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Ad-hoc modifications of QT's formalism have proven to be

problematic in general…
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This paper presents a general framework for introducing nonlinear corrections into 
ordinary quantum mechanics, that can serve as a guide to experiments that would be sensitive 
to such corrections. In the class of generalized theories described here, the equations that 
determine the time-dependence of the wave function are no longer linear, but are of 
Hamiltonian type. Also, wave functions that differ by a constant factor represent the same 
physical state and satisfy the same time-dependence equations. As a result, there is no 
ditliculty in combining separated subsystems. Prescriptions are given for determining the 
states in which observables have definite values and for calculating the expectation values of 
observables for general states, but the calculation of probabilities requires detailed analysis 
of the method of measurement. A study is presented of various experimental possibilities, 
including the precession of spinning particles in external fields, experiments of Stern-Gerlach 
type, and the broadening and de-tuning of absorption lines. 0 1989 Academic Press, Inc. 
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1. INTRODUCTION AND SUMMARY 

Considering the pervasive importance of quantum mechanics in modern physics, 
it is odd how rarely one hears of efforts to test quantum mechanics experimentally 
with high precision. It is true that over the last decade there have been a number 
of experimental tests [l] of predictions that distinguish quantum mechanics from 
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Work on the level of physical principles, 
not of the formalism!

Ad-hoc modifications of QT's formalism have proven to be

problematic in general…
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Rényi-2 entropy of

Hawking radiation:

Single-shot free energies on translation-invariant quantum lattice systems

Traditionally, thermodynamics has been mostly concerned
with large, classical systems. But more recently, general re-
sults have been obtained, which apply to microscopic quan-
tum systems in arbitrary non-equilibrium state [LOTS OF CI-
TATIONS], as we do here. Another recent development is
the consideration of non-fluctuating work (also called “truly
work-like work”), instead of the traditional averaged work
[MORE CITATIONS]. As we illustrate below, this produces
results with higher generality, which include as a particular
case the averaged-work ones. An additional motivation is that,
at the microscopic regime, fluctuations are relatively larger,
and can play a more relevant role.

We consider a quantum lattice system with Hilbert space
dimension K and Hamiltonian H =

PK
k=1

Ek| kih k|. The
type of system that we consider in our last work. Let N be
the size of the lattice. The min free energy of a diagonal state
⇢ =

P
k pk| kih k| at inverse temperature � is

Fmin[pk,�] = � 1

�
ln

 
X

k

p0k e
��Ek

!
, (1)

where p0k = 1 if pk > 0 and p0k = 0 otherwise. Note that Fmin

is always negative. The smoothed min free energy is

F ✏
min[pk,�] = max

qk
Fmin[qk,�]

with 1

2

P
k |qk � pk| < ✏.

Problem 1. Suppose that the state ⇢ is the Gibbs state at
inverse temperature �0 6= �. It has average energy U and
entropy S. Then, it should be the case that

lim
✏!0

lim
N!1

F ✏
min[pk,�] = U � 1

�
S . (2)

Problem 2. Is it already proven that the average energy U
of the canonical state at � tends to something linear in the size
of the lattice N?

H
2

= n� log
2

✓
1 +

(2nr � 1)(2N � 1)

2Nr � 1

◆
.

I. RIGOROUS FORMULATIONS OF THE CONJECTURES

We use the setup and notation exactly as described in [1].
First, we can ask our question both for min- and max-free
energies. We use the definitions given in [2].

If ⇢ is any state on a finite lattice region ⇤, we define the
min-free energy

F
min

(⇢,�) = F
0

(⇢,�)

= � 1

�
logZ +

1

�
D

0

(⇢k�
⇤

(�))

= � 1

�
logZ +

1

�
log tr(⇡⇢�⇤(�)),

where ⇡⇢ is the projector onto the support of ⇢, the local
Gibbs state is denoted �

⇤

(�) := exp(��H
⇤

)/Z, where
Z = tr exp(��H

⇤

). In this definition, if suitable, we can re-
place H

⇤

by HBC
⇤

for some boundary conditions BC, which
will change the value of F

min

of course. We shall later see if
we need specific boundary conditions in the proofs or not.

