmK6MnVOCvTWTWp/8T2vktn3U7HGV5RYVGw5q54K6HPpJ0hbXyKzoOgBMc7crZbeggVmXd8GFEEye/BfcVMrBfrlyeVA6Ph3FsUC2yDbZIwE5JMfknFyQKmHkkbySd/LhPXlv3qf3NbROeaOeTfKrvO8fHmuv1A==</latexit>



Thermodynamic limit
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General	state	transi3ons:	catalysts

Allow	for	addi3onal	system	C	that	is	involved	but	doesn’t	change.

possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.

3276 | www.pnas.org/cgi/doi/10.1073/pnas.1411728112 Brandão et al.

Brandão	et	al.,	The	second	laws	of	quantum	thermodynamics,	PNAS	112,	3275	(2015).

When	is	a	transi3on
possible?⇢S ! ⇢0S
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may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.
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Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
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modynamic transitions which form not just one but a family of
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thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=
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We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies
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thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=
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We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies
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with the Rényi divergences DαðρkρβÞ defined as
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where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies
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with the Rényi divergences DαðρkρβÞ defined as
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where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies
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"
dkTDα

!
ρkρβ
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− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as
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ρkρβ
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log
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i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα
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ρkρβ
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− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as
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where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies
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with the Rényi divergences DαðρkρβÞ defined as
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where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
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ρkρβ
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=
sgnðαÞ
α− 1

log
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pαi q
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where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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<latexit sha1_base64="WsScKkpyujNSaNGaJn0BNTMfaTE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLICglqYJuhEI3XdbWtIU0hMl00g6dTMLMRCghG3/FjQtF3PoZ7vwbp4+FVg9cOJxzL/feEySMSmVZX0ZhZXVtfaO4Wdra3tndM/cPOjJOBSYOjlksegGShFFOHEUVI71EEBQFjHSDcX3qdx+IkDTm92qSEC9CQ05DipHSkm8euY6ftVv1/KLht88bfktX3bu1fLNsVawZ4F9iL0gZLND0zc/+IMZpRLjCDEnp2laivAwJRTEjeamfSpIgPEZD4mrKUUSkl80eyOGpVgYwjIUuruBM/TmRoUjKSRTozgipkVz2puJ/npuq8MbLKE9SRTieLwpTBlUMp2nAARUEKzbRBGFB9a0Qj5BAWOnMSjoEe/nlv6RTrdiXlerdVblWW8RRBMfgBJwBG1yDGmiAJnAABjl4Ai/g1Xg0no03433eWjAWM4fgF4yPb+uclKs=</latexit>

When	is	a	transi3on
possible?⇢S ! ⇢0S

<latexit sha1_base64="E3H8Vglgei9ZnjgoO3ST9cfkK1Y=">AAAB+XicbZDLSsNAFIYnXmu9RV26CRbRVUmqoMuiG5eV2gs0IUym03boZCbMnBRK6Ju4caGIW9/EnW/jpM1CW38Y+PjPOZwzf5RwpsF1v6219Y3Nre3STnl3b//g0D46bmuZKkJbRHKpuhHWlDNBW8CA026iKI4jTjvR+D6vdyZUaSbFE0wTGsR4KNiAEQzGCm3bVyMZNn2QOVyEzdCuuFV3LmcVvAIqqFAjtL/8viRpTAUQjrXueW4CQYYVMMLprOynmiaYjPGQ9gwKHFMdZPPLZ865cfrOQCrzBDhz9/dEhmOtp3FkOmMMI71cy83/ar0UBrdBxkSSAhVksWiQcgekk8fg9JmiBPjUACaKmVsdMsIKEzBhlU0I3vKXV6Fdq3pX1drjdaV+V8RRQqfoDF0iD92gOnpADdRCBE3QM3pFb1ZmvVjv1seidc0qZk7QH1mfPzn9k2M=</latexit>

Own	work:	allow	correla=ons	between	catalyst	and	system.
[1]	MM,	Phys.	Rev.	X	8,	041051	(2018).

