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But this is a statement on average, since “work” is 
a random variable.
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<latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit>

�F
<latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit>

W

Extractable work “is” (optimally)

only true in the thermodynamic limit

when fluctuations become irrelevant (law of large numbers).

�F :
<latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit>

n ! 1
<latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit><latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit><latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit><latexit sha1_base64="w6Ktcz1santmHB6/bw7JlEmJTuk=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsN+3SzW7YnQgh9F948aDi1Z/jzX/jts1BWx8MPN6bYWZelApuwHW/ncrK6tr6RnWztrW9s7tX3z94MCrTlPlUCaW7ETFMcMl84CBYN9WMJJFgnWh8M/U7T0wbruQ95CkLEzKUPOaUgJUeZQAq4DKGvF9vuE13BrxMvJI0UIl2v/4VDBTNEiaBCmJMz3NTCAuigVPBJrUgMywldEyGrGepJAkzYTG7eIJPrDLAsdK2JOCZ+nuiIIkxeRLZzoTAyCx6U/E/r5dBfBkWXKYZMEnni+JMYFB4+j4ecM0oiNwSQjW3t2I6IppQsCHVbAje4svLxD9rXjW9u/NG67pMo4qO0DE6RR66QC10i9rIRxRJ9Ixe0ZtjnBfn3fmYt1accuYQ/YHz+QNXepDl</latexit>

1. Resource-theoretic thermo



Standard view: thermodynamic limit

But what do we do for “small” (quantum?) or strongly 
correlated systems? Work     its fluctuations       reliability?⇡<latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit>

1. Resource-theoretic thermo



Standard view: thermodynamic limit

But what do we do for “small” (quantum?) or strongly 
correlated systems? Work     its fluctuations       reliability?⇡<latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit>

?
1/2 1/2 1 0

Impossible since entropy decreases ) �F > 0.
<latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit><latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit><latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit><latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit>

Landauer 
erasure:

1. Resource-theoretic thermo



Standard view: thermodynamic limit

But what do we do for “small” (quantum?) or strongly 
correlated systems? Work     its fluctuations       reliability?⇡<latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit>

?
1/2 1/2 1 0

Impossible since entropy decreases ) �F > 0.
<latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit><latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit><latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit><latexit sha1_base64="STtg7GmX4PN3UNZlI7sV0v0xpn0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksgqeQiKBepKiIxyrGFppQNttNu3Tzwe5EKaEX/4oXDype/Rve/Ddu2xy09cHA470ZZuYFqeAKbPvbKM3NLywulZcrK6tr6xvm5ta9SjJJmUsTkchmQBQTPGYucBCsmUpGokCwRtC/GPmNByYVT+I7GKTMj0g35iGnBLTUNne8W97tAZEyecTeJRNA8NWZbbXNqm3ZY+BZ4hSkigrU2+aX10loFrEYqCBKtRw7BT8nEjgVbFjxMsVSQvuky1qaxiRiys/HDwzxvlY6OEykrhjwWP09kZNIqUEU6M6IQE9NeyPxP6+VQXji5zxOM2AxnSwKM4EhwaM0cIdLRkEMNCFUcn0rpj0iCQWdWUWH4Ey/PEvcQ+vUcm6OqrXzIo0y2kV76AA56BjV0DWqIxdRNETP6BW9GU/Gi/FufExaS0Yxs43+wPj8AaEAlVI=</latexit>

Landauer 
erasure:

But: Bennett’s 
puzzle:
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<latexit sha1_base64="2jKfNukIMtPZAn58B6T+abdz46g="></latexit><latexit sha1_base64="2jKfNukIMtPZAn58B6T+abdz46g="></latexit><latexit sha1_base64="2jKfNukIMtPZAn58B6T+abdz46g="></latexit><latexit sha1_base64="2jKfNukIMtPZAn58B6T+abdz46g="></latexit>

has �S > 0 ) �F < 0
<latexit sha1_base64="djy19bZvz1KMw1w7mAWU7B7Peos=">AAACCHicbVDLSsNAFJ3UV62vqEs3g0VwVRIRVBApKuKyPmILTSiT6aQdOnkwc6OU0K0bf8WNCxW3foI7/8ZpG0GrBy4czrmXe+/xE8EVWNanUZianpmdK86XFhaXllfM1bUbFaeSMofGIpYNnygmeMQc4CBYI5GMhL5gdb93MvTrt0wqHkfX0E+YF5JOxANOCWipZWL3lAkg+OrIci95pwtEyvjuWz07tFpm2apYI+C/xM5JGeWotcwPtx3TNGQRUEGUatpWAl5GJHAq2KDkpoolhPZIhzU1jUjIlJeNPhngLa20cRBLXRHgkfpzIiOhUv3Q150hga6a9Ibif14zhWDfy3iUpMAiOl4UpAJDjIex4DaXjILoa0Ko5PpWTLtEEgo6vJIOwZ58+S9xdioHFftit1w9ztMoog20ibaRjfZQFZ2jGnIQRffoET2jF+PBeDJejbdxa8HIZ9bRLxjvX7jxmKM=</latexit><latexit sha1_base64="djy19bZvz1KMw1w7mAWU7B7Peos=">AAACCHicbVDLSsNAFJ3UV62vqEs3g0VwVRIRVBApKuKyPmILTSiT6aQdOnkwc6OU0K0bf8WNCxW3foI7/8ZpG0GrBy4czrmXe+/xE8EVWNanUZianpmdK86XFhaXllfM1bUbFaeSMofGIpYNnygmeMQc4CBYI5GMhL5gdb93MvTrt0wqHkfX0E+YF5JOxANOCWipZWL3lAkg+OrIci95pwtEyvjuWz07tFpm2apYI+C/xM5JGeWotcwPtx3TNGQRUEGUatpWAl5GJHAq2KDkpoolhPZIhzU1jUjIlJeNPhngLa20cRBLXRHgkfpzIiOhUv3Q150hga6a9Ibif14zhWDfy3iUpMAiOl4UpAJDjIex4DaXjILoa0Ko5PpWTLtEEgo6vJIOwZ58+S9xdioHFftit1w9ztMoog20ibaRjfZQFZ2jGnIQRffoET2jF+PBeDJejbdxa8HIZ9bRLxjvX7jxmKM=</latexit><latexit sha1_base64="djy19bZvz1KMw1w7mAWU7B7Peos=">AAACCHicbVDLSsNAFJ3UV62vqEs3g0VwVRIRVBApKuKyPmILTSiT6aQdOnkwc6OU0K0bf8WNCxW3foI7/8ZpG0GrBy4czrmXe+/xE8EVWNanUZianpmdK86XFhaXllfM1bUbFaeSMofGIpYNnygmeMQc4CBYI5GMhL5gdb93MvTrt0wqHkfX0E+YF5JOxANOCWipZWL3lAkg+OrIci95pwtEyvjuWz07tFpm2apYI+C/xM5JGeWotcwPtx3TNGQRUEGUatpWAl5GJHAq2KDkpoolhPZIhzU1jUjIlJeNPhngLa20cRBLXRHgkfpzIiOhUv3Q150hga6a9Ibif14zhWDfy3iUpMAiOl4UpAJDjIex4DaXjILoa0Ko5PpWTLtEEgo6vJIOwZ58+S9xdioHFftit1w9ztMoog20ibaRjfZQFZ2jGnIQRffoET2jF+PBeDJejbdxa8HIZ9bRLxjvX7jxmKM=</latexit><latexit sha1_base64="djy19bZvz1KMw1w7mAWU7B7Peos=">AAACCHicbVDLSsNAFJ3UV62vqEs3g0VwVRIRVBApKuKyPmILTSiT6aQdOnkwc6OU0K0bf8WNCxW3foI7/8ZpG0GrBy4czrmXe+/xE8EVWNanUZianpmdK86XFhaXllfM1bUbFaeSMofGIpYNnygmeMQc4CBYI5GMhL5gdb93MvTrt0wqHkfX0E+YF5JOxANOCWipZWL3lAkg+OrIci95pwtEyvjuWz07tFpm2apYI+C/xM5JGeWotcwPtx3TNGQRUEGUatpWAl5GJHAq2KDkpoolhPZIhzU1jUjIlJeNPhngLa20cRBLXRHgkfpzIiOhUv3Q150hga6a9Ibif14zhWDfy3iUpMAiOl4UpAJDjIex4DaXjILoa0Ko5PpWTLtEEgo6vJIOwZ58+S9xdioHFftit1w9ztMoog20ibaRjfZQFZ2jGnIQRffoET2jF+PBeDJejbdxa8HIZ9bRLxjvX7jxmKM=</latexit>

but should be impossible

1. Resource-theoretic thermo



Standard view: thermodynamic limit

But what do we do for “small” (quantum?) or strongly 
correlated systems? Work     its fluctuations       reliability?⇡<latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit>
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Impossible since entropy decreases ) �F > 0.
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but should be impossible

Free energy F determines possibility of

state transitions only in the thermodynamic limit. 
For “small” systems, resource theory formulation


gives additional constraints (and

solves Bennett’s puzzle). More soon.

1. Resource-theoretic thermo



Thermodynamics as a resource theory

1. Resource-theoretic thermo



Thermodynamics as a resource theory

The rules of the game:

• It is “free” to bring in any system B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
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Thermodynamics as a resource theory

The rules of the game:

• It is “free” to bring in any system B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
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Def.: A thermal operation      is a map of the formT
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where [UAB , HA +HB ] = 0.
<latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit>



Thermodynamics as a resource theory

The rules of the game:

• It is “free” to bring in any system B in its thermal 
state 


• strictly energy-preserving unitaries are free,

• and it is free to trace over (ignore) systems.

�B = exp(�HB/(kBT )),
<latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit><latexit sha1_base64="C1lMnwaCEzqSnIeR6ABp27qILB4=">AAACBHicbVBNSwMxEM3Wr1q/qh71ECxCC1p3RVAPQqmXHit0baFdlmyabUOT7JJkxVJ68eJf8eJBxas/wpv/xrTdg1YfDDzem2FmXhAzqrRtf1mZhcWl5ZXsam5tfWNzK7+9c6uiRGLi4ohFshUgRRgVxNVUM9KKJUE8YKQZDK4nfvOOSEUj0dDDmHgc9QQNKUbaSH5+v9NDnCO/etUh93HxuOZXT4oDvwobpdKRny/YZXsK+Jc4KSmAFHU//9npRjjhRGjMkFJtx461N0JSU8zIONdJFIkRHqAeaRsqECfKG02/GMNDo3RhGElTQsOp+nNihLhSQx6YTo50X817E/E/r53o8MIbUREnmgg8WxQmDOoITiKBXSoJ1mxoCMKSmlsh7iOJsDbB5UwIzvzLf4l7Wr4sOzdnhUo1TSML9sABKAIHnIMKqIE6cAEGD+AJvIBX69F6tt6s91lrxkpndsEvWB/fT32WEA==</latexit>

Question:  Which transitions (work extraction etc.) are 
                   possible via thermal operations?

1. Resource-theoretic thermo

T (⇢A) = TrB
h
UAB (⇢A ⌦ �B)U

†
AB

i

<latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit>

Def.: A thermal operation      is a map of the formT
<latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit>

where [UAB , HA +HB ] = 0.
<latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit>



Thermodynamics as a resource theory

1. Resource-theoretic thermo

T (⇢A) = TrB
h
UAB (⇢A ⌦ �B)U

†
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Def.: A thermal operation      is a map of the formT
<latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit>

where [UAB , HA +HB ] = 0.
<latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit>



Thermodynamics as a resource theory

Theorem (Horodecki, Oppenheim, Nat. Comm. 4 (2013)):

1. Resource-theoretic thermo

T (⇢A) = TrB
h
UAB (⇢A ⌦ �B)U

†
AB

i

<latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit><latexit sha1_base64="hffXdC3ma9DF8Gc+U0tAV9uJSnQ="></latexit>

Def.: A thermal operation      is a map of the formT
<latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit><latexit sha1_base64="m0/gOxZjmfP2P74rZ8HYvHOklkQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JE8ENet63U9rY3NreKe9W9vYPDo+qxycdo1JNWZsqoXQvJIYJLlkbOQrWSzQjcShYN5ze5373iWnDlWzhLGFBTMaSR5wStFJ/EBOcUCKy1nxYrXl1bwF3nfgFqUGB5rD6NRgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcvbDKyI2Utk+iu1B/b2QkNmYWh3Yyj2hWvVz8z+unGN0GGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksnr5POVd23/PG61rgr6ijDGZzDJfhwAw14gCa0gYKCZ3iFNwedF+fd+ViOlpxi5xT+wPn8AY0vkWo=</latexit>

where [UAB , HA +HB ] = 0.
<latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit><latexit sha1_base64="iTSi5T3kNJJ07EkFxZmxGEYZgsM=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLICglEUE3Qls3XVYwbSENYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgttPTDwce693DsnSBiVyrK+jdLa+sbmVnm7srO7t39gHh51ZZwKTBwcs1j0AyQJo5w4iipG+okgKAoY6QWTu1m990iEpDF/UFlCvAiNOA0pRkpbvll1HT9vtqYXbb953vZb3q1V982aVbfmgqtgF1ADhTq++TUYxjiNCFeYISld20qUlyOhKGZkWhmkkiQIT9CIuBo5ioj08vnxU3iqnSEMY6EfV3Du/p7IUSRlFgW6M0JqLJdrM/O/mpuq8MbLKU9SRTheLApTBlUMZ0nAIRUEK5ZpQFhQfSvEYyQQVjqvig7BXv7yKnQv67bm+6tao1XEUQbH4AScARtcgwZogw5wAAYZeAav4M14Ml6Md+Nj0Voyipkq+CPj8wcPqpMT</latexit>

For block-diagonal states,                  is possible via 
some thermal operation iff        thermo-majorizes

