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We prove our results by combining

Traditional mathematical More recent quantum
physics techniques iInformation techniques

* Quasilocal algebra « Random pure quantum states

* KMS-Gibbs states  Concentration of measure

* Equivalence ot ensembles e Quantum pseudorandomness

* Thermodynamic limit e Lieb-Robinson bounds
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1. How do quantum systems thermalize?

E. Schrodinger J. von Neumann

* New experimental methods (cold atoms in optical lattices),
* novel numerical technigues,
 new mathematical insights from quantum information theory.
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Canonical typicality

¥(t)) € R,

for example
R = Span{|E> | E() < E < E() + A}

S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zanghi, Phys. Rev. Lett. 96, 050403 (2006).
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Canonical typicality

Y) € R,
for example

R = Span{|E> | E() < E < E() + A}
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Canonical typicality

i ) W)eRCSQE,
§ E for example
R R = span{|E) | Eo < E < B+ A}
H=Hs+ Hg + Hint

& J

Consider a "typical" / random state |¥) € R.

S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zanghi, Phys. Rev. Lett. 96, 050403 (2006).
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Canonical typicality

i ) W)eRCSQE,
§ E for example
R R = span{|E) | Eo < E < B+ A}
H=Hs+ Hg + Hint
- Y

Consider a "typical" / random state |¥) € R.

; . All pure states in R:
W | complex sphere.
- Can draw a random state
- by picking a random point.

S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zanghi, Phys. Rev. Lett. 96, 050403 (2006).
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Canonical typicality

i ) W)eRCSQE,
§ E for example
R R = span{|E) | Eo < E < B+ A}
H=Hs+ Hg + Hint

& J

Consider a "typical" / random state |¥) € R.
Since it is entangled, ps := Tre|v) (Y] is typically mixed.

S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zanghi, Phys. Rev. Lett. 96, 050403 (2006).
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Canonical typicality

g ) W)eRCSQE,
§ E for example
R R =span{|F) | Eo < FE < Ey+ A}
H=Hq¢+ Hrg + Hin:
- / Thermalization
| | from
Consider a "typical" / random state |¥) € R. entanglement

Since it is entangled, ps = Tre|Y) (Y| is typically mixed.

Goldstein et al.: This state is actually thermal:

ps = exp(—BHgs)/Z. kpl’

S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zanghi, Phys. Rev. Lett. 96, 050403 (2006).
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Canonical typicality

g ) [W)eRCS®E,
§ E for example
R R =span{|F) | Eo < FE < Ey+ A}
H=Hq¢+ Hrg + Hin:
- J Thermalization
from
Consider a "typical" / random state [¢¥) € R. entanglement
Since it is entangled, ps = Tre|Y) (Y] is typically mixed.
not true

Goldstein et al.: This state is actually thermal:
ps = exp(—fHsg)/Z. i

In general!

S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zanghi, Phys. Rev. Lett. 96, 050403 (2006).
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Canonical typicality: what is known

i ) W)eRCSQE,
§ E for example
R R = span{|E) | Eo < E < B+ A}
H=Hs+ Hg + Hint

& J

Consider a random state [¢) € R. Let ps := Tre|y) (¢,

S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zanghi, Phys. Rev. Lett. 96, 050403 (2006).
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Canonical typicality: what is known

&

R

E

\

J

) e RCS®FE,
for example

R=span{|F) | B < FE < Ey+ A}
H=Hgs+ Hg + Hint

Consider a random state [¢) € R. Let ps := Tre|y) (¢,

Theorem (Popescu et al.): There is a state ()¢ such that
i de

Prob

|ps — QSH1 > €

Vg

< 2 exp(—dre®/559).

S. Popescu, A. J. Short, and A. Winter, Nature Physics 2, 754 (2006).
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Canonical typicality: what is known

&

E
R

)l [¥)eRCS®E,
for example

R=span{|F) | B < FE < Ey+ A}
H=Hgs+ Hg + Hint

J

Consider a random state [¢) € R. Let ps := Tre|y) (¢,

Theorem (Popescu et al.): There is a state ()¢ such that
i de

Prob

|ps — QSH1 > €

| < 2 exp(—dre?/559).
i ( /559)

X This state {15 is not thermal in general.

S. Popescu, A. J. Short, and A. Winter, Nature Physics 2, 754 (2006).
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Canonical typicality: what is known

i ) W)eRCSQE,
§ E for example
R R = span{|E) | Eo < E < B+ A}
H=Hs+ Hg + Hint

& J

Consider a random state [¢) € R. Let ps := Tre|y) (¢,

A. Riera, C. Gogolin, and J. Eisert, Phys. Rev. Lett. 108, 080402 (2012)
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Canonical typicality: what is known

I R

&

E

\

J

) e RCS®FE,
for example

R=span{|F) | B < FE < Ey+ A}
H=Hgs+ Hg + Hint

Consider a random state [¢) € R. Let ps := Tre|y) (¢,

Theorem (Riera et al.): W/ high probability, ps is close to thermal if

* the spectrum of Hp satisfies some complicated conditions, and
* the interaction strength || Hj,t||is tiny.

6 Conditions not satisfied in most interesting models.
A. Riera, C. Gogolin, and J. Eisert, Phys. Rev. Lett. 108, 080402 (2012)

1. Thermalization

Thermalization and canonical typicality in translation-invariant quantum lattice systems Markus P. Mller




Canonical typicality: our result

Specialize to translation-invariant models, finite-range interaction.

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Canonical typicality: our result

Specialize to translation-invariant models, finite-range interaction.

For example Heisenberg model:
n—1 n
H = —JZ&Z '5i—|—1 —hZO'iZ.

1 2 3 .. n

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Canonical typicality: our result

Specialize to translation-invariant models, finite-range interaction.

Cubic lattice; e.g. A, = [1,n] x [1,n] C Z*.
Hamiltonian H, .

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Canonical typicality: our result

Specialize to translation-invariant models, finite-range interaction.

Cubic lattice; e.g. A, = [1,n] x [1,n] C Z*.
Hamiltonian H, .

Random state w/ energy density close to u.

Ay

energy

)€ Y ensity

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Canonical typicality: our result

Specialize to translation-invariant models, finite-range interaction.
Cubic lattice; e.g. A, = [1,n] x [1,n] C Z*.
A Hamiltonian H, .
Random state w/ energy density close to u.
An Small subsystem A.

energy

p)e M ensity

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Canonical typicality: our result

Specialize to translation-invariant models, finite-range interaction.
Cubic lattice; e.g. A, = [1,n] x [1,n] C Z*.
A Hamiltonian H, .
Random state w/ energy density close to u.
An Small subsystem A.

energy ASsumption: at inverse temperature

V) o density corresponding to u, there is a unique phase.

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Canonical typicality: our result

Specialize to translation-invariant models, finite-range interaction.

Cubic lattice; e.g. A, = [1,n] x [1,n] C Z*.
A Hamiltonian H, .
Random state w/ energy density close to u.

An Small subsystem A.

energy ASsumption: at inverse temperature

V)€ o density corresponding to u, there is a unique phase.

Theorem: Then, with high probability,
eXp(—ﬁHAn)

and the distance goes to zero as n — oc.

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Canonical typicality: our result

Specialize to translation-invariant models, finite-range interaction.

energy
W> = u-0 uw density

¢

Ay

Theorem: Then, with high probability,
eXp(—ﬁHAn)

and the distance goes to zero as n — oc.

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Canonical typicality: our result

Specialize to translation-invariant models, finite-range interaction.

energy
W> = u-0 uw density

Thermalization
from
An entanglement

¢

Theorem: Then, with high probability,
eXp(—ﬁHAn)

and the distance goes to zero as n — oc.