One-shot interpretation of non-equilibrium F

• Fluctuation-free work cost: If  
then transition possible while work bit 

• Almost fluct.-free work extraction: If  
then transition possible while work bit (for arbitrary          )

|eiW 7! |giW .
<latexit sha1_base64="lPjb21NV2x0867XBB93MBQSUyqs=">AAACCHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLgxmUF+4AmhMn0ph06MwkzE6GkXbrxV9y4UMStn+DOv3HaBtHWAwOHc+7lzjlRyqjSrvtllVZW19Y3ypuVre2d3T17/6ClkkwSaJKEJbITYQWMCmhqqhl0UgmYRwza0fB66rfvQSqaiDs9SiHguC9oTAnWRgrt4zH4Eos+g7Dtc5wqnTjj/o9UC+2qW3NncJaJV5AqKtAI7U+/l5CMg9CEYaW6npvqIMdSU8JgUvEzBSkmQ9yHrqECc1BBPgsycU6N0nPiRJontDNTf2/kmCs14pGZ5FgP1KI3Ff/zupmOr4KcijTTIMj8UJwxx6SdtuL0qASi2cgQTCQ1f3XIAEtMtOmuYkrwFiMvk9Z5zTP89qJarxd1lNEROkFnyEOXqI5uUAM1EUEP6Am9oFfr0Xq23qz3+WjJKnYO0R9YH98QE5n3</latexit><latexit sha1_base64="lPjb21NV2x0867XBB93MBQSUyqs=">AAACCHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLgxmUF+4AmhMn0ph06MwkzE6GkXbrxV9y4UMStn+DOv3HaBtHWAwOHc+7lzjlRyqjSrvtllVZW19Y3ypuVre2d3T17/6ClkkwSaJKEJbITYQWMCmhqqhl0UgmYRwza0fB66rfvQSqaiDs9SiHguC9oTAnWRgrt4zH4Eos+g7Dtc5wqnTjj/o9UC+2qW3NncJaJV5AqKtAI7U+/l5CMg9CEYaW6npvqIMdSU8JgUvEzBSkmQ9yHrqECc1BBPgsycU6N0nPiRJontDNTf2/kmCs14pGZ5FgP1KI3Ff/zupmOr4KcijTTIMj8UJwxx6SdtuL0qASi2cgQTCQ1f3XIAEtMtOmuYkrwFiMvk9Z5zTP89qJarxd1lNEROkFnyEOXqI5uUAM1EUEP6Am9oFfr0Xq23qz3+WjJKnYO0R9YH98QE5n3</latexit><latexit sha1_base64="lPjb21NV2x0867XBB93MBQSUyqs=">AAACCHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLgxmUF+4AmhMn0ph06MwkzE6GkXbrxV9y4UMStn+DOv3HaBtHWAwOHc+7lzjlRyqjSrvtllVZW19Y3ypuVre2d3T17/6ClkkwSaJKEJbITYQWMCmhqqhl0UgmYRwza0fB66rfvQSqaiDs9SiHguC9oTAnWRgrt4zH4Eos+g7Dtc5wqnTjj/o9UC+2qW3NncJaJV5AqKtAI7U+/l5CMg9CEYaW6npvqIMdSU8JgUvEzBSkmQ9yHrqECc1BBPgsycU6N0nPiRJontDNTf2/kmCs14pGZ5FgP1KI3Ff/zupmOr4KcijTTIMj8UJwxx6SdtuL0qASi2cgQTCQ1f3XIAEtMtOmuYkrwFiMvk9Z5zTP89qJarxd1lNEROkFnyEOXqI5uUAM1EUEP6Am9oFfr0Xq23qz3+WjJKnYO0R9YH98QE5n3</latexit><latexit sha1_base64="lPjb21NV2x0867XBB93MBQSUyqs=">AAACCHicbVDLSsNAFJ3UV62vqEsXBovgqiQi6LLgxmUF+4AmhMn0ph06MwkzE6GkXbrxV9y4UMStn+DOv3HaBtHWAwOHc+7lzjlRyqjSrvtllVZW19Y3ypuVre2d3T17/6ClkkwSaJKEJbITYQWMCmhqqhl0UgmYRwza0fB66rfvQSqaiDs9SiHguC9oTAnWRgrt4zH4Eos+g7Dtc5wqnTjj/o9UC+2qW3NncJaJV5AqKtAI7U+/l5CMg9CEYaW6npvqIMdSU8JgUvEzBSkmQ9yHrqECc1BBPgsycU6N0nPiRJontDNTf2/kmCs14pGZ5FgP1KI3Ff/zupmOr4KcijTTIMj8UJwxx6SdtuL0qASi2cgQTCQ1f3XIAEtMtOmuYkrwFiMvk9Z5zTP89qJarxd1lNEROkFnyEOXqI5uUAM1EUEP6Am9oFfr0Xq23qz3+WjJKnYO0R9YH98QE5n3</latexit>

F (⇢A)� F (⇢0A) > � > 0,
<latexit sha1_base64="RYMzNKGekz7hV/8NQV8ocvauZIw=">AAACB3icbZDLSgMxFIYzXmu9jboUJFjEClpmRNBVqSjisoK9QGcYMmmmDc0kQ5IRSunOja/ixoUibn0Fd76NaTsLbf0h8PGfczg5f5gwqrTjfFtz8wuLS8u5lfzq2vrGpr21XVcilZjUsGBCNkOkCKOc1DTVjDQTSVAcMtIIe1ejeuOBSEUFv9f9hPgx6nAaUYy0sQJ776boya4ILo9OJnRosOxdE6ZR2TkO7IJTcsaCs+BmUACZqoH95bUFTmPCNWZIqZbrJNofIKkpZmSY91JFEoR7qENaBjmKifIH4zuG8MA4bRgJaR7XcOz+nhigWKl+HJrOGOmumq6NzP9qrVRHF/6A8iTVhOPJoihlUAs4CgW2qSRYs74BhCU1f4W4iyTC2kSXNyG40yfPQv205Bq+OytUKlkcObAL9kERuOAcVMAtqIIawOARPINX8GY9WS/Wu/UxaZ2zspkd8EfW5w9FcZb/</latexit><latexit sha1_base64="RYMzNKGekz7hV/8NQV8ocvauZIw=">AAACB3icbZDLSgMxFIYzXmu9jboUJFjEClpmRNBVqSjisoK9QGcYMmmmDc0kQ5IRSunOja/ixoUibn0Fd76NaTsLbf0h8PGfczg5f5gwqrTjfFtz8wuLS8u5lfzq2vrGpr21XVcilZjUsGBCNkOkCKOc1DTVjDQTSVAcMtIIe1ejeuOBSEUFv9f9hPgx6nAaUYy0sQJ776boya4ILo9OJnRosOxdE6ZR2TkO7IJTcsaCs+BmUACZqoH95bUFTmPCNWZIqZbrJNofIKkpZmSY91JFEoR7qENaBjmKifIH4zuG8MA4bRgJaR7XcOz+nhigWKl+HJrOGOmumq6NzP9qrVRHF/6A8iTVhOPJoihlUAs4CgW2qSRYs74BhCU1f4W4iyTC2kSXNyG40yfPQv205Bq+OytUKlkcObAL9kERuOAcVMAtqIIawOARPINX8GY9WS/Wu/UxaZ2zspkd8EfW5w9FcZb/</latexit><latexit sha1_base64="RYMzNKGekz7hV/8NQV8ocvauZIw=">AAACB3icbZDLSgMxFIYzXmu9jboUJFjEClpmRNBVqSjisoK9QGcYMmmmDc0kQ5IRSunOja/ixoUibn0Fd76NaTsLbf0h8PGfczg5f5gwqrTjfFtz8wuLS8u5lfzq2vrGpr21XVcilZjUsGBCNkOkCKOc1DTVjDQTSVAcMtIIe1ejeuOBSEUFv9f9hPgx6nAaUYy0sQJ776boya4ILo9OJnRosOxdE6ZR2TkO7IJTcsaCs+BmUACZqoH95bUFTmPCNWZIqZbrJNofIKkpZmSY91JFEoR7qENaBjmKifIH4zuG8MA4bRgJaR7XcOz+nhigWKl+HJrOGOmumq6NzP9qrVRHF/6A8iTVhOPJoihlUAs4CgW2qSRYs74BhCU1f4W4iyTC2kSXNyG40yfPQv205Bq+OytUKlkcObAL9kERuOAcVMAtqIIawOARPINX8GY9WS/Wu/UxaZ2zspkd8EfW5w9FcZb/</latexit><latexit sha1_base64="RYMzNKGekz7hV/8NQV8ocvauZIw=">AAACB3icbZDLSgMxFIYzXmu9jboUJFjEClpmRNBVqSjisoK9QGcYMmmmDc0kQ5IRSunOja/ixoUibn0Fd76NaTsLbf0h8PGfczg5f5gwqrTjfFtz8wuLS8u5lfzq2vrGpr21XVcilZjUsGBCNkOkCKOc1DTVjDQTSVAcMtIIe1ejeuOBSEUFv9f9hPgx6nAaUYy0sQJ776boya4ILo9OJnRosOxdE6ZR2TkO7IJTcsaCs+BmUACZqoH95bUFTmPCNWZIqZbrJNofIKkpZmSY91JFEoR7qENaBjmKifIH4zuG8MA4bRgJaR7XcOz+nhigWKl+HJrOGOmumq6NzP9qrVRHF/6A8iTVhOPJoihlUAs4CgW2qSRYs74BhCU1f4W4iyTC2kSXNyG40yfPQv205Bq+OytUKlkcObAL9kERuOAcVMAtqIIawOARPINX8GY9WS/Wu/UxaZ2zspkd8EfW5w9FcZb/</latexit>

� > 0
<latexit sha1_base64="wF3HzjXsQNXgkSlSAy5p+N3HcHQ=">AAAB73icbZBNS8NAEIY39avWr6pHL4tF8FQSEfQkBS8eK9gPaEPZbCbt0s0m7k6EEvonvHhQxKt/x5v/xm2bg7a+sPDwzgw78wapFAZd99spra1vbG6Vtys7u3v7B9XDo7ZJMs2hxROZ6G7ADEihoIUCJXRTDSwOJHSC8e2s3nkCbUSiHnCSgh+zoRKR4Ayt1e2HIJHduINqza27c9FV8AqokULNQfWrHyY8i0Ehl8yYnuem6OdMo+ASppV+ZiBlfMyG0LOoWAzGz+f7TumZdUIaJdo+hXTu/p7IWWzMJA5sZ8xwZJZrM/O/Wi/D6NrPhUozBMUXH0WZpJjQ2fE0FBo4yokFxrWwu1I+YppxtBFVbAje8smr0L6oe5bvL2uNRhFHmZyQU3JOPHJFGuSONEmLcCLJM3klb86j8+K8Ox+L1pJTzByTP3I+fwCGo4+c</latexit><latexit sha1_base64="wF3HzjXsQNXgkSlSAy5p+N3HcHQ=">AAAB73icbZBNS8NAEIY39avWr6pHL4tF8FQSEfQkBS8eK9gPaEPZbCbt0s0m7k6EEvonvHhQxKt/x5v/xm2bg7a+sPDwzgw78wapFAZd99spra1vbG6Vtys7u3v7B9XDo7ZJMs2hxROZ6G7ADEihoIUCJXRTDSwOJHSC8e2s3nkCbUSiHnCSgh+zoRKR4Ayt1e2HIJHduINqza27c9FV8AqokULNQfWrHyY8i0Ehl8yYnuem6OdMo+ASppV+ZiBlfMyG0LOoWAzGz+f7TumZdUIaJdo+hXTu/p7IWWzMJA5sZ8xwZJZrM/O/Wi/D6NrPhUozBMUXH0WZpJjQ2fE0FBo4yokFxrWwu1I+YppxtBFVbAje8smr0L6oe5bvL2uNRhFHmZyQU3JOPHJFGuSONEmLcCLJM3klb86j8+K8Ox+L1pJTzByTP3I+fwCGo4+c</latexit><latexit sha1_base64="wF3HzjXsQNXgkSlSAy5p+N3HcHQ=">AAAB73icbZBNS8NAEIY39avWr6pHL4tF8FQSEfQkBS8eK9gPaEPZbCbt0s0m7k6EEvonvHhQxKt/x5v/xm2bg7a+sPDwzgw78wapFAZd99spra1vbG6Vtys7u3v7B9XDo7ZJMs2hxROZ6G7ADEihoIUCJXRTDSwOJHSC8e2s3nkCbUSiHnCSgh+zoRKR4Ayt1e2HIJHduINqza27c9FV8AqokULNQfWrHyY8i0Ehl8yYnuem6OdMo+ASppV+ZiBlfMyG0LOoWAzGz+f7TumZdUIaJdo+hXTu/p7IWWzMJA5sZ8xwZJZrM/O/Wi/D6NrPhUozBMUXH0WZpJjQ2fE0FBo4yokFxrWwu1I+YppxtBFVbAje8smr0L6oe5bvL2uNRhFHmZyQU3JOPHJFGuSONEmLcCLJM3klb86j8+K8Ox+L1pJTzByTP3I+fwCGo4+c</latexit><latexit sha1_base64="wF3HzjXsQNXgkSlSAy5p+N3HcHQ=">AAAB73icbZBNS8NAEIY39avWr6pHL4tF8FQSEfQkBS8eK9gPaEPZbCbt0s0m7k6EEvonvHhQxKt/x5v/xm2bg7a+sPDwzgw78wapFAZd99spra1vbG6Vtys7u3v7B9XDo7ZJMs2hxROZ6G7ADEihoIUCJXRTDSwOJHSC8e2s3nkCbUSiHnCSgh+zoRKR4Ayt1e2HIJHduINqza27c9FV8AqokULNQfWrHyY8i0Ehl8yYnuem6OdMo+ASppV+ZiBlfMyG0LOoWAzGz+f7TumZdUIaJdo+hXTu/p7IWWzMJA5sZ8xwZJZrM/O/Wi/D6NrPhUozBMUXH0WZpJjQ2fE0FBo4yokFxrWwu1I+YppxtBFVbAje8smr0L6oe5bvL2uNRhFHmZyQU3JOPHJFGuSONEmLcCLJM3klb86j8+K8Ox+L1pJTzByTP3I+fwCGo4+c</latexit>

|gihg|W 7! (1� �)|eihe|W + � 1/d.
<latexit sha1_base64="LCkI0Ufk66KkUk2ytvbEHryhYyk="></latexit><latexit sha1_base64="LCkI0Ufk66KkUk2ytvbEHryhYyk="></latexit><latexit sha1_base64="LCkI0Ufk66KkUk2ytvbEHryhYyk="></latexit><latexit sha1_base64="LCkI0Ufk66KkUk2ytvbEHryhYyk="></latexit>



Questions

• Can the resource-theoretic approach be applied to 
“one-shot regime” of classical reversible computation? 
 
E.g. if irreversibility cannot be completely avoided, can it at least 
be implemented in the “least costly” way?

Thank you!

• Can it be suitably modified to incorporate realistic 
constraints arising in classical reversible computation?
C. Perry, P. Ćwikliński, J. Anders, M. Horodecki, and J. Oppenheim, 
A Sufficient Set of Experimentally Implementable Thermal 
Operations for Small Systems, Phys. Rev. X 8, 041049 (2018).