⇢A 7! ⇢0A
<latexit sha1_base64="hHRqbuXC//NmMiPyXQ16ts2bYJ0=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyiqzIjgi5b3bisYB/QGYZMmmlD8xiSjFCGgr/ixoUibv0Od/6NmXYW2nogcHLOvdx7T5Qwqo3rfjulldW19Y3yZmVre2d3r7p/0NEyVZi0sWRS9SKkCaOCtA01jPQSRRCPGOlG49vc7z4SpakUD2aSkICjoaAxxchYKawe+Wokw6bPUaKNhPnvLGyG1Zpbd2eAy8QrSA0UaIXVL38gccqJMJghrfuem5ggQ8pQzMi04qeaJAiP0ZD0LRWIEx1ks/Wn8NQqAxhLZZ8wcKb+7sgQ13rCI1vJkRnpRS8X//P6qYmvg4yKJDVE4PmgOGXQHppnAQdUEWzYxBKEFbW7QjxCCmFjE6vYELzFk5dJ56LuWX5/WWvcFHGUwTE4AefAA1egAe5AC7QBBhl4Bq/gzXlyXpx352NeWnKKnkPwB87nD55ilT4=</latexit><latexit sha1_base64="hHRqbuXC//NmMiPyXQ16ts2bYJ0=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyiqzIjgi5b3bisYB/QGYZMmmlD8xiSjFCGgr/ixoUibv0Od/6NmXYW2nogcHLOvdx7T5Qwqo3rfjulldW19Y3yZmVre2d3r7p/0NEyVZi0sWRS9SKkCaOCtA01jPQSRRCPGOlG49vc7z4SpakUD2aSkICjoaAxxchYKawe+Wokw6bPUaKNhPnvLGyG1Zpbd2eAy8QrSA0UaIXVL38gccqJMJghrfuem5ggQ8pQzMi04qeaJAiP0ZD0LRWIEx1ks/Wn8NQqAxhLZZ8wcKb+7sgQ13rCI1vJkRnpRS8X//P6qYmvg4yKJDVE4PmgOGXQHppnAQdUEWzYxBKEFbW7QjxCCmFjE6vYELzFk5dJ56LuWX5/WWvcFHGUwTE4AefAA1egAe5AC7QBBhl4Bq/gzXlyXpx352NeWnKKnkPwB87nD55ilT4=</latexit><latexit sha1_base64="hHRqbuXC//NmMiPyXQ16ts2bYJ0=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyiqzIjgi5b3bisYB/QGYZMmmlD8xiSjFCGgr/ixoUibv0Od/6NmXYW2nogcHLOvdx7T5Qwqo3rfjulldW19Y3yZmVre2d3r7p/0NEyVZi0sWRS9SKkCaOCtA01jPQSRRCPGOlG49vc7z4SpakUD2aSkICjoaAxxchYKawe+Wokw6bPUaKNhPnvLGyG1Zpbd2eAy8QrSA0UaIXVL38gccqJMJghrfuem5ggQ8pQzMi04qeaJAiP0ZD0LRWIEx1ks/Wn8NQqAxhLZZ8wcKb+7sgQ13rCI1vJkRnpRS8X//P6qYmvg4yKJDVE4PmgOGXQHppnAQdUEWzYxBKEFbW7QjxCCmFjE6vYELzFk5dJ56LuWX5/WWvcFHGUwTE4AefAA1egAe5AC7QBBhl4Bq/gzXlyXpx352NeWnKKnkPwB87nD55ilT4=</latexit><latexit sha1_base64="hHRqbuXC//NmMiPyXQ16ts2bYJ0=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyiqzIjgi5b3bisYB/QGYZMmmlD8xiSjFCGgr/ixoUibv0Od/6NmXYW2nogcHLOvdx7T5Qwqo3rfjulldW19Y3yZmVre2d3r7p/0NEyVZi0sWRS9SKkCaOCtA01jPQSRRCPGOlG49vc7z4SpakUD2aSkICjoaAxxchYKawe+Wokw6bPUaKNhPnvLGyG1Zpbd2eAy8QrSA0UaIXVL38gccqJMJghrfuem5ggQ8pQzMi04qeaJAiP0ZD0LRWIEx1ks/Wn8NQqAxhLZZ8wcKb+7sgQ13rCI1vJkRnpRS8X//P6qYmvg4yKJDVE4PmgOGXQHppnAQdUEWzYxBKEFbW7QjxCCmFjE6vYELzFk5dJ56LuWX5/WWvcFHGUwTE4AefAA1egAe5AC7QBBhl4Bq/gzXlyXpx352NeWnKKnkPwB87nD55ilT4=</latexit>

⇢A
<latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit>

⇢0A.
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Thermodynamics as a resource theory

Theorem (Horodecki, Oppenheim, Nat. Comm. 4 (2013)):

1. Resource-theoretic thermo

T (⇢A) = TrB
h
UAB (⇢A ⌦ �B)U

†
AB

i
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Def.: A thermal operation      is a map of the formT
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where [UAB , HA +HB ] = 0.
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For block-diagonal states,                  is possible via 
some thermal operation iff        thermo-majorizes

⇢A 7! ⇢0A
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FIG. 2: Thermomajorization. Consider probabilities p(E, g) of the initial system ρ to be in the g’th state of energy E. Now let us
put p(E, g)eβE in decreasing order p(E1, g1)e

βE1 ≥ p(E2, g2)e
βE2 ≥ p(E3, g3)e

βE3 ... – we say that the eigenvalues are β-ordered. We
can do the same for system σ i.e. eβE1q(E1, g1) ≥ eβE2q(E2, g2) ≥ eβE3q(E3, g3).... Then the condition which determines whether
we can transform ρ into σ is depicted in the above figure. Namely, (a) for any state, we construct a curve with points k given by
{
∑

e−βEi/Z,
∑k

i pi}. Then (b) a thermodynamical transition from ρ to σ is possible if and only if, the curve of ρ lies above the curve
of σ. One can make a previously impossible transition possible by adding work in the form of the pure state ψW which will scale each
point by an amount e−βW horizontally.

commutes with Thermal Operations[21] since the latter must conserve energy. Since we can dephase the final state without
changing it (as it is already diagonal in the energy basis) we can use the fact that dephasing commutes with our operations
to instead dephase the initial state without changing whether the transformation is possible.
In the case where the final state is also non-diagonal in the energy basis, the criteria for which transformations are possible

depends on the coupling one has with the system, and especially, the degree of control one has of the system. Thus far, our
results have not depended on having fine-grained control of the system and heat bath – the interaction depends on macroscopic
variables such as total energy E, but the mapping between microstates g does not matter[21]. This is not necessarily the
case during the formation process of states with off-diagonal terms. Thus, while Equation (3) for the extractable work holds
in general, the same is not true of Equation (8) for the formation process. This is because for the formation process of
transforming Gibb’s states into a state ρ which is not diagonal in the energy eigenbasis, it is generally not possible to make
such a transformation using Thermal Operations without additional resources. In the case of formation of many copies n
of ρ, the additional resource can be two level pure states in a superposition of energy levels[21], and the size of the system
required scales sublinearly in n and hence vanishes as a fraction of n.

F. Changing Hamiltonians

So far we have considered transitions between the states of a system with fixed Hamiltonian. This might suggest that our
approach does not cover the microscopic analogue of thermodynamical processes between equilibrium states with different
initial and final Hamiltonians[3], such as isothermal expansions of a gas in a container. Yet, fundamentally, a time dependent
Hamiltonian is only an effective picture of a fixed Hamiltonian of a larger system, and we shall show below how to describe
such transitions in the microscopic regime.
Namely we introduce a qubit on system C which we can act on to switch the Hamiltonian from H to H ′ (we call this the

switching qubit). We can for example take the total Hamiltonian to be

Htot = |0⟩⟨0|C ⊗H + |1⟩⟨1|C ⊗H ′ +W |1⟩⟨1| (10)

and take the initial state of the work qubit, switching qubit and system to be |00⟩⟨00|CW⊗ρ and final state to be |11⟩⟨11|CW⊗
σ, so that we are effectively changing the Hamiltonian acting on ρ, and gaining or losing work in the work qubit when we
make the transition to σ. We now consider a transition between ρ and τ ′, the thermal state with Hamiltonian H ′, and want
to know what value (positive or negative) for W allows us to make this transition.
The results, obtained by means of thermo-majorization are depicted in Figure 3. One finds

W = Fmin
ϵ (ω)− Fmin

ϵ (τ ′) (11)

for extracting work, and for the amount of work required to form ρ (provided it is diagonal in energy eigenbasis) from the
thermal state, we obtain

W = Fmax
ϵ (ρ)− Fmax

ϵ (τ ′) (12)

This result does not depend on the form of the Hamiltonian of Equation (10) – we only require that at late times, there is
no interaction between the work qubit and the other systems (since we need to be able to separate out the work qubit to use
in some future process). More general state-to-state transformations assisted by work are also depicted.

⇢A
<latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit><latexit sha1_base64="vqpzw1wZG4G1BPWacvI+A9bHP7o=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjY4Z6O51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDX7yO+w==</latexit>

⇢0A.
<latexit sha1_base64="7d7X8x6rk92OR3nYuswOSVHhjXM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdeOygr1AO5RMmmlDM8mYZIQy9CXcuFDEra/jzrcxbWehrT8EPv5zDjnnDxPBjfW8b1RYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDutt56YNlzJBztOWBCTgeQRp8Q6q93VQ3Xau672yhWv6s2El8HPoQK56r3yV7evaBozaakgxnR8L7FBRrTlVLBJqZsalhA6IgPWcShJzEyQzfad4BPn9HGktHvS4pn7eyIjsTHjOHSdMbFDs1ibmv/VOqmNroKMyyS1TNL5R1EqsFV4ejzuc82oFWMHhGrudsV0SDSh1kVUciH4iycvQ/O86ju+v6jUbvI4inAEx3AGPlxCDe6gDg2gIOAZXuENPaIX9I4+5q0FlM8cwh+hzx8u3I9k</latexit><latexit sha1_base64="7d7X8x6rk92OR3nYuswOSVHhjXM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdeOygr1AO5RMmmlDM8mYZIQy9CXcuFDEra/jzrcxbWehrT8EPv5zDjnnDxPBjfW8b1RYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDutt56YNlzJBztOWBCTgeQRp8Q6q93VQ3Xau672yhWv6s2El8HPoQK56r3yV7evaBozaakgxnR8L7FBRrTlVLBJqZsalhA6IgPWcShJzEyQzfad4BPn9HGktHvS4pn7eyIjsTHjOHSdMbFDs1ibmv/VOqmNroKMyyS1TNL5R1EqsFV4ejzuc82oFWMHhGrudsV0SDSh1kVUciH4iycvQ/O86ju+v6jUbvI4inAEx3AGPlxCDe6gDg2gIOAZXuENPaIX9I4+5q0FlM8cwh+hzx8u3I9k</latexit><latexit sha1_base64="7d7X8x6rk92OR3nYuswOSVHhjXM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdeOygr1AO5RMmmlDM8mYZIQy9CXcuFDEra/jzrcxbWehrT8EPv5zDjnnDxPBjfW8b1RYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDutt56YNlzJBztOWBCTgeQRp8Q6q93VQ3Xau672yhWv6s2El8HPoQK56r3yV7evaBozaakgxnR8L7FBRrTlVLBJqZsalhA6IgPWcShJzEyQzfad4BPn9HGktHvS4pn7eyIjsTHjOHSdMbFDs1ibmv/VOqmNroKMyyS1TNL5R1EqsFV4ejzuc82oFWMHhGrudsV0SDSh1kVUciH4iycvQ/O86ju+v6jUbvI4inAEx3AGPlxCDe6gDg2gIOAZXuENPaIX9I4+5q0FlM8cwh+hzx8u3I9k</latexit><latexit sha1_base64="7d7X8x6rk92OR3nYuswOSVHhjXM=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdeOygr1AO5RMmmlDM8mYZIQy9CXcuFDEra/jzrcxbWehrT8EPv5zDjnnDxPBjfW8b1RYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDutt56YNlzJBztOWBCTgeQRp8Q6q93VQ3Xau672yhWv6s2El8HPoQK56r3yV7evaBozaakgxnR8L7FBRrTlVLBJqZsalhA6IgPWcShJzEyQzfad4BPn9HGktHvS4pn7eyIjsTHjOHSdMbFDs1ibmv/VOqmNroKMyyS1TNL5R1EqsFV4ejzuc82oFWMHhGrudsV0SDSh1kVUciH4iycvQ/O86ju+v6jUbvI4inAEx3AGPlxCDe6gDg2gIOAZXuENPaIX9I4+5q0FlM8cwh+hzx8u3I9k</latexit>

p1e
�E1 � p2e

�E2 � . . .
<latexit sha1_base64="W4q+ooiy5Tz8Z46WUdkZkCBepDA=">AAACG3icbZDJSgNBEIZ74hbjNurRS2MQPIWZIOgxKILHCGaBTBx6OpWkSc9id40QhryHF1/FiwdFPAkefBs7yyEm/tDw81UV1fUHiRQaHefHyq2srq1v5DcLW9s7u3v2/kFdx6niUOOxjFUzYBqkiKCGAiU0EwUsDCQ0gsHVuN54BKVFHN3hMIF2yHqR6ArO0CDfLie+S+E+8wJARq99d+T14IEmfnmelqfUk50YtW8XnZIzEV027swUyUxV3/7yOjFPQ4iQS6Z1y3USbGdMoeASRgUv1ZAwPmA9aBkbsRB0O5vcNqInhnRoN1bmRUgndH4iY6HWwzAwnSHDvl6sjeF/tVaK3Yt2JqIkRYj4dFE3lRRjOg6KdoQCjnJoDONKmL9S3meKcTRxFkwI7uLJy6ZeLrnG354VK5ezOPLkiByTU+KSc1IhN6RKaoSTJ/JC3si79Wy9Wh/W57Q1Z81mDskfWd+/+dGgJQ==</latexit><latexit sha1_base64="W4q+ooiy5Tz8Z46WUdkZkCBepDA=">AAACG3icbZDJSgNBEIZ74hbjNurRS2MQPIWZIOgxKILHCGaBTBx6OpWkSc9id40QhryHF1/FiwdFPAkefBs7yyEm/tDw81UV1fUHiRQaHefHyq2srq1v5DcLW9s7u3v2/kFdx6niUOOxjFUzYBqkiKCGAiU0EwUsDCQ0gsHVuN54BKVFHN3hMIF2yHqR6ArO0CDfLie+S+E+8wJARq99d+T14IEmfnmelqfUk50YtW8XnZIzEV027swUyUxV3/7yOjFPQ4iQS6Z1y3USbGdMoeASRgUv1ZAwPmA9aBkbsRB0O5vcNqInhnRoN1bmRUgndH4iY6HWwzAwnSHDvl6sjeF/tVaK3Yt2JqIkRYj4dFE3lRRjOg6KdoQCjnJoDONKmL9S3meKcTRxFkwI7uLJy6ZeLrnG354VK5ezOPLkiByTU+KSc1IhN6RKaoSTJ/JC3si79Wy9Wh/W57Q1Z81mDskfWd+/+dGgJQ==</latexit><latexit sha1_base64="W4q+ooiy5Tz8Z46WUdkZkCBepDA=">AAACG3icbZDJSgNBEIZ74hbjNurRS2MQPIWZIOgxKILHCGaBTBx6OpWkSc9id40QhryHF1/FiwdFPAkefBs7yyEm/tDw81UV1fUHiRQaHefHyq2srq1v5DcLW9s7u3v2/kFdx6niUOOxjFUzYBqkiKCGAiU0EwUsDCQ0gsHVuN54BKVFHN3hMIF2yHqR6ArO0CDfLie+S+E+8wJARq99d+T14IEmfnmelqfUk50YtW8XnZIzEV027swUyUxV3/7yOjFPQ4iQS6Z1y3USbGdMoeASRgUv1ZAwPmA9aBkbsRB0O5vcNqInhnRoN1bmRUgndH4iY6HWwzAwnSHDvl6sjeF/tVaK3Yt2JqIkRYj4dFE3lRRjOg6KdoQCjnJoDONKmL9S3meKcTRxFkwI7uLJy6ZeLrnG354VK5ezOPLkiByTU+KSc1IhN6RKaoSTJ/JC3si79Wy9Wh/W57Q1Z81mDskfWd+/+dGgJQ==</latexit><latexit sha1_base64="W4q+ooiy5Tz8Z46WUdkZkCBepDA=">AAACG3icbZDJSgNBEIZ74hbjNurRS2MQPIWZIOgxKILHCGaBTBx6OpWkSc9id40QhryHF1/FiwdFPAkefBs7yyEm/tDw81UV1fUHiRQaHefHyq2srq1v5DcLW9s7u3v2/kFdx6niUOOxjFUzYBqkiKCGAiU0EwUsDCQ0gsHVuN54BKVFHN3hMIF2yHqR6ArO0CDfLie+S+E+8wJARq99d+T14IEmfnmelqfUk50YtW8XnZIzEV027swUyUxV3/7yOjFPQ4iQS6Z1y3USbGdMoeASRgUv1ZAwPmA9aBkbsRB0O5vcNqInhnRoN1bmRUgndH4iY6HWwzAwnSHDvl6sjeF/tVaK3Yt2JqIkRYj4dFE3lRRjOg6KdoQCjnJoDONKmL9S3meKcTRxFkwI7uLJy6ZeLrnG354VK5ezOPLkiByTU+KSc1IhN6RKaoSTJ/JC3si79Wy9Wh/W57Q1Z81mDskfWd+/+dGgJQ==</latexit>



Thermodynamics as a resource theory

The second laws of quantum thermodynamics
Fernando Brandãoa,1, Michał Horodeckib, Nelly Ngc, Jonathan Oppenheimc,d,2, and Stephanie Wehnerc,e

aDepartment of Computer Science, University College London, London WC1E 6BT, United Kingdom; bInstytut Fizyki Teoretycznej i Astrofizyki, University
of Gdansk, 80-952 Gdansk, Poland; cCentre for Quantum Technologies, National University of Singapore, 117543 Singapore; dDepartment of Physics &
Astronomy, University College London, London WC1E 6BT, United Kingdom; and eSchool of Computing, National University of Singapore, 117417 Singapore

Edited by Peter W. Shor, Massachusetts Institute of Technology, Cambridge, MA, and approved January 12, 2015 (received for review June 26, 2014)

The second law of thermodynamics places constraints on state
transformations. It applies to systems composed of many particles,
however, we are seeing that one can formulate laws of thermo-
dynamics when only a small number of particles are interacting
with a heat bath. Is there a second law of thermodynamics in this
regime? Here, we find that for processes which are approximately
cyclic, the second law for microscopic systems takes on a different
form compared to the macroscopic scale, imposing not just one
constraint on state transformations, but an entire family of
constraints. We find a family of free energies which generalize
the traditional one, and show that they can never increase. The
ordinary second law relates to one of these, with the remainder
imposing additional constraints on thermodynamic transitions. We
find three regimes which determine which family of second laws
govern state transitions, depending on how cyclic the process is. In
one regime one can cause an apparent violation of the usual
second law, through a process of embezzling work from a large
system which remains arbitrarily close to its original state. These
second laws are relevant for small systems, and also apply to
individual macroscopic systems interacting via long-range inter-
actions. By making precise the definition of thermal operations,
the laws of thermodynamics are unified in this framework, with
the first law defining the class of operations, the zeroth law emerging
as an equivalence relation between thermal states, and the remaining
laws being monotonicity of our generalized free energies.

quantum thermodynamics | quantum information theory |
statistical physics | resource theory | free energy

The original formulation of the second law, due to Clausius
(1), states that “Heat can never pass from a colder to a

warmer body without some other change, connected therewith,
occurring at the same time.” In attempting to apply Clausius’s
statement of the second law to the microscopic or quantum scale,
we immediately run into a problem because it talks about cyclic
processes in which there is no other change occurring at the same
time, and at this scale it is impossible to design a process in which
there is no change, however slight, in our devices and heat engines.
Interpreted strictly, the Clausius statement of the second law
applies to situations which never occur in nature. The same holds
true for other versions of the second law, such as the Kelvin–
Planck statement, where one also talks about cyclic processes, in
which all other objects beside the system of interest are returned
back to their original state. Here, we derive a quantum version of
the Clausius statement, by looking at processes where a micro-
scopic or quantum system undergoes a transition from one state
to another, whereas the environment and working body or heat
engine is returned back to their original state. Whereas macro-
scopically only a single second law restricts transitions, we find that
there is an entire family of more fundamental restrictions at the
quantum level. At the macroscopic scale, and for systems with
short-range correlations, this entire family of second laws becomes
equal to the ordinary second law, but outside of this regime these
other second laws impose additional restrictions on thermody-
namical transitions. What is more, one needs to be more precise
about what one means by a cyclic process. At the macroscopic
scale, the fact that a process is only approximately cyclic has
generally been assumed to be enough to guarantee the second law.

Here, we show that this is not the case in the microscopic regime,
and we therefore needs to talk about “how cyclic” a process is when
stating the second law. We also derive in this work, a zeroth law of
thermodynamics, which is stronger than the ordinary zeroth law.
For thermodynamics at the macroscopic scale, a system in state

ρ can be transformed into state ρ′ provided that the free energy
goes down, where the free energy for a state ρ is

FðρÞ= hEðρÞi− kTSðρÞ; [1]

with T the temperature of the ambient heat bath that surrounds
the system, k the Boltzmann constant, SðρÞ the entropy of the
system, and hEi its average energy. This is a version of the second
law, where we also use the fact that the total energy of the system
and heat bath must be conserved. This criterion governing state
transitions is valid if the system is composed of many particles,
and there are no long-range correlations. In the case of micro-
scopic, quantum, or highly correlated systems, a criterion for
state transitions of a total system was proven in ref. 2 and named
thermo-majorization. This criterion has been conjectured (3) and
serves as a second law in some cases (see also the reformulation
of ref. 4). However, here we will see that if elevated to such high
status without sufficient care, it can be violated. Namely, we
will give examples where ρ→ ρ′ would violate the thermo-
majorization criterion, but nonetheless, the transition is possible
via a cyclic process in which a working body σ––an ancilla or
catalyst––is returned back into its original state. The criterion
of ref. 2 is thus only relevant when additional systems are not
used to aid in the transition.
This phenomenon is related to entanglement catalysis (5),

where it can be shown that some forbidden transitions are

Significance

In ordinary thermodynamics, transitions are governed by a single
quantity–the free energy. Its monotonicity is a formulation of the
second law. Here, we find that the second law for microscopic or
highly correlated systems takes on a very different form than it
does at the macroscopic scale, imposing not just one constraint
on state transformations, but many. We find a family of quan-
tum free energies which generalize the standard free energy,
and can never increase. The ordinary second law corresponds to
the nonincreasing of one of these free energies, with the re-
mainder imposing additional constraints on thermodynamic
transitions. In the thermodynamic limit, these additional sec-
ond laws become equivalent to the standard one. We also
prove a strengthened version of the zeroth law of thermody-
namics, allowing a definition of temperature.
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namics, allowing a definition of temperature.
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The second law of thermodynamics places constraints on state
transformations. It applies to systems composed of many particles,
however, we are seeing that one can formulate laws of thermo-
dynamics when only a small number of particles are interacting
with a heat bath. Is there a second law of thermodynamics in this
regime? Here, we find that for processes which are approximately
cyclic, the second law for microscopic systems takes on a different
form compared to the macroscopic scale, imposing not just one
constraint on state transformations, but an entire family of
constraints. We find a family of free energies which generalize
the traditional one, and show that they can never increase. The
ordinary second law relates to one of these, with the remainder
imposing additional constraints on thermodynamic transitions. We
find three regimes which determine which family of second laws
govern state transitions, depending on how cyclic the process is. In
one regime one can cause an apparent violation of the usual
second law, through a process of embezzling work from a large
system which remains arbitrarily close to its original state. These
second laws are relevant for small systems, and also apply to
individual macroscopic systems interacting via long-range inter-
actions. By making precise the definition of thermal operations,
the laws of thermodynamics are unified in this framework, with
the first law defining the class of operations, the zeroth law emerging
as an equivalence relation between thermal states, and the remaining
laws being monotonicity of our generalized free energies.

quantum thermodynamics | quantum information theory |
statistical physics | resource theory | free energy

The original formulation of the second law, due to Clausius
(1), states that “Heat can never pass from a colder to a

warmer body without some other change, connected therewith,
occurring at the same time.” In attempting to apply Clausius’s
statement of the second law to the microscopic or quantum scale,
we immediately run into a problem because it talks about cyclic
processes in which there is no other change occurring at the same
time, and at this scale it is impossible to design a process in which
there is no change, however slight, in our devices and heat engines.
Interpreted strictly, the Clausius statement of the second law
applies to situations which never occur in nature. The same holds
true for other versions of the second law, such as the Kelvin–
Planck statement, where one also talks about cyclic processes, in
which all other objects beside the system of interest are returned
back to their original state. Here, we derive a quantum version of
the Clausius statement, by looking at processes where a micro-
scopic or quantum system undergoes a transition from one state
to another, whereas the environment and working body or heat
engine is returned back to their original state. Whereas macro-
scopically only a single second law restricts transitions, we find that
there is an entire family of more fundamental restrictions at the
quantum level. At the macroscopic scale, and for systems with
short-range correlations, this entire family of second laws becomes
equal to the ordinary second law, but outside of this regime these
other second laws impose additional restrictions on thermody-
namical transitions. What is more, one needs to be more precise
about what one means by a cyclic process. At the macroscopic
scale, the fact that a process is only approximately cyclic has
generally been assumed to be enough to guarantee the second law.

Here, we show that this is not the case in the microscopic regime,
and we therefore needs to talk about “how cyclic” a process is when
stating the second law. We also derive in this work, a zeroth law of
thermodynamics, which is stronger than the ordinary zeroth law.
For thermodynamics at the macroscopic scale, a system in state

ρ can be transformed into state ρ′ provided that the free energy
goes down, where the free energy for a state ρ is

FðρÞ= hEðρÞi− kTSðρÞ; [1]

with T the temperature of the ambient heat bath that surrounds
the system, k the Boltzmann constant, SðρÞ the entropy of the
system, and hEi its average energy. This is a version of the second
law, where we also use the fact that the total energy of the system
and heat bath must be conserved. This criterion governing state
transitions is valid if the system is composed of many particles,
and there are no long-range correlations. In the case of micro-
scopic, quantum, or highly correlated systems, a criterion for
state transitions of a total system was proven in ref. 2 and named
thermo-majorization. This criterion has been conjectured (3) and
serves as a second law in some cases (see also the reformulation
of ref. 4). However, here we will see that if elevated to such high
status without sufficient care, it can be violated. Namely, we
will give examples where ρ→ ρ′ would violate the thermo-
majorization criterion, but nonetheless, the transition is possible
via a cyclic process in which a working body σ––an ancilla or
catalyst––is returned back into its original state. The criterion
of ref. 2 is thus only relevant when additional systems are not
used to aid in the transition.
This phenomenon is related to entanglement catalysis (5),

where it can be shown that some forbidden transitions are

Significance

In ordinary thermodynamics, transitions are governed by a single
quantity–the free energy. Its monotonicity is a formulation of the
second law. Here, we find that the second law for microscopic or
highly correlated systems takes on a very different form than it
does at the macroscopic scale, imposing not just one constraint
on state transformations, but many. We find a family of quan-
tum free energies which generalize the standard free energy,
and can never increase. The ordinary second law corresponds to
the nonincreasing of one of these free energies, with the re-
mainder imposing additional constraints on thermodynamic
transitions. In the thermodynamic limit, these additional sec-
ond laws become equivalent to the standard one. We also
prove a strengthened version of the zeroth law of thermody-
namics, allowing a definition of temperature.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥0 That is, ∀α≥0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α ∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.

3276 | www.pnas.org/cgi/doi/10.1073/pnas.1411728112 Brandão et al.

Thermodynamics as a resource theory

1. Resource-theoretic thermo

Consider thermal operations on block-diag. states (as 
before); but now, allow an additional catalyst.



The second laws of quantum thermodynamics
Fernando Brandãoa,1, Michał Horodeckib, Nelly Ngc, Jonathan Oppenheimc,d,2, and Stephanie Wehnerc,e

aDepartment of Computer Science, University College London, London WC1E 6BT, United Kingdom; bInstytut Fizyki Teoretycznej i Astrofizyki, University
of Gdansk, 80-952 Gdansk, Poland; cCentre for Quantum Technologies, National University of Singapore, 117543 Singapore; dDepartment of Physics &
Astronomy, University College London, London WC1E 6BT, United Kingdom; and eSchool of Computing, National University of Singapore, 117417 Singapore

Edited by Peter W. Shor, Massachusetts Institute of Technology, Cambridge, MA, and approved January 12, 2015 (received for review June 26, 2014)

The second law of thermodynamics places constraints on state
transformations. It applies to systems composed of many particles,
however, we are seeing that one can formulate laws of thermo-
dynamics when only a small number of particles are interacting
with a heat bath. Is there a second law of thermodynamics in this
regime? Here, we find that for processes which are approximately
cyclic, the second law for microscopic systems takes on a different
form compared to the macroscopic scale, imposing not just one
constraint on state transformations, but an entire family of
constraints. We find a family of free energies which generalize
the traditional one, and show that they can never increase. The
ordinary second law relates to one of these, with the remainder
imposing additional constraints on thermodynamic transitions. We
find three regimes which determine which family of second laws
govern state transitions, depending on how cyclic the process is. In
one regime one can cause an apparent violation of the usual
second law, through a process of embezzling work from a large
system which remains arbitrarily close to its original state. These
second laws are relevant for small systems, and also apply to
individual macroscopic systems interacting via long-range inter-
actions. By making precise the definition of thermal operations,
the laws of thermodynamics are unified in this framework, with
the first law defining the class of operations, the zeroth law emerging
as an equivalence relation between thermal states, and the remaining
laws being monotonicity of our generalized free energies.
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The original formulation of the second law, due to Clausius
(1), states that “Heat can never pass from a colder to a

warmer body without some other change, connected therewith,
occurring at the same time.” In attempting to apply Clausius’s
statement of the second law to the microscopic or quantum scale,
we immediately run into a problem because it talks about cyclic
processes in which there is no other change occurring at the same
time, and at this scale it is impossible to design a process in which
there is no change, however slight, in our devices and heat engines.
Interpreted strictly, the Clausius statement of the second law
applies to situations which never occur in nature. The same holds
true for other versions of the second law, such as the Kelvin–
Planck statement, where one also talks about cyclic processes, in
which all other objects beside the system of interest are returned
back to their original state. Here, we derive a quantum version of
the Clausius statement, by looking at processes where a micro-
scopic or quantum system undergoes a transition from one state
to another, whereas the environment and working body or heat
engine is returned back to their original state. Whereas macro-
scopically only a single second law restricts transitions, we find that
there is an entire family of more fundamental restrictions at the
quantum level. At the macroscopic scale, and for systems with
short-range correlations, this entire family of second laws becomes
equal to the ordinary second law, but outside of this regime these
other second laws impose additional restrictions on thermody-
namical transitions. What is more, one needs to be more precise
about what one means by a cyclic process. At the macroscopic
scale, the fact that a process is only approximately cyclic has
generally been assumed to be enough to guarantee the second law.

Here, we show that this is not the case in the microscopic regime,
and we therefore needs to talk about “how cyclic” a process is when
stating the second law. We also derive in this work, a zeroth law of
thermodynamics, which is stronger than the ordinary zeroth law.
For thermodynamics at the macroscopic scale, a system in state

ρ can be transformed into state ρ′ provided that the free energy
goes down, where the free energy for a state ρ is

FðρÞ= hEðρÞi− kTSðρÞ; [1]

with T the temperature of the ambient heat bath that surrounds
the system, k the Boltzmann constant, SðρÞ the entropy of the
system, and hEi its average energy. This is a version of the second
law, where we also use the fact that the total energy of the system
and heat bath must be conserved. This criterion governing state
transitions is valid if the system is composed of many particles,
and there are no long-range correlations. In the case of micro-
scopic, quantum, or highly correlated systems, a criterion for
state transitions of a total system was proven in ref. 2 and named
thermo-majorization. This criterion has been conjectured (3) and
serves as a second law in some cases (see also the reformulation
of ref. 4). However, here we will see that if elevated to such high
status without sufficient care, it can be violated. Namely, we
will give examples where ρ→ ρ′ would violate the thermo-
majorization criterion, but nonetheless, the transition is possible
via a cyclic process in which a working body σ––an ancilla or
catalyst––is returned back into its original state. The criterion
of ref. 2 is thus only relevant when additional systems are not
used to aid in the transition.
This phenomenon is related to entanglement catalysis (5),

where it can be shown that some forbidden transitions are

Significance

In ordinary thermodynamics, transitions are governed by a single
quantity–the free energy. Its monotonicity is a formulation of the
second law. Here, we find that the second law for microscopic or
highly correlated systems takes on a very different form than it
does at the macroscopic scale, imposing not just one constraint
on state transformations, but many. We find a family of quan-
tum free energies which generalize the standard free energy,
and can never increase. The ordinary second law corresponds to
the nonincreasing of one of these free energies, with the re-
mainder imposing additional constraints on thermodynamic
transitions. In the thermodynamic limit, these additional sec-
ond laws become equivalent to the standard one. We also
prove a strengthened version of the zeroth law of thermody-
namics, allowing a definition of temperature.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥0 That is, ∀α≥0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α ∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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The second law of thermodynamics places constraints on state
transformations. It applies to systems composed of many particles,
however, we are seeing that one can formulate laws of thermo-
dynamics when only a small number of particles are interacting
with a heat bath. Is there a second law of thermodynamics in this
regime? Here, we find that for processes which are approximately
cyclic, the second law for microscopic systems takes on a different
form compared to the macroscopic scale, imposing not just one
constraint on state transformations, but an entire family of
constraints. We find a family of free energies which generalize
the traditional one, and show that they can never increase. The
ordinary second law relates to one of these, with the remainder
imposing additional constraints on thermodynamic transitions. We
find three regimes which determine which family of second laws
govern state transitions, depending on how cyclic the process is. In
one regime one can cause an apparent violation of the usual
second law, through a process of embezzling work from a large
system which remains arbitrarily close to its original state. These
second laws are relevant for small systems, and also apply to
individual macroscopic systems interacting via long-range inter-
actions. By making precise the definition of thermal operations,
the laws of thermodynamics are unified in this framework, with
the first law defining the class of operations, the zeroth law emerging
as an equivalence relation between thermal states, and the remaining
laws being monotonicity of our generalized free energies.
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The original formulation of the second law, due to Clausius
(1), states that “Heat can never pass from a colder to a

warmer body without some other change, connected therewith,
occurring at the same time.” In attempting to apply Clausius’s
statement of the second law to the microscopic or quantum scale,
we immediately run into a problem because it talks about cyclic
processes in which there is no other change occurring at the same
time, and at this scale it is impossible to design a process in which
there is no change, however slight, in our devices and heat engines.
Interpreted strictly, the Clausius statement of the second law
applies to situations which never occur in nature. The same holds
true for other versions of the second law, such as the Kelvin–
Planck statement, where one also talks about cyclic processes, in
which all other objects beside the system of interest are returned
back to their original state. Here, we derive a quantum version of
the Clausius statement, by looking at processes where a micro-
scopic or quantum system undergoes a transition from one state
to another, whereas the environment and working body or heat
engine is returned back to their original state. Whereas macro-
scopically only a single second law restricts transitions, we find that
there is an entire family of more fundamental restrictions at the
quantum level. At the macroscopic scale, and for systems with
short-range correlations, this entire family of second laws becomes
equal to the ordinary second law, but outside of this regime these
other second laws impose additional restrictions on thermody-
namical transitions. What is more, one needs to be more precise
about what one means by a cyclic process. At the macroscopic
scale, the fact that a process is only approximately cyclic has
generally been assumed to be enough to guarantee the second law.

Here, we show that this is not the case in the microscopic regime,
and we therefore needs to talk about “how cyclic” a process is when
stating the second law. We also derive in this work, a zeroth law of
thermodynamics, which is stronger than the ordinary zeroth law.
For thermodynamics at the macroscopic scale, a system in state

ρ can be transformed into state ρ′ provided that the free energy
goes down, where the free energy for a state ρ is

FðρÞ= hEðρÞi− kTSðρÞ; [1]

with T the temperature of the ambient heat bath that surrounds
the system, k the Boltzmann constant, SðρÞ the entropy of the
system, and hEi its average energy. This is a version of the second
law, where we also use the fact that the total energy of the system
and heat bath must be conserved. This criterion governing state
transitions is valid if the system is composed of many particles,
and there are no long-range correlations. In the case of micro-
scopic, quantum, or highly correlated systems, a criterion for
state transitions of a total system was proven in ref. 2 and named
thermo-majorization. This criterion has been conjectured (3) and
serves as a second law in some cases (see also the reformulation
of ref. 4). However, here we will see that if elevated to such high
status without sufficient care, it can be violated. Namely, we
will give examples where ρ→ ρ′ would violate the thermo-
majorization criterion, but nonetheless, the transition is possible
via a cyclic process in which a working body σ––an ancilla or
catalyst––is returned back into its original state. The criterion
of ref. 2 is thus only relevant when additional systems are not
used to aid in the transition.
This phenomenon is related to entanglement catalysis (5),

where it can be shown that some forbidden transitions are

Significance

In ordinary thermodynamics, transitions are governed by a single
quantity–the free energy. Its monotonicity is a formulation of the
second law. Here, we find that the second law for microscopic or
highly correlated systems takes on a very different form than it
does at the macroscopic scale, imposing not just one constraint
on state transformations, but many. We find a family of quan-
tum free energies which generalize the standard free energy,
and can never increase. The ordinary second law corresponds to
the nonincreasing of one of these free energies, with the re-
mainder imposing additional constraints on thermodynamic
transitions. In the thermodynamic limit, these additional sec-
ond laws become equivalent to the standard one. We also
prove a strengthened version of the zeroth law of thermody-
namics, allowing a definition of temperature.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥0 That is, ∀α≥0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α ∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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The second law of thermodynamics places constraints on state
transformations. It applies to systems composed of many particles,
however, we are seeing that one can formulate laws of thermo-
dynamics when only a small number of particles are interacting
with a heat bath. Is there a second law of thermodynamics in this
regime? Here, we find that for processes which are approximately
cyclic, the second law for microscopic systems takes on a different
form compared to the macroscopic scale, imposing not just one
constraint on state transformations, but an entire family of
constraints. We find a family of free energies which generalize
the traditional one, and show that they can never increase. The
ordinary second law relates to one of these, with the remainder
imposing additional constraints on thermodynamic transitions. We
find three regimes which determine which family of second laws
govern state transitions, depending on how cyclic the process is. In
one regime one can cause an apparent violation of the usual
second law, through a process of embezzling work from a large
system which remains arbitrarily close to its original state. These
second laws are relevant for small systems, and also apply to
individual macroscopic systems interacting via long-range inter-
actions. By making precise the definition of thermal operations,
the laws of thermodynamics are unified in this framework, with
the first law defining the class of operations, the zeroth law emerging
as an equivalence relation between thermal states, and the remaining
laws being monotonicity of our generalized free energies.

quantum thermodynamics | quantum information theory |
statistical physics | resource theory | free energy

The original formulation of the second law, due to Clausius
(1), states that “Heat can never pass from a colder to a

warmer body without some other change, connected therewith,
occurring at the same time.” In attempting to apply Clausius’s
statement of the second law to the microscopic or quantum scale,
we immediately run into a problem because it talks about cyclic
processes in which there is no other change occurring at the same
time, and at this scale it is impossible to design a process in which
there is no change, however slight, in our devices and heat engines.
Interpreted strictly, the Clausius statement of the second law
applies to situations which never occur in nature. The same holds
true for other versions of the second law, such as the Kelvin–
Planck statement, where one also talks about cyclic processes, in
which all other objects beside the system of interest are returned
back to their original state. Here, we derive a quantum version of
the Clausius statement, by looking at processes where a micro-
scopic or quantum system undergoes a transition from one state
to another, whereas the environment and working body or heat
engine is returned back to their original state. Whereas macro-
scopically only a single second law restricts transitions, we find that
there is an entire family of more fundamental restrictions at the
quantum level. At the macroscopic scale, and for systems with
short-range correlations, this entire family of second laws becomes
equal to the ordinary second law, but outside of this regime these
other second laws impose additional restrictions on thermody-
namical transitions. What is more, one needs to be more precise
about what one means by a cyclic process. At the macroscopic
scale, the fact that a process is only approximately cyclic has
generally been assumed to be enough to guarantee the second law.

Here, we show that this is not the case in the microscopic regime,
and we therefore needs to talk about “how cyclic” a process is when
stating the second law. We also derive in this work, a zeroth law of
thermodynamics, which is stronger than the ordinary zeroth law.
For thermodynamics at the macroscopic scale, a system in state

ρ can be transformed into state ρ′ provided that the free energy
goes down, where the free energy for a state ρ is

FðρÞ= hEðρÞi− kTSðρÞ; [1]

with T the temperature of the ambient heat bath that surrounds
the system, k the Boltzmann constant, SðρÞ the entropy of the
system, and hEi its average energy. This is a version of the second
law, where we also use the fact that the total energy of the system
and heat bath must be conserved. This criterion governing state
transitions is valid if the system is composed of many particles,
and there are no long-range correlations. In the case of micro-
scopic, quantum, or highly correlated systems, a criterion for
state transitions of a total system was proven in ref. 2 and named
thermo-majorization. This criterion has been conjectured (3) and
serves as a second law in some cases (see also the reformulation
of ref. 4). However, here we will see that if elevated to such high
status without sufficient care, it can be violated. Namely, we
will give examples where ρ→ ρ′ would violate the thermo-
majorization criterion, but nonetheless, the transition is possible
via a cyclic process in which a working body σ––an ancilla or
catalyst––is returned back into its original state. The criterion
of ref. 2 is thus only relevant when additional systems are not
used to aid in the transition.
This phenomenon is related to entanglement catalysis (5),

where it can be shown that some forbidden transitions are

Significance

In ordinary thermodynamics, transitions are governed by a single
quantity–the free energy. Its monotonicity is a formulation of the
second law. Here, we find that the second law for microscopic or
highly correlated systems takes on a very different form than it
does at the macroscopic scale, imposing not just one constraint
on state transformations, but many. We find a family of quan-
tum free energies which generalize the standard free energy,
and can never increase. The ordinary second law corresponds to
the nonincreasing of one of these free energies, with the re-
mainder imposing additional constraints on thermodynamic
transitions. In the thermodynamic limit, these additional sec-
ond laws become equivalent to the standard one. We also
prove a strengthened version of the zeroth law of thermody-
namics, allowing a definition of temperature.

Author contributions: F.B., M.H., N.N., J.O., and S.W. performed research and wrote
the paper.

The authors declare no conflict of interest.

This article is a PNAS Direct Submission.
1Present address: Quantum Architectures and Computations Group, Microsoft Research,
Redmond, WA 98052.

2To whom correspondence should be addressed. Email: j.oppenheim@ucl.ac.uk.

This article contains supporting information online at www.pnas.org/lookup/suppl/doi:10.
1073/pnas.1411728112/-/DCSupplemental.

www.pnas.org/cgi/doi/10.1073/pnas.1411728112 PNAS | March 17, 2015 | vol. 112 | no. 11 | 3275–3279

PH
YS

IC
S

Consider thermal operations on block-diag. states (as 
before); but now, allow an additional catalyst.

possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥0 That is, ∀α≥0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α ∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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The second law of thermodynamics places constraints on state
transformations. It applies to systems composed of many particles,
however, we are seeing that one can formulate laws of thermo-
dynamics when only a small number of particles are interacting
with a heat bath. Is there a second law of thermodynamics in this
regime? Here, we find that for processes which are approximately
cyclic, the second law for microscopic systems takes on a different
form compared to the macroscopic scale, imposing not just one
constraint on state transformations, but an entire family of
constraints. We find a family of free energies which generalize
the traditional one, and show that they can never increase. The
ordinary second law relates to one of these, with the remainder
imposing additional constraints on thermodynamic transitions. We
find three regimes which determine which family of second laws
govern state transitions, depending on how cyclic the process is. In
one regime one can cause an apparent violation of the usual
second law, through a process of embezzling work from a large
system which remains arbitrarily close to its original state. These
second laws are relevant for small systems, and also apply to
individual macroscopic systems interacting via long-range inter-
actions. By making precise the definition of thermal operations,
the laws of thermodynamics are unified in this framework, with
the first law defining the class of operations, the zeroth law emerging
as an equivalence relation between thermal states, and the remaining
laws being monotonicity of our generalized free energies.

quantum thermodynamics | quantum information theory |
statistical physics | resource theory | free energy

The original formulation of the second law, due to Clausius
(1), states that “Heat can never pass from a colder to a

warmer body without some other change, connected therewith,
occurring at the same time.” In attempting to apply Clausius’s
statement of the second law to the microscopic or quantum scale,
we immediately run into a problem because it talks about cyclic
processes in which there is no other change occurring at the same
time, and at this scale it is impossible to design a process in which
there is no change, however slight, in our devices and heat engines.
Interpreted strictly, the Clausius statement of the second law
applies to situations which never occur in nature. The same holds
true for other versions of the second law, such as the Kelvin–
Planck statement, where one also talks about cyclic processes, in
which all other objects beside the system of interest are returned
back to their original state. Here, we derive a quantum version of
the Clausius statement, by looking at processes where a micro-
scopic or quantum system undergoes a transition from one state
to another, whereas the environment and working body or heat
engine is returned back to their original state. Whereas macro-
scopically only a single second law restricts transitions, we find that
there is an entire family of more fundamental restrictions at the
quantum level. At the macroscopic scale, and for systems with
short-range correlations, this entire family of second laws becomes
equal to the ordinary second law, but outside of this regime these
other second laws impose additional restrictions on thermody-
namical transitions. What is more, one needs to be more precise
about what one means by a cyclic process. At the macroscopic
scale, the fact that a process is only approximately cyclic has
generally been assumed to be enough to guarantee the second law.

Here, we show that this is not the case in the microscopic regime,
and we therefore needs to talk about “how cyclic” a process is when
stating the second law. We also derive in this work, a zeroth law of
thermodynamics, which is stronger than the ordinary zeroth law.
For thermodynamics at the macroscopic scale, a system in state

ρ can be transformed into state ρ′ provided that the free energy
goes down, where the free energy for a state ρ is

FðρÞ= hEðρÞi− kTSðρÞ; [1]

with T the temperature of the ambient heat bath that surrounds
the system, k the Boltzmann constant, SðρÞ the entropy of the
system, and hEi its average energy. This is a version of the second
law, where we also use the fact that the total energy of the system
and heat bath must be conserved. This criterion governing state
transitions is valid if the system is composed of many particles,
and there are no long-range correlations. In the case of micro-
scopic, quantum, or highly correlated systems, a criterion for
state transitions of a total system was proven in ref. 2 and named
thermo-majorization. This criterion has been conjectured (3) and
serves as a second law in some cases (see also the reformulation
of ref. 4). However, here we will see that if elevated to such high
status without sufficient care, it can be violated. Namely, we
will give examples where ρ→ ρ′ would violate the thermo-
majorization criterion, but nonetheless, the transition is possible
via a cyclic process in which a working body σ––an ancilla or
catalyst––is returned back into its original state. The criterion
of ref. 2 is thus only relevant when additional systems are not
used to aid in the transition.
This phenomenon is related to entanglement catalysis (5),

where it can be shown that some forbidden transitions are

Significance

In ordinary thermodynamics, transitions are governed by a single
quantity–the free energy. Its monotonicity is a formulation of the
second law. Here, we find that the second law for microscopic or
highly correlated systems takes on a very different form than it
does at the macroscopic scale, imposing not just one constraint
on state transformations, but many. We find a family of quan-
tum free energies which generalize the standard free energy,
and can never increase. The ordinary second law corresponds to
the nonincreasing of one of these free energies, with the re-
mainder imposing additional constraints on thermodynamic
transitions. In the thermodynamic limit, these additional sec-
ond laws become equivalent to the standard one. We also
prove a strengthened version of the zeroth law of thermody-
namics, allowing a definition of temperature.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥0 That is, ∀α≥0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α ∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.

3276 | www.pnas.org/cgi/doi/10.1073/pnas.1411728112 Brandão et al.

1. Resource-theoretic thermo



The second laws of quantum thermodynamics
Fernando Brandãoa,1, Michał Horodeckib, Nelly Ngc, Jonathan Oppenheimc,d,2, and Stephanie Wehnerc,e

aDepartment of Computer Science, University College London, London WC1E 6BT, United Kingdom; bInstytut Fizyki Teoretycznej i Astrofizyki, University
of Gdansk, 80-952 Gdansk, Poland; cCentre for Quantum Technologies, National University of Singapore, 117543 Singapore; dDepartment of Physics &
Astronomy, University College London, London WC1E 6BT, United Kingdom; and eSchool of Computing, National University of Singapore, 117417 Singapore

Edited by Peter W. Shor, Massachusetts Institute of Technology, Cambridge, MA, and approved January 12, 2015 (received for review June 26, 2014)

The second law of thermodynamics places constraints on state
transformations. It applies to systems composed of many particles,
however, we are seeing that one can formulate laws of thermo-
dynamics when only a small number of particles are interacting
with a heat bath. Is there a second law of thermodynamics in this
regime? Here, we find that for processes which are approximately
cyclic, the second law for microscopic systems takes on a different
form compared to the macroscopic scale, imposing not just one
constraint on state transformations, but an entire family of
constraints. We find a family of free energies which generalize
the traditional one, and show that they can never increase. The
ordinary second law relates to one of these, with the remainder
imposing additional constraints on thermodynamic transitions. We
find three regimes which determine which family of second laws
govern state transitions, depending on how cyclic the process is. In
one regime one can cause an apparent violation of the usual
second law, through a process of embezzling work from a large
system which remains arbitrarily close to its original state. These
second laws are relevant for small systems, and also apply to
individual macroscopic systems interacting via long-range inter-
actions. By making precise the definition of thermal operations,
the laws of thermodynamics are unified in this framework, with
the first law defining the class of operations, the zeroth law emerging
as an equivalence relation between thermal states, and the remaining
laws being monotonicity of our generalized free energies.

quantum thermodynamics | quantum information theory |
statistical physics | resource theory | free energy

The original formulation of the second law, due to Clausius
(1), states that “Heat can never pass from a colder to a

warmer body without some other change, connected therewith,
occurring at the same time.” In attempting to apply Clausius’s
statement of the second law to the microscopic or quantum scale,
we immediately run into a problem because it talks about cyclic
processes in which there is no other change occurring at the same
time, and at this scale it is impossible to design a process in which
there is no change, however slight, in our devices and heat engines.
Interpreted strictly, the Clausius statement of the second law
applies to situations which never occur in nature. The same holds
true for other versions of the second law, such as the Kelvin–
Planck statement, where one also talks about cyclic processes, in
which all other objects beside the system of interest are returned
back to their original state. Here, we derive a quantum version of
the Clausius statement, by looking at processes where a micro-
scopic or quantum system undergoes a transition from one state
to another, whereas the environment and working body or heat
engine is returned back to their original state. Whereas macro-
scopically only a single second law restricts transitions, we find that
there is an entire family of more fundamental restrictions at the
quantum level. At the macroscopic scale, and for systems with
short-range correlations, this entire family of second laws becomes
equal to the ordinary second law, but outside of this regime these
other second laws impose additional restrictions on thermody-
namical transitions. What is more, one needs to be more precise
about what one means by a cyclic process. At the macroscopic
scale, the fact that a process is only approximately cyclic has
generally been assumed to be enough to guarantee the second law.

Here, we show that this is not the case in the microscopic regime,
and we therefore needs to talk about “how cyclic” a process is when
stating the second law. We also derive in this work, a zeroth law of
thermodynamics, which is stronger than the ordinary zeroth law.
For thermodynamics at the macroscopic scale, a system in state

ρ can be transformed into state ρ′ provided that the free energy
goes down, where the free energy for a state ρ is

FðρÞ= hEðρÞi− kTSðρÞ; [1]

with T the temperature of the ambient heat bath that surrounds
the system, k the Boltzmann constant, SðρÞ the entropy of the
system, and hEi its average energy. This is a version of the second
law, where we also use the fact that the total energy of the system
and heat bath must be conserved. This criterion governing state
transitions is valid if the system is composed of many particles,
and there are no long-range correlations. In the case of micro-
scopic, quantum, or highly correlated systems, a criterion for
state transitions of a total system was proven in ref. 2 and named
thermo-majorization. This criterion has been conjectured (3) and
serves as a second law in some cases (see also the reformulation
of ref. 4). However, here we will see that if elevated to such high
status without sufficient care, it can be violated. Namely, we
will give examples where ρ→ ρ′ would violate the thermo-
majorization criterion, but nonetheless, the transition is possible
via a cyclic process in which a working body σ––an ancilla or
catalyst––is returned back into its original state. The criterion
of ref. 2 is thus only relevant when additional systems are not
used to aid in the transition.
This phenomenon is related to entanglement catalysis (5),

where it can be shown that some forbidden transitions are

Significance

In ordinary thermodynamics, transitions are governed by a single
quantity–the free energy. Its monotonicity is a formulation of the
second law. Here, we find that the second law for microscopic or
highly correlated systems takes on a very different form than it
does at the macroscopic scale, imposing not just one constraint
on state transformations, but many. We find a family of quan-
tum free energies which generalize the standard free energy,
and can never increase. The ordinary second law corresponds to
the nonincreasing of one of these free energies, with the re-
mainder imposing additional constraints on thermodynamic
transitions. In the thermodynamic limit, these additional sec-
ond laws become equivalent to the standard one. We also
prove a strengthened version of the zeroth law of thermody-
namics, allowing a definition of temperature.
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Thermodynamics as a resource theory

possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥0 That is, ∀α≥0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α ∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥0 That is, ∀α≥0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α ∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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The second law of thermodynamics places constraints on state
transformations. It applies to systems composed of many particles,
however, we are seeing that one can formulate laws of thermo-
dynamics when only a small number of particles are interacting
with a heat bath. Is there a second law of thermodynamics in this
regime? Here, we find that for processes which are approximately
cyclic, the second law for microscopic systems takes on a different
form compared to the macroscopic scale, imposing not just one
constraint on state transformations, but an entire family of
constraints. We find a family of free energies which generalize
the traditional one, and show that they can never increase. The
ordinary second law relates to one of these, with the remainder
imposing additional constraints on thermodynamic transitions. We
find three regimes which determine which family of second laws
govern state transitions, depending on how cyclic the process is. In
one regime one can cause an apparent violation of the usual
second law, through a process of embezzling work from a large
system which remains arbitrarily close to its original state. These
second laws are relevant for small systems, and also apply to
individual macroscopic systems interacting via long-range inter-
actions. By making precise the definition of thermal operations,
the laws of thermodynamics are unified in this framework, with
the first law defining the class of operations, the zeroth law emerging
as an equivalence relation between thermal states, and the remaining
laws being monotonicity of our generalized free energies.
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The original formulation of the second law, due to Clausius
(1), states that “Heat can never pass from a colder to a

warmer body without some other change, connected therewith,
occurring at the same time.” In attempting to apply Clausius’s
statement of the second law to the microscopic or quantum scale,
we immediately run into a problem because it talks about cyclic
processes in which there is no other change occurring at the same
time, and at this scale it is impossible to design a process in which
there is no change, however slight, in our devices and heat engines.
Interpreted strictly, the Clausius statement of the second law
applies to situations which never occur in nature. The same holds
true for other versions of the second law, such as the Kelvin–
Planck statement, where one also talks about cyclic processes, in
which all other objects beside the system of interest are returned
back to their original state. Here, we derive a quantum version of
the Clausius statement, by looking at processes where a micro-
scopic or quantum system undergoes a transition from one state
to another, whereas the environment and working body or heat
engine is returned back to their original state. Whereas macro-
scopically only a single second law restricts transitions, we find that
there is an entire family of more fundamental restrictions at the
quantum level. At the macroscopic scale, and for systems with
short-range correlations, this entire family of second laws becomes
equal to the ordinary second law, but outside of this regime these
other second laws impose additional restrictions on thermody-
namical transitions. What is more, one needs to be more precise
about what one means by a cyclic process. At the macroscopic
scale, the fact that a process is only approximately cyclic has
generally been assumed to be enough to guarantee the second law.

Here, we show that this is not the case in the microscopic regime,
and we therefore needs to talk about “how cyclic” a process is when
stating the second law. We also derive in this work, a zeroth law of
thermodynamics, which is stronger than the ordinary zeroth law.
For thermodynamics at the macroscopic scale, a system in state

ρ can be transformed into state ρ′ provided that the free energy
goes down, where the free energy for a state ρ is

FðρÞ= hEðρÞi− kTSðρÞ; [1]

with T the temperature of the ambient heat bath that surrounds
the system, k the Boltzmann constant, SðρÞ the entropy of the
system, and hEi its average energy. This is a version of the second
law, where we also use the fact that the total energy of the system
and heat bath must be conserved. This criterion governing state
transitions is valid if the system is composed of many particles,
and there are no long-range correlations. In the case of micro-
scopic, quantum, or highly correlated systems, a criterion for
state transitions of a total system was proven in ref. 2 and named
thermo-majorization. This criterion has been conjectured (3) and
serves as a second law in some cases (see also the reformulation
of ref. 4). However, here we will see that if elevated to such high
status without sufficient care, it can be violated. Namely, we
will give examples where ρ→ ρ′ would violate the thermo-
majorization criterion, but nonetheless, the transition is possible
via a cyclic process in which a working body σ––an ancilla or
catalyst––is returned back into its original state. The criterion
of ref. 2 is thus only relevant when additional systems are not
used to aid in the transition.
This phenomenon is related to entanglement catalysis (5),

where it can be shown that some forbidden transitions are

Significance

In ordinary thermodynamics, transitions are governed by a single
quantity–the free energy. Its monotonicity is a formulation of the
second law. Here, we find that the second law for microscopic or
highly correlated systems takes on a very different form than it
does at the macroscopic scale, imposing not just one constraint
on state transformations, but many. We find a family of quan-
tum free energies which generalize the standard free energy,
and can never increase. The ordinary second law corresponds to
the nonincreasing of one of these free energies, with the re-
mainder imposing additional constraints on thermodynamic
transitions. In the thermodynamic limit, these additional sec-
ond laws become equivalent to the standard one. We also
prove a strengthened version of the zeroth law of thermody-
namics, allowing a definition of temperature.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥0 That is, ∀α≥0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α ∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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<latexit sha1_base64="2joYAxKEo9KIYvc0AyvjHVs3U24=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorKuKxgrGFJoTJdtMu3WzC7kaoob/EiwcVr/4Vb/4bt20OWn0w8Hhvhpl5UcaZ0o7zZVWWlldW16rrtY3Nre26vbN7r9JcEuqRlKeyG4GinAnqaaY57WaSQhJx2olGl1O/80ClYqm40+OMBgkMBIsZAW2k0K77V5RrwNehDzwbQmg3nKYzA/5L3JI0UIl2aH/6/ZTkCRWacFCq5zqZDgqQmhFOJzU/VzQDMoIB7RkqIKEqKGaHT/ChUfo4TqUpofFM/TlRQKLUOIlMZwJ6qBa9qfif18t1fBYUTGS5poLMF8U5xzrF0xRwn0lKNB8bAkQycysmQ5BAtMmqZkJwF1/+S7zj5nnTvT1ptC7KNKpoHx2gI+SiU9RCN6iNPERQjp7QC3q1Hq1n6816n7dWrHJmD/2C9fENdReSgg==</latexit><latexit sha1_base64="2joYAxKEo9KIYvc0AyvjHVs3U24=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorKuKxgrGFJoTJdtMu3WzC7kaoob/EiwcVr/4Vb/4bt20OWn0w8Hhvhpl5UcaZ0o7zZVWWlldW16rrtY3Nre26vbN7r9JcEuqRlKeyG4GinAnqaaY57WaSQhJx2olGl1O/80ClYqm40+OMBgkMBIsZAW2k0K77V5RrwNehDzwbQmg3nKYzA/5L3JI0UIl2aH/6/ZTkCRWacFCq5zqZDgqQmhFOJzU/VzQDMoIB7RkqIKEqKGaHT/ChUfo4TqUpofFM/TlRQKLUOIlMZwJ6qBa9qfif18t1fBYUTGS5poLMF8U5xzrF0xRwn0lKNB8bAkQycysmQ5BAtMmqZkJwF1/+S7zj5nnTvT1ptC7KNKpoHx2gI+SiU9RCN6iNPERQjp7QC3q1Hq1n6816n7dWrHJmD/2C9fENdReSgg==</latexit><latexit sha1_base64="2joYAxKEo9KIYvc0AyvjHVs3U24=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorKuKxgrGFJoTJdtMu3WzC7kaoob/EiwcVr/4Vb/4bt20OWn0w8Hhvhpl5UcaZ0o7zZVWWlldW16rrtY3Nre26vbN7r9JcEuqRlKeyG4GinAnqaaY57WaSQhJx2olGl1O/80ClYqm40+OMBgkMBIsZAW2k0K77V5RrwNehDzwbQmg3nKYzA/5L3JI0UIl2aH/6/ZTkCRWacFCq5zqZDgqQmhFOJzU/VzQDMoIB7RkqIKEqKGaHT/ChUfo4TqUpofFM/TlRQKLUOIlMZwJ6qBa9qfif18t1fBYUTGS5poLMF8U5xzrF0xRwn0lKNB8bAkQycysmQ5BAtMmqZkJwF1/+S7zj5nnTvT1ptC7KNKpoHx2gI+SiU9RCN6iNPERQjp7QC3q1Hq1n6816n7dWrHJmD/2C9fENdReSgg==</latexit><latexit sha1_base64="2joYAxKEo9KIYvc0AyvjHVs3U24=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorKuKxgrGFJoTJdtMu3WzC7kaoob/EiwcVr/4Vb/4bt20OWn0w8Hhvhpl5UcaZ0o7zZVWWlldW16rrtY3Nre26vbN7r9JcEuqRlKeyG4GinAnqaaY57WaSQhJx2olGl1O/80ClYqm40+OMBgkMBIsZAW2k0K77V5RrwNehDzwbQmg3nKYzA/5L3JI0UIl2aH/6/ZTkCRWacFCq5zqZDgqQmhFOJzU/VzQDMoIB7RkqIKEqKGaHT/ChUfo4TqUpofFM/TlRQKLUOIlMZwJ6qBa9qfif18t1fBYUTGS5poLMF8U5xzrF0xRwn0lKNB8bAkQycysmQ5BAtMmqZkJwF1/+S7zj5nnTvT1ptC7KNKpoHx2gI+SiU9RCN6iNPERQjp7QC3q1Hq1n6816n7dWrHJmD/2C9fENdReSgg==</latexit>

✏ =
1

100
, N = 1030.

<latexit sha1_base64="eUHWXH2rHtxDEs6LCZnrv8wsfEI=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoMgImFPBbUIBG2sJIIxgVwMe5u5ZMne3rG7J4Qj/8HGv2JjoWJrZee/cfNRaOKDgcd7M8zM82PBtSHk28nMzS8sLmWXcyura+sb+c2tOx0likGVRSJSdZ9qEFxC1XAjoB4roKEvoOb3Lod+7QGU5pG8Nf0YmiHtSB5wRo2VWvkDD2LNRSRLXqAowy5OXUIGhx5IHVMG+Lrkkvv0mAyKrXyBFMkIeJa4E1JAE1Ra+S+vHbEkBGmYoFo3XBKbZkqV4UzAIOclGuyOHu1Aw1JJQ9DNdPTTAO9ZpY2DSNmSBo/U3xMpDbXuh77tDKnp6mlvKP7nNRITnDVTLuPEgGTjRUEisInwMCDc5gqYEX1LKFPc3opZl9psjI0xZ0Nwp1+eJdWj4nnRvTkplC8maWTRDtpF+8hFp6iMrlAFVRFDj+gZvaI358l5cd6dj3FrxpnMbKM/cD5/AC8unAI=</latexit><latexit sha1_base64="eUHWXH2rHtxDEs6LCZnrv8wsfEI=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoMgImFPBbUIBG2sJIIxgVwMe5u5ZMne3rG7J4Qj/8HGv2JjoWJrZee/cfNRaOKDgcd7M8zM82PBtSHk28nMzS8sLmWXcyura+sb+c2tOx0likGVRSJSdZ9qEFxC1XAjoB4roKEvoOb3Lod+7QGU5pG8Nf0YmiHtSB5wRo2VWvkDD2LNRSRLXqAowy5OXUIGhx5IHVMG+Lrkkvv0mAyKrXyBFMkIeJa4E1JAE1Ra+S+vHbEkBGmYoFo3XBKbZkqV4UzAIOclGuyOHu1Aw1JJQ9DNdPTTAO9ZpY2DSNmSBo/U3xMpDbXuh77tDKnp6mlvKP7nNRITnDVTLuPEgGTjRUEisInwMCDc5gqYEX1LKFPc3opZl9psjI0xZ0Nwp1+eJdWj4nnRvTkplC8maWTRDtpF+8hFp6iMrlAFVRFDj+gZvaI358l5cd6dj3FrxpnMbKM/cD5/AC8unAI=</latexit><latexit sha1_base64="eUHWXH2rHtxDEs6LCZnrv8wsfEI=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoMgImFPBbUIBG2sJIIxgVwMe5u5ZMne3rG7J4Qj/8HGv2JjoWJrZee/cfNRaOKDgcd7M8zM82PBtSHk28nMzS8sLmWXcyura+sb+c2tOx0likGVRSJSdZ9qEFxC1XAjoB4roKEvoOb3Lod+7QGU5pG8Nf0YmiHtSB5wRo2VWvkDD2LNRSRLXqAowy5OXUIGhx5IHVMG+Lrkkvv0mAyKrXyBFMkIeJa4E1JAE1Ra+S+vHbEkBGmYoFo3XBKbZkqV4UzAIOclGuyOHu1Aw1JJQ9DNdPTTAO9ZpY2DSNmSBo/U3xMpDbXuh77tDKnp6mlvKP7nNRITnDVTLuPEgGTjRUEisInwMCDc5gqYEX1LKFPc3opZl9psjI0xZ0Nwp1+eJdWj4nnRvTkplC8maWTRDtpF+8hFp6iMrlAFVRFDj+gZvaI358l5cd6dj3FrxpnMbKM/cD5/AC8unAI=</latexit><latexit sha1_base64="eUHWXH2rHtxDEs6LCZnrv8wsfEI=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoMgImFPBbUIBG2sJIIxgVwMe5u5ZMne3rG7J4Qj/8HGv2JjoWJrZee/cfNRaOKDgcd7M8zM82PBtSHk28nMzS8sLmWXcyura+sb+c2tOx0likGVRSJSdZ9qEFxC1XAjoB4roKEvoOb3Lod+7QGU5pG8Nf0YmiHtSB5wRo2VWvkDD2LNRSRLXqAowy5OXUIGhx5IHVMG+Lrkkvv0mAyKrXyBFMkIeJa4E1JAE1Ra+S+vHbEkBGmYoFo3XBKbZkqV4UzAIOclGuyOHu1Aw1JJQ9DNdPTTAO9ZpY2DSNmSBo/U3xMpDbXuh77tDKnp6mlvKP7nNRITnDVTLuPEgGTjRUEisInwMCDc5gqYEX1LKFPc3opZl9psjI0xZ0Nwp1+eJdWj4nnRvTkplC8maWTRDtpF+8hFp6iMrlAFVRFDj+gZvaI358l5cd6dj3FrxpnMbKM/cD5/AC8unAI=</latexit>

Some                 hence indeed impossible.�F↵ > 0
<latexit sha1_base64="nzCdnlcZFc1Z13W5N7Gqmk5mAb8=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoF6kqIjHCsYWmlAm2027dLMJuxulxP4ULx5UvPpPvPlv3LY5aPXBwOO9GWbmhSlnSjvOl1VaWFxaXimvVtbWNza37Or2nUoySahHEp7IdgiKciaop5nmtJ1KCnHIaSscXkz81j2ViiXiVo9SGsTQFyxiBLSRunbVv6RcA77q+sDTAZw5Xbvm1J0p8F/iFqSGCjS79qffS0gWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr6GO8bpYejRJoSGk/VnxM5xEqN4tB0xqAHat6biP95nUxHJ0HORJppKshsUZRxrBM8yQH3mKRE85EhQCQzt2IyAAlEm7QqJgR3/uW/xDusn9bdm6Na47xIo4x20R46QC46Rg10jZrIQwQ9oCf0gl6tR+vZerPeZ60lq5jZQb9gfXwDcMaTBA==</latexit><latexit sha1_base64="nzCdnlcZFc1Z13W5N7Gqmk5mAb8=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoF6kqIjHCsYWmlAm2027dLMJuxulxP4ULx5UvPpPvPlv3LY5aPXBwOO9GWbmhSlnSjvOl1VaWFxaXimvVtbWNza37Or2nUoySahHEp7IdgiKciaop5nmtJ1KCnHIaSscXkz81j2ViiXiVo9SGsTQFyxiBLSRunbVv6RcA77q+sDTAZw5Xbvm1J0p8F/iFqSGCjS79qffS0gWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr6GO8bpYejRJoSGk/VnxM5xEqN4tB0xqAHat6biP95nUxHJ0HORJppKshsUZRxrBM8yQH3mKRE85EhQCQzt2IyAAlEm7QqJgR3/uW/xDusn9bdm6Na47xIo4x20R46QC46Rg10jZrIQwQ9oCf0gl6tR+vZerPeZ60lq5jZQb9gfXwDcMaTBA==</latexit><latexit sha1_base64="nzCdnlcZFc1Z13W5N7Gqmk5mAb8=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoF6kqIjHCsYWmlAm2027dLMJuxulxP4ULx5UvPpPvPlv3LY5aPXBwOO9GWbmhSlnSjvOl1VaWFxaXimvVtbWNza37Or2nUoySahHEp7IdgiKciaop5nmtJ1KCnHIaSscXkz81j2ViiXiVo9SGsTQFyxiBLSRunbVv6RcA77q+sDTAZw5Xbvm1J0p8F/iFqSGCjS79qffS0gWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr6GO8bpYejRJoSGk/VnxM5xEqN4tB0xqAHat6biP95nUxHJ0HORJppKshsUZRxrBM8yQH3mKRE85EhQCQzt2IyAAlEm7QqJgR3/uW/xDusn9bdm6Na47xIo4x20R46QC46Rg10jZrIQwQ9oCf0gl6tR+vZerPeZ60lq5jZQb9gfXwDcMaTBA==</latexit><latexit sha1_base64="nzCdnlcZFc1Z13W5N7Gqmk5mAb8=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoF6kqIjHCsYWmlAm2027dLMJuxulxP4ULx5UvPpPvPlv3LY5aPXBwOO9GWbmhSlnSjvOl1VaWFxaXimvVtbWNza37Or2nUoySahHEp7IdgiKciaop5nmtJ1KCnHIaSscXkz81j2ViiXiVo9SGsTQFyxiBLSRunbVv6RcA77q+sDTAZw5Xbvm1J0p8F/iFqSGCjS79qffS0gWU6EJB6U6rpPqIAepGeF0XPEzRVMgQ+jTjqECYqqCfHr6GO8bpYejRJoSGk/VnxM5xEqN4tB0xqAHat6biP95nUxHJ0HORJppKshsUZRxrBM8yQH3mKRE85EhQCQzt2IyAAlEm7QqJgR3/uW/xDusn9bdm6Na47xIo4x20R46QC46Rg10jZrIQwQ9oCf0gl6tR+vZerPeZ60lq5jZQb9gfXwDcMaTBA==</latexit>

1. Resource-theoretic thermo



How does the thermodynamic limit enter?

1. Resource-theoretic thermo

Theorem:                is possible (for block-diagonal states) iff⇢ ! ⇢0

F↵(⇢) � F↵(⇢
0) 8↵ (“free energies”).



How does the thermodynamic limit enter?

1. Resource-theoretic thermo

Theorem:                is possible (for block-diagonal states) iff⇢ ! ⇢0

F↵(⇢) � F↵(⇢
0) 8↵ (“free energies”).

Brandão et al., Phys. Rev. Lett. 111, 250404 (2013):
Allowing small errors    , we have

1

n
F (")
↵ (⇢⌦n)

n!1�! F (⇢).
<latexit sha1_base64="jiXj6D50XqdYPhgfmRFptm5wPbI="></latexit><latexit sha1_base64="jiXj6D50XqdYPhgfmRFptm5wPbI="></latexit><latexit sha1_base64="jiXj6D50XqdYPhgfmRFptm5wPbI="></latexit><latexit sha1_base64="jiXj6D50XqdYPhgfmRFptm5wPbI="></latexit>

"
<latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit><latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit><latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit><latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit>
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0) 8↵ (“free energies”).
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Allowing small errors    , we have

1

n
F (")
↵ (⇢⌦n)

n!1�! F (⇢).
<latexit sha1_base64="jiXj6D50XqdYPhgfmRFptm5wPbI="></latexit><latexit sha1_base64="jiXj6D50XqdYPhgfmRFptm5wPbI="></latexit><latexit sha1_base64="jiXj6D50XqdYPhgfmRFptm5wPbI="></latexit><latexit sha1_base64="jiXj6D50XqdYPhgfmRFptm5wPbI="></latexit>

"
<latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit><latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit><latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit><latexit sha1_base64="q2hPMkGNOCosIhJBGAMU+F+r6Rw=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieCqJCHosevFYwX5AGspmO2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYXFh7emWFn3igV3KDnfTuljc2t7Z3ybmVv/+DwqHp80jYq0wxaTAmluxE1ILiEFnIU0E010CQS0InG9/N6ZwLacCWfcJpCmNCh5DFnFK0V9CZUQ2q4ULJfrXl1byF3HfwCaqRQs1/96g0UyxKQyAQ1JvC9FMOcauRMwKzSywyklI3pEAKLkiZgwnyx8sy9sM7AjZW2T6K7cH9P5DQxZppEtjOhODKrtbn5Xy3IML4Ncy7TDEGy5UdxJlxU7vx+d8A1MBRTC5Rpbnd12YhqytCmVLEh+Ksnr0P7qu5bfryuNe6KOMrkjJyTS+KTG9IgD6RJWoQRRZ7JK3lz0Hlx3p2PZWvJKWZOyR85nz+50ZGH</latexit>
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where µB = 1
|B| with |B| ⌘ dim B is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.

thermal bath
�B , HB

⇢A, HA

system

�M

catalyst work bit W

�

machine

energy-
preserving

transformation

controls

system

⇢
0
A, HA

�M

catalyst work bit W

machine

correlation

Preserve catalyst 
exactly, but allow 
correlations to 
build up.

MM, Phys. Rev. X 8, 041051 (2018)



New one-shot interpretation of free energy

2. Single-shot interpretation of F

2

where µB = 1
|B| with |B| ⌘ dim B is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
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sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.

thermal bath
�B , HB

⇢A, HA

system

�M

catalyst work bit W

�

machine

energy-
preserving

transformation

controls

system

⇢
0
A, HA

�M

catalyst work bit W

machine

correlation

Preserve catalyst 
exactly, but allow 
correlations to 
build up.

Okay for situations

like these:

stream of particlesCan this help?

Yes!

thermal machine,

acting on one system at a time,

not encountering systems again 
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New one-shot interpretation of free energy

2. Single-shot interpretation of F

Theorem. Let ⇢A, ⇢0A be block-diagonal states. Then, for every " > 0, there
is a thermal operation T", a state ⇢0A(") with k⇢0A � ⇢0A(")k < " and a finite-
dimensional catalyst �C such that

T"(⇢A ⌦ �C) = ⇢0A(")�C

if and only if F (⇢A) � F (⇢0A).
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“Single-shot” interpretation of
F (⇢) = tr(⇢H) + kBT tr(⇢ log ⇢).
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Notation: !AC = ⇢0A�C
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means that
TrC!AC = ⇢0A, TrA!AC = �C .
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where µB = 1
|B| with |B| ⌘ dim B is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.

thermal bath
�B , HB

⇢A, HA

system

�M

catalyst work bit W

�

machine

energy-
preserving

transformation

controls

system

⇢
0
A, HA

�M

catalyst work bit W

machine

correlation

Main theorem

2. Single-shot interpretation of F

• Fluctuation-free work of formation: If  
then transition possible while work bit 

• Almost fluct.-free work extraction: If  
then transition possible while work bit (for arbitrary          )
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|gihg|W 7! (1� �)|eihe|W + � 1/d.
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3. No-broadcasting theorem

What if the states are not block-diagonal?

Theorem. Let ⇢A, ⇢0A be block-diagonal states. Then, for every " > 0, there
is a thermal operation T", a state ⇢0A(") with k⇢0A � ⇢0A(")k < " and a finite-
dimensional catalyst �C such that

T"(⇢A ⌦ �C) = ⇢0A(")�C

if and only if F (⇢A) � F (⇢0A).
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Furthermore, suppose that F (⇢A) > F (⇢0A).
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<latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit><latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit><latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit><latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit>

Furthermore, suppose that F (⇢A) > F (⇢0A).
<latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit><latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit><latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit><latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit>

Is the above still possible?



3. No-broadcasting theorem

What if the states are not block-diagonal?

Theorem. Let ⇢A, ⇢0A be block-diagonal states. Then, for every " > 0, there
is a thermal operation T", a state ⇢0A(") with k⇢0A � ⇢0A(")k < " and a finite-
dimensional catalyst �C such that

T"(⇢A ⌦ �C) = ⇢0A(")�C

if and only if F (⇢A) � F (⇢0A).
<latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit><latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit><latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit><latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit>

Suppose that                       but[⇢A, HA] = 0,
<latexit sha1_base64="++ITUqctMUyhJzDW0nO1Fb4LwP8=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwUUpiQi6EVrcdFnBXqANYTKdtEMnkzAzEWrok7hxoYhbH8Wdb+O0zUJbfxj4+M85nDN/kHCmtON8W4WNza3tneJuaW//4LBsHx13VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7ub17iOVisXiQU8T6kV4JFjICNbG8u1yfyDHsd+oNv2Gd+tUfbvi1JyF0Dq4OVQgV8u3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzyifYMCR1R52eLwGTo3zhCFsTRPaLRwf09kOFJqGgWmM8J6rFZrc/O/Wj/V4Y2XMZGkmgqyXBSmHOkYzVNAQyYp0XxqABPJzK2IjLHERJusSiYEd/XL69C5rLmG768q9XoeRxFO4QwuwIVrqEMTWtAGAik8wyu8WU/Wi/VufSxbC1Y+cwJ/ZH3+AOOCkek=</latexit><latexit sha1_base64="++ITUqctMUyhJzDW0nO1Fb4LwP8=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwUUpiQi6EVrcdFnBXqANYTKdtEMnkzAzEWrok7hxoYhbH8Wdb+O0zUJbfxj4+M85nDN/kHCmtON8W4WNza3tneJuaW//4LBsHx13VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7ub17iOVisXiQU8T6kV4JFjICNbG8u1yfyDHsd+oNv2Gd+tUfbvi1JyF0Dq4OVQgV8u3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzyifYMCR1R52eLwGTo3zhCFsTRPaLRwf09kOFJqGgWmM8J6rFZrc/O/Wj/V4Y2XMZGkmgqyXBSmHOkYzVNAQyYp0XxqABPJzK2IjLHERJusSiYEd/XL69C5rLmG768q9XoeRxFO4QwuwIVrqEMTWtAGAik8wyu8WU/Wi/VufSxbC1Y+cwJ/ZH3+AOOCkek=</latexit><latexit sha1_base64="++ITUqctMUyhJzDW0nO1Fb4LwP8=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwUUpiQi6EVrcdFnBXqANYTKdtEMnkzAzEWrok7hxoYhbH8Wdb+O0zUJbfxj4+M85nDN/kHCmtON8W4WNza3tneJuaW//4LBsHx13VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7ub17iOVisXiQU8T6kV4JFjICNbG8u1yfyDHsd+oNv2Gd+tUfbvi1JyF0Dq4OVQgV8u3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzyifYMCR1R52eLwGTo3zhCFsTRPaLRwf09kOFJqGgWmM8J6rFZrc/O/Wj/V4Y2XMZGkmgqyXBSmHOkYzVNAQyYp0XxqABPJzK2IjLHERJusSiYEd/XL69C5rLmG768q9XoeRxFO4QwuwIVrqEMTWtAGAik8wyu8WU/Wi/VufSxbC1Y+cwJ/ZH3+AOOCkek=</latexit><latexit sha1_base64="++ITUqctMUyhJzDW0nO1Fb4LwP8=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwUUpiQi6EVrcdFnBXqANYTKdtEMnkzAzEWrok7hxoYhbH8Wdb+O0zUJbfxj4+M85nDN/kHCmtON8W4WNza3tneJuaW//4LBsHx13VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7ub17iOVisXiQU8T6kV4JFjICNbG8u1yfyDHsd+oNv2Gd+tUfbvi1JyF0Dq4OVQgV8u3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzyifYMCR1R52eLwGTo3zhCFsTRPaLRwf09kOFJqGgWmM8J6rFZrc/O/Wj/V4Y2XMZGkmgqyXBSmHOkYzVNAQyYp0XxqABPJzK2IjLHERJusSiYEd/XL69C5rLmG768q9XoeRxFO4QwuwIVrqEMTWtAGAik8wyu8WU/Wi/VufSxbC1Y+cwJ/ZH3+AOOCkek=</latexit>

[⇢0A, HA] 6= 0.
<latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit><latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit><latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit><latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit>

Furthermore, suppose that F (⇢A) > F (⇢0A).
<latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit><latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit><latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit><latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit>

Is the above still possible?
Note that thermal operations are time-translation covariant:

T"(Ut(⇢AC)) = Ut(T"(⇢AC)), where Ut = e�itH • eitH .
<latexit sha1_base64="7q9HBCVvv4SlPnvQQ9vKQlZgwZ4="></latexit><latexit sha1_base64="7q9HBCVvv4SlPnvQQ9vKQlZgwZ4="></latexit><latexit sha1_base64="7q9HBCVvv4SlPnvQQ9vKQlZgwZ4="></latexit><latexit sha1_base64="7q9HBCVvv4SlPnvQQ9vKQlZgwZ4="></latexit>



3. No-broadcasting theorem

What if the states are not block-diagonal?

Is it possible to have T (⇢A ⌦ �C) = ⇢0A�C ,
<latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit>

where      is time-translation covariant, and

      is time-translation symmetric, but        isn’t?

T
<latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit>

⇢A
<latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit>

⇢0A
<latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit>



3. No-broadcasting theorem

What if the states are not block-diagonal?

Is it possible to have T (⇢A ⌦ �C) = ⇢0A�C ,
<latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit>

where      is time-translation covariant, and

      is time-translation symmetric, but        isn’t?

T
<latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit>

⇢A
<latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit>

⇢0A
<latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit>

“Broadcasting coherence (=timing information) of C”

A C (finite-dimensional)



3. No-broadcasting theorem

What if the states are not block-diagonal?

Is it possible to have T (⇢A ⌦ �C) = ⇢0A�C ,
<latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit>

where      is time-translation covariant, and

      is time-translation symmetric, but        isn’t?

T
<latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit>

⇢A
<latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit>
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“Broadcasting coherence (=timing information) of C”

A C (finite-dimensional)

Is is not obviously impossible: cf. for the Fisher information,

I(⇢AC) ⌧ I(⇢A) + I(⇢C)
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Theorem. Let G be any connected Lie group. Then
G-asymmetry broadcasting is impossible.
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Theorem. Let G be any connected Lie group. Then
G-asymmetry broadcasting is impossible.
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In particular, this is true for              the group of time

translation. Coherence cannot be broadcast.

G = R,
<latexit sha1_base64="MTbU9Mh4WSKuX52cGXCQ6SljqFI=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4SZYBBdSkiroRii60GUVe4E2lMl00g6dTMLMRCghG1/FjQtF3PoY7nwbJ2kW2vrDwMd/zmHO+b2IUals+9tYWFxaXlktrZXXNza3ts2d3ZYMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vfF1Vm8/EiFpyB/UJCJugIac+hQjpa2+ud8LkBphxJKb9DJnz0vu05O+WbGrdi5rHpwCKlCo0Te/eoMQxwHhCjMkZdexI+UmSCiKGUnLvViSCOExGpKuRo4CIt0kPyC1jrQzsPxQ6MeVlbu/JxIUSDkJPN2ZrShna5n5X60bK//CTSiPYkU4nn7kx8xSoZWlYQ2oIFixiQaEBdW7WniEBMJKZ1bWITizJ89Dq1Z1Tqu1u7NK/aqIowQHcAjH4MA51OEWGtAEDCk8wyu8GU/Gi/FufExbF4xiZg/+yPj8Acu2loc=</latexit>



3. No-broadcasting theorem

No-broadcasting theorem for coherence and asymmetry



3. No-broadcasting theorem

No-broadcasting theorem for coherence and asymmetry

Åberg has shown: a weak version of coherence broadcasting

is possible with an infinite-dimensional “catalyst”.



3. No-broadcasting theorem

No-broadcasting theorem for coherence and asymmetry

Åberg has shown: a weak version of coherence broadcasting

is possible with an infinite-dimensional “catalyst”.

However, we show

that even this weak

version is impossible

in finite dimensions.



3. No-broadcasting theorem

No-broadcasting theorem for coherence and asymmetry

Åberg has shown: a weak version of coherence broadcasting

is possible with an infinite-dimensional “catalyst”.

However, we show

that even this weak

version is impossible

in finite dimensions.



3. No-broadcasting theorem

No-broadcasting theorem for coherence and asymmetry

M. Lostaglio and MM, arXiv:1812.08214, to appear in PRL (2019)

Coherence and asymmetry cannot be broadcast

Matteo Lostaglio1 and Markus P. Müller2, 3, ⇤

1ICFO-Institut de Ciencies Fotoniques, The Barcelona Institute of
Science and Technology, Castelldefels (Barcelona), 08860, Spain

2Institute for Quantum Optics and Quantum Information,
Austrian Academy of Sciences, Boltzmanngasse 3, A-1090 Vienna, Austria

3Perimeter Institute for Theoretical Physics, 31 Caroline Street North, Waterloo, Ontario N2L 2Y5, Canada
(Dated: April 4, 2019)

In the presence of conservation laws, superpositions of eigenstates of the corresponding conserved
quantities cannot be generated by quantum dynamics. Thus, any such coherence represents a
potentially valuable resource of asymmetry, which can be used, for example, to enhance the precision
of quantum metrology or to enable state transitions in quantum thermodynamics. Here we ask if
such superpositions, already present in a reference system, can be broadcast to other systems,
thereby distributing asymmetry indefinitely at the expense of creating correlations. We prove a
no-go theorem showing that this is forbidden by quantum mechanics in every finite-dimensional
system. In doing so we also answer some open questions in the quantum information literature
concerning the sharing of timing information of a clock and the possibility of catalysis in quantum
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coherence’ is a particular example, can only occur in the presence of infinite-dimensional reference
systems. Our results set fundamental limits to the creation and manipulation of quantum coherence
and shed light on the possibilities and limitations of quantum reference frames to act catalytically
without being degraded.

Introduction. Cloning and broadcasting, with their as-
sociated no-go theorems, are central results marking the
di↵erence between classical and quantum information.
No cloning is the result that there is no machine that
takes as input an unknown member of a family of distinct
quantum states S = {⇢i

S
}n
i=1 and outputs two indepen-

dent copies of it: ⇢i
S
7! ⇢i

S
⌦⇢i

S0 for every i (unless n = 1
or the states are mutually orthogonal) [1]. Broadcast-
ing is a generalization of this task, in which we require
the machine to only ‘locally clone’ the state: ⇢i

S
7! �i

SS0

with TrS
⇥
�i

SS0

⇤
= ⇢i

S0 , TrS0
⇥
�i

SS0

⇤
= ⇢i

S
, for every i. The

no-broadcasting theorem says that this is possible if and
only if the states in S are mutually commuting [2].

The ability to create quantum states that are in a
superposition of eigenstates of an observable is a ma-
jor paradigm shift distinguishing classical and quantum
theories. An archetypical example is the generation of
states that are in a coherent superposition of di↵erent
eigenstates of the Hamiltonian HS . These can be used
as resources for metrology [3] and quantum thermody-
namics [5], and they determine quantum speed limits
[4]. In this work we extend the notions of cloning and
broadcasting to ask: can a superposition (or ‘quantum
coherence’) be cloned or broadcast? More generally, can
other forms of asymmetry with respect to a group rep-
resentation be broadcast? Here we show that this is for-
bidden by the laws of quantum mechanics, thereby solv-
ing certain open problems in the quantum information
and thermodynamics literature [6–10]. Connecting to re-
cent results [11], we also show that even weaker forms of
broadcasting are allowed by quantum theory only in the
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FIG. 1. A weak broadcasting protocol (see Def. 3). A reference
system R distributes asymmetry/coherence to a system Sn,
transforming it from an eigenstate to a superposition of eigen-
states. The state of R gets correlated to Sn and is allowed
to change, but it must be able to induce the same transition
on a fresh copy of the system Sn+1 for all n. Åberg’s pro-
tocol [11] is a special case of weak broadcasting of coherence
with dimR = 1.

presence of infinite-dimensional reference systems. Our
no-go theorems apply to the task of broadcasting a single
known superposition when the dynamics is restricted by
a conservation law; it hence complements the no-go theo-
rem derived for the creation of superpositions of multiple
unknown states through unrestricted dynamics [12].
Quantum coherence and conservation laws. In the orig-

inal no-go theorems, the constraint that makes cloning
and broadcasting nontrivial is that we ask for a single
machine to accomplish the task for every state within S.
In the case of cloning/broadcasting a single superposi-
tion, which is the notion we want to formalize here, what
makes the problem nontrivial is the presence of conser-
vation laws. Hence, let us discuss conservation laws in
more detail.
Suppose that we have a closed system whose unitary

dynamics U is restricted by conservation laws [U,Oi] = 0,
where the Oi are conserved quantities. In this case, U
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coherence’ is a particular example, can only occur in the presence of infinite-dimensional reference
systems. Our results set fundamental limits to the creation and manipulation of quantum coherence
and shed light on the possibilities and limitations of quantum reference frames to act catalytically
without being degraded.

Introduction. Cloning and broadcasting, with their as-
sociated no-go theorems, are central results marking the
di↵erence between classical and quantum information.
No cloning is the result that there is no machine that
takes as input an unknown member of a family of distinct
quantum states S = {⇢i

S
}n
i=1 and outputs two indepen-

dent copies of it: ⇢i
S
7! ⇢i

S
⌦⇢i

S0 for every i (unless n = 1
or the states are mutually orthogonal) [1]. Broadcast-
ing is a generalization of this task, in which we require
the machine to only ‘locally clone’ the state: ⇢i

S
7! �i

SS0

with TrS
⇥
�i

SS0

⇤
= ⇢i

S0 , TrS0
⇥
�i

SS0

⇤
= ⇢i

S
, for every i. The

no-broadcasting theorem says that this is possible if and
only if the states in S are mutually commuting [2].

The ability to create quantum states that are in a
superposition of eigenstates of an observable is a ma-
jor paradigm shift distinguishing classical and quantum
theories. An archetypical example is the generation of
states that are in a coherent superposition of di↵erent
eigenstates of the Hamiltonian HS . These can be used
as resources for metrology [3] and quantum thermody-
namics [5], and they determine quantum speed limits
[4]. In this work we extend the notions of cloning and
broadcasting to ask: can a superposition (or ‘quantum
coherence’) be cloned or broadcast? More generally, can
other forms of asymmetry with respect to a group rep-
resentation be broadcast? Here we show that this is for-
bidden by the laws of quantum mechanics, thereby solv-
ing certain open problems in the quantum information
and thermodynamics literature [6–10]. Connecting to re-
cent results [11], we also show that even weaker forms of
broadcasting are allowed by quantum theory only in the

⇤ markusm23@univie.ac.at

FIG. 1. A weak broadcasting protocol (see Def. 3). A reference
system R distributes asymmetry/coherence to a system Sn,
transforming it from an eigenstate to a superposition of eigen-
states. The state of R gets correlated to Sn and is allowed
to change, but it must be able to induce the same transition
on a fresh copy of the system Sn+1 for all n. Åberg’s pro-
tocol [11] is a special case of weak broadcasting of coherence
with dimR = 1.

presence of infinite-dimensional reference systems. Our
no-go theorems apply to the task of broadcasting a single
known superposition when the dynamics is restricted by
a conservation law; it hence complements the no-go theo-
rem derived for the creation of superpositions of multiple
unknown states through unrestricted dynamics [12].
Quantum coherence and conservation laws. In the orig-

inal no-go theorems, the constraint that makes cloning
and broadcasting nontrivial is that we ask for a single
machine to accomplish the task for every state within S.
In the case of cloning/broadcasting a single superposi-
tion, which is the notion we want to formalize here, what
makes the problem nontrivial is the presence of conser-
vation laws. Hence, let us discuss conservation laws in
more detail.
Suppose that we have a closed system whose unitary

dynamics U is restricted by conservation laws [U,Oi] = 0,
where the Oi are conserved quantities. In this case, U

E(n)
⇣
⇢S ⌦ ⇢(n)R

⌘
= ⇢0S⇢

(n+1)
R

<latexit sha1_base64="j3BY2S0nQTxcalnFh/O2JHRQzFA="></latexit>



3. No-broadcasting theorem

No-broadcasting theorem for coherence and asymmetry

M. Lostaglio and MM, arXiv:1812.08214, to appear in PRL (2019)

Coherence and asymmetry cannot be broadcast

Matteo Lostaglio1 and Markus P. Müller2, 3, ⇤

1ICFO-Institut de Ciencies Fotoniques, The Barcelona Institute of
Science and Technology, Castelldefels (Barcelona), 08860, Spain

2Institute for Quantum Optics and Quantum Information,
Austrian Academy of Sciences, Boltzmanngasse 3, A-1090 Vienna, Austria

3Perimeter Institute for Theoretical Physics, 31 Caroline Street North, Waterloo, Ontario N2L 2Y5, Canada
(Dated: April 4, 2019)

In the presence of conservation laws, superpositions of eigenstates of the corresponding conserved
quantities cannot be generated by quantum dynamics. Thus, any such coherence represents a
potentially valuable resource of asymmetry, which can be used, for example, to enhance the precision
of quantum metrology or to enable state transitions in quantum thermodynamics. Here we ask if
such superpositions, already present in a reference system, can be broadcast to other systems,
thereby distributing asymmetry indefinitely at the expense of creating correlations. We prove a
no-go theorem showing that this is forbidden by quantum mechanics in every finite-dimensional
system. In doing so we also answer some open questions in the quantum information literature
concerning the sharing of timing information of a clock and the possibility of catalysis in quantum
thermodynamics. We also prove that even weaker forms of broadcasting, of which Åberg’s ‘catalytic
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set of all channels satisfying EG(e��HS/Tr
⇥
e��HS

⇤
) =

e��HS/Tr
⇥
e��HS

⇤
for some fixed � � 0) can be per-

formed at no work cost. However, the question was raised
of what their coherent cost is [8]. Suppose that we achieve
EG by an energy preserving unitary U as

EG(⇢S) = TrRB

⇥
U(⇢R ⌦ |W ihW |B ⌦ ⇢S)U

†⇤ ,

using a battery B with some Hamiltonian HB such that
HB |W i = W |W i, a coherence source R with Hamilto-
nian HR and state ⇢R, while [U,HR +HB +HS ] = 0.
Then assume [⇢S , HS ] = 0 and [EG(⇢S), HS ] 6= 0, i.e. EG
creates coherence (this is possible [36]). Since E(⇢R ⌦
⇢S) := TrB

⇥
U(⇢R ⌦ |W ihW |B ⌦ ⇢S)U †⇤ is R-covariant,

it follows from the no coherence broadcasting theorem
that the state in R must change, regardless of whether,
or how much, energy from the battery B is consumed in
the process (the same holds if, instead of U , we use a
generic thermal operation).

Asymmetry broadcasting. The above results are not
restricted to coherence in the basis of a single observable
like HS . They generalize as follows:

Definition 2 (Asymmetry broadcasting). We say that
R can broadcast G-asymmetry if there exists a system S
in a G-symmetric state ⇢S and a G-covariant operation
E on RS such that

E(⇢R ⌦ ⇢S) = ⇢R|⇢0S

with ⇢0
S
a G-asymmetric state.

Theorem 2. G-asymmetry broadcasting is impossible
for every connected Lie group G.

For example, rotationally symmetric dynamics cannot
be used to broadcast coherence among angular momen-
tum states from an initial superposition of such states. In
the language of quantum reference frames [13], the above
result says that the asymmetry of a quantum reference
frame ⇢R cannot be broadcast. Of course, this also im-
plies the simpler result that a quantum reference frame
cannot be cloned.

A detailed proof is given in the appendix, but the
main idea is as follows. If E is G-covariant as in Defi-
nition 2, then [UR

g
⌦ US

g
, E ] = 0, hence E(⇢R(g) ⌦ ⇢S) =

E �UR

g
⌦US

g
(⇢R ⌦ ⇢S) = UR

g
⌦US

g
(⇢R|⇢0S) = ⇢R(g)|⇢0S(g).

While this is not literally broadcasting (⇢0
S
(g) is not in

general a copy of ⇢R(g)), this shows that E distributes
some quantum information of R into S: the ⇢R(g) are
not all perfectly distinguishable, yet some information
that potentially helps distinguish them is transferred to
S, while the ⇢R(g) are exactly preserved. Intuitively, this
seems impossible, and this intuition can be made rigor-
ous by employing what is known as the Koashi-Imoto
decomposition [37, 38]; see the appendix.

Similarly, connectedness of the Lie group G is cru-
cial. G-asymmetry for discrete groups G can be
broadcast in some cases. For example, consider the

case G = Sn, the permutation group on n ele-
ments, acting on R = S = Cn via U⇡|ii = |⇡(i)i
for ⇡ 2 Sn. Then the measure-and-prepare channel
E(�RS) =

P
n

i=1 tr(|iihi|R ⌦ 1S�RS)|iRiSihiRiS | is G-
covariant and satisfies E(|jihj|R ⌦1S/n) = |jRjSihjRjS |,
i.e. it maps the G-invariant maximally mixed state on S
to a G-asymmetric pure state on S while leaving the re-
duced state on R invariant. Intuitively, asymmetry with
respect to the permutation group corresponds to classical
information which can be cloned and broadcast.
Weak broadcasting. While cloning and broadcasting of

quantum coherence are impossible, the argument above
does not exclude weaker forms of this phenomenon. It is
in this setting that we can understand the protocol pro-
posed in Ref. [11], which we call weak broadcasting (it
was called ‘repeatability’ in Ref. [10, 35] and ‘coherence
catalysis’ in Ref. [11]). The key di↵erence from coher-
ence broadcasting is that the state of the reference ⇢R is
allowed to change. Weak broadcasting only requires that
the output state in R can be reused in order to induce the
same process, arbitrarily many times. More precisely:

Definition 3 (Weak broadcasting of coherence or asym-
metry, Fig. 1). We say that R can weakly broadcast G-
asymmetry (or coherence if G = R) if there exists a sys-
tem S in a G-symmetric state ⇢S and an arbitrary se-
quence of G-covariant operations (E(n))n2N and of states

(⇢(n)
R

)n2N such that

E(n)
⇣
⇢(n)
R

⌦ ⇢S
⌘
= ⇢(n+1)

R
|⇢0

S

for every n 2 N, where ⇢0
S
is G-asymmetric.

In contrast to (strong) broadcasting as introduced in
Definition 2, weak broadcasting allows the state of the
reference R to change, as long as it does not lose its
ability to locally enable the transition ⇢S ! ⇢0

S
on fur-

ther initially uncorrelated copies of the system S. This
is arguably a physically relevant notion, formalizing the
most general idea of “catalytic” and non-degrading use
of a reference frame. Weak broadcasting of coherence
is possible — this is one way to phrase the main result
of Ref. [11] (in fact, the explicit protocol presented has
n-dependence only in ⇢R, but not in E). However, the
specific scheme proposed exploits an infinite-dimensional
source of coherence ⇢R to perform weak broadcasting. A
natural question arises: are infinite-dimensional systems
truly necessary, or could the same phenomenon arise with
finite-dimensional reference frames? In Ref. [10, arXiv
v1], it was conjectured that infinite-dimensional coher-
ence sources are necessary. Here we prove that the con-
jecture holds:

Theorem 3. If R is finite-dimensional, then weak broad-
casting of coherence or G-asymmetry is impossible, for
any connected Lie group G.

The proof is given in the appendix. Its main idea is the
observation that, in finite dimensions, the set of covari-
ant channels and the set of states are compact. Thus, if

E(n)
⇣
⇢S ⌦ ⇢(n)R

⌘
= ⇢0S⇢

(n+1)
R

<latexit sha1_base64="j3BY2S0nQTxcalnFh/O2JHRQzFA="></latexit>



4. Conclusions

Conclusions

• Thermodynamics as a resource theory 

• Operational operation of entropy and free energy 
for single particles (no averaging/ thermodyn. limit) 

• Results cannot hold in the presence of coherence: 
coherence and asymmetry cannot be broadcast.



4. Conclusions

Conclusions

• Thermodynamics as a resource theory 

• Operational operation of entropy and free energy 
for single particles (no averaging/ thermodyn. limit) 

• Results cannot hold in the presence of coherence: 
coherence and asymmetry cannot be broadcast.

• MM, Correlating thermal machines and the second law at the nanoscale, 
Phys. Rev. X 8, 041051 (2018); arXiv:1707.03451.


• M. Lostaglio and MM, Coherence and asymmetry cannot be broadcast,  
accepted by Phys. Rev. Lett., arXiv:1812.08214.



4. Conclusions

Conclusions

• Thermodynamics as a resource theory 

• Operational operation of entropy and free energy 
for single particles (no averaging/ thermodyn. limit) 

• Results cannot hold in the presence of coherence: 
coherence and asymmetry cannot be broadcast.

• MM, Correlating thermal machines and the second law at the nanoscale, 
Phys. Rev. X 8, 041051 (2018); arXiv:1707.03451.


• M. Lostaglio and MM, Coherence and asymmetry cannot be broadcast,  
accepted by Phys. Rev. Lett., arXiv:1812.08214.

Thank you!