The max-free energy is

F
max

(⇢,�) = F1(⇢,�)

= � 1

�
logZ +

1

�
D1(⇢k�

⇤

(�))

= � 1

�
logZ +

1

�
logmin{� : ⇢  ��

⇤

(�)}.

Since F
min

quantifies extractable work, and F
max

quanti-
fies the work to form a state, it is clear how to choose the
extremization in the smoothing:

F "
min

(⇢,�) := max
⇢0
:D(⇢,⇢0

)"
F
min

(⇢0,�),

F "
max

(⇢,�) := min
⇢0
:D(⇢,⇢0

)"
F
max

(⇢0,�),

where D(⇢, ⇢0) = 1

2

k⇢� ⇢0k
1

is the trace distance.

Conjecture 1. Let ! be any translation-invariant state on the
infinite lattice. Then, for all 0 < " < 1, we have

lim
n!1

1

|⇤n|
F "
min

(!
⇤n ,�) = f(!,�), (3)

lim
n!1

1

|⇤n|
F "
max

(!
⇤n ,�) = f(!,�), (4)

with f(!,�) = u(!)� s(!)/� the free energy density of !.

What you had in mind is slightly different: if ! is a global
Gibbs state on the infinite lattice, then !

⇤

is not the local
Gibbs state, but the reduction of the global Gibbs state. There-
fore, there is an additional conjecture relating the local Gibbs
states:

Conjecture 2. If �,�0 > 0 are (possible different) inverse
temperatures, then

lim
n!1

1

|⇤n|
F "
min

(�
⇤n(�

0),�) = u(�0)� s(�0)/�, (5)

lim
n!1

1

|⇤n|
F "
max

(�
⇤n(�

0),�) = u(�0)� s(�0)/�, (6)

where u(�0) and s(�0) denote the energy and entropy densities
corresponding to inverse temperature �0.

As mentioned in the talk [3] (find a journal reference!), we
have

D
0

(⇢k�)  D(⇢k�)  D1(⇢k�)
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theory, but the photons which escape the black hole should obey quantum theory. This is related to our “classical
subsystems”-assumption above: states that describe systems far outside the black hole should lie in a quantum
“subspace” of the more fundamental GPT, similarly as classical systems can be thought of as occupying a subspace
of quantum theory (given by diagonal density matrices).

III. THE PHYSICAL SETUP

We now fix some notation and describe the physical situation. At some time t0, Alice holds the state of system

A2: Black hole remainder 

A1: Further radiation 

B: Black hole 

E: All previous radiation 

t0: Alice throws 
message into 
black hole   

t: Bob attempts 
information 
recovery 

time Message 
recorded 

C: Charlie (reference system)  

M: Alice’s message 

U 

Information 
reconstruction 

E2 

E1 W 

FIG. 2: Alice throws her message into the black hole. There are three parties: Alice’s message (M), the earlier black hole (B),
Bob (E) and the reference system (C). (The reference system is particularly natural to include in the case of quantum theory
where one may always take C to be a purifying system such that  AEC is pure, but we shall not be assuming such purification
is always possible.) Then a reversible interaction U is applied to Alice’s system, representing the black hole dynamics acting
on her diary after she has thrown it in. At some given subsequent time some of the black hole (A1) has leaked out, e.g. via
Hawking radiation, and is now in the possession of Bob, and relabelled as E2. Bob also holds any radiation predating Alice’s
message having entered the black hole (E), and he can perform a joint operation W on the system EA1 = E1E2. We also have
BM = A1A2 = A.

M . We will assume that this state can be described by quantum theory, since it is outside the black hole. The state
is entangled with an external referee C which we call Charlie. That is, there is a global entangled state  MC which
is held by Alice and Charlie, who are both outside of the black hole; to simplify the calculation we assume that it
is pure. Essentially, we can interpret the correlation between M and C as meaning that system M has information
about C. This will allow us to quantify what it means for information to be inside the black hole, or to escape from
the black hole.

Then, Alice throws her system which is in some (mixed) marginal state  M into a black hole B. The black hole was
formed in the far past in a pure state; since then, it has already potentially emitted Hawking radiation. The subsystem
carrying all previously emitted Hawking radiation is denoted E. Alice does not take part in the rest of this thought
experiment. We denote the joint system BM by A, and the total initial state at time t0 by  =  CAE =  CMBE . In
what follows, unless otherwise indicated, all states and transformations are in the context of GPTs.

We now consider some later time t > t0, during which the black hole has been evaporating. Note that we use the
notion of “time” merely as an illustration, and not as an ingredient in actual calculations: all that is important for our
setup is the ordering in which di↵erent subsystems are held by di↵erent parties. For concreteness, we may imagine
that t is the time measured by the outside observer Charlie. The quantity that is relevant for our final result turns
out to be the number of emitted radiation quanta, logNA1 .

We assume that black hole evaporation is accomplished by some total reversible time evolution U . The input of U
is the system inside the black hole, i.e. the original black hole B and the system M that Alice subsequently threw
into it. That is, U is some reversible transformation acting on A = BM . Additionally, some of what was in the black
hole is emitted as Hawking radiation. The system composed of all quanta that have been emitted between times t0
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formed in the far past in a pure state; since then, it has already potentially emitted Hawking radiation. The subsystem
carrying all previously emitted Hawking radiation is denoted E. Alice does not take part in the rest of this thought
experiment. We denote the joint system BM by A, and the total initial state at time t0 by  =  CAE =  CMBE . In
what follows, unless otherwise indicated, all states and transformations are in the context of GPTs.

We now consider some later time t > t0, during which the black hole has been evaporating. Note that we use the
notion of “time” merely as an illustration, and not as an ingredient in actual calculations: all that is important for our
setup is the ordering in which di↵erent subsystems are held by di↵erent parties. For concreteness, we may imagine
that t is the time measured by the outside observer Charlie. The quantity that is relevant for our final result turns
out to be the number of emitted radiation quanta, logNA1 .

We assume that black hole evaporation is accomplished by some total reversible time evolution U . The input of U
is the system inside the black hole, i.e. the original black hole B and the system M that Alice subsequently threw
into it. That is, U is some reversible transformation acting on A = BM . Additionally, some of what was in the black
hole is emitted as Hawking radiation. The system composed of all quanta that have been emitted between times t0
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FIG. 3: In quantum theory, the radiation is initially decoupled from Charlie (information is not in the radiation). Around the
point where half of the black hole’s qubits have been radiated away, this interval ends, and emission of a bit more than logNC

qubits leads to decoupling of the black hole and Charlie (information not in black hole). Note that the horizontal axis is the
number of emitted photons rather than the time coordinate.

FIG. 4: Beyond quantum theory, there is a time interval when both the black hole and the radiation are decoupled from
Charlie (information is neither in the black hole nor in the radiation). This shows that there is no analog of quantum theory’s
“no-hiding theorem”.

VI. IMPLICATIONS FOR PAGE’S SCENARIO

We will now consider a further simplification of our scenario, and assume that the system C does not exist,
i.e. NC = KC = 1. That is, the black hole is formed from a pure state  A =  MB at time t0, and then gradually
radiates away. This will allow us to analyse Page’s [35] scenario in the context of GPTs. Assuming that the black
hole implements a random reversible transformation (as we do), Page computed the expected entropy of Hawking
radiation, i.e. the entanglement entropy of the bipartite state, in terms of the number of emitted quanta.

While there is no unique generalization of Shannon or von Neumann entropy to GPTs [36–38], we can employ
our results by instead considering the Rényi entropy of order 2. For a quantum state ⇢, this is defined as H2(⇢) :=
� log tr(⇢2), which is zero for pure states and has the maximal value log n for the maximally mixed state on Cn.
The expression tr(⇢2) equals the purity P(⇢) up to some o↵set and factor. Taking these into account motivates the
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A: I don't know. 

But I think we should seriously consider this possibility.

QT seems suspiciously fine-tuned to fit into ordinary spacetime.

So if the latter is only an approximation, then maybe also 
the former.

Q: If so, do you really think that these other "probabilistic theories" 
     appear there?

A: No, probably not. 

But they allow us to make an educated guess about what new 
effects or behaviors we might reasonably expect to see in that 
regime, if it exists.

Maybe QT is not weird enough to be the final theory.
Thank you!