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Canonical typicality: our result

Similar results can be shown for dynamical thermalization.

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Canonical typicality: our result

Similar results can be shown for dynamical thermalization.

Using A.J. Short and T. C. Farrelly, New J. Phys. 14, 013063 (2012) we show:

Theorem: If the initial state | (0)) occupies a

large number of energy levels, and some other
technical conditions are met, then

Trp, \al9(2)) (¥ ()]

IS close to thermal for most times t.

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Canonical typicality: our result

Similar results can be shown for dynamical thermalization.

Using A.J. Short and T. C. Farrelly, New J. Phys. 14, 013063 (2012) we show:

Theorem: If the initial state | (0)) occupies a
large number of energy levels, and some other
technical conditions are met, then

Trp \al(@) @) Tra,\alt () (b (1)]

IS close to thermal for most times t.

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Natural improvement: eigenstate thermalization

Theorem: If the initial state | (0)) occupies a
large number of energy levels, and some other
technical conditions are met, then

Trp \al(@) @) Tra,\alt () (b (1)]

IS close to thermal for most times t.

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Natural improvement: eigenstate thermalization

Theorem: If the initial state | (0)) occupies a
large number of energy levels, and some other
technical conditions are met, then

Trp \al(@) @) Tra,\alt () (b (1)]

IS close to thermal for most times t.

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Natural improvement: eigenstate thermalization

What if only a few?
Or even a single
eigenstate?

Theorem: If the initial state | (0)) occupies a

large number of energy levels, and some other
technical conditions are met, then

Trp \al(@) @) Tra,\alt () (b (1)]

IS close to thermal for most times t.

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Outline

1. How do quantum systems thermalize?

New approaches to old questions
Canonical typicality
Dynamical thermalization

—P 2. \Weak eigenstate thermalization
Lieb-Robinson bounds
Weak ETH: physical interpretation
Weak ETH: proof sketch

3. Some math. details on part 1

Detailed theorems and proof sketches
Finite-size bounds for non-interacting systems

2. Eigenstate therm.
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Weak eigenstate thermalization

As before: finite-range interaction on a cubic lattice;
but not necessarily translation-invariant.

2. Eigenstate therm.
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Weak eigenstate thermalization

As before: finite-range interaction on a cubic lattice;
but not necessarily translation-invariant.

E)(E]
A

Ay

Do global energy eigenstates locally look thermal?

2. Eigenstate therm.
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Weak eigenstate thermalization

As before: finite-range interaction on a cubic lattice;
but not necessarily translation-invariant.

E)(E]

Before, we had random
states |¢)(¥].
Now concrete

eigenstates!

Do global energy eigenstates locally look thermal?
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Weak eigenstate thermalization

As before: finite-range interaction on a cubic lattice;
but not necessarily translation-invariant.

E)(E]

Before, we had random
states |¢)(¥].
Now concrete

eigenstates!

Do global energy eigenstates locally look thermal?

Eigenstate thermalization hypothesis

J. M. Deutsch, Quantum statistical mechanics in a closed system, Phys. Rev. A 43, 2046 (1991).
M. Srednicki, Chaos and quantum thermalization, Phys. Rev. E 50, 888 (1994).

2. Eigenstate therm.
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Weak eigenstate thermalization

As before: finite-range interaction on a cubic lattice;
but not necessarily translation-invariant.

E)(E]

Before, we had random
states |¢)(¥].
Now concrete

eigenstates!

Do global energy eigenstates locally look thermal?

As before, we should not expect that Try \a|E)(E| = ya
where YA — eXP(—ﬁﬂA)/Z-

2. Eigenstate therm.
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Weak eigenstate thermalization

2. Eigenstate therm.
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Weak eigenstate thermalization

Conjecture: Under some additional assumptions on H,
exp(—ﬁHA/)

Z Y
and the distance goes to zero as n— and
(more slowly) [ s,

TrAn\A ‘E> <E| ~ TrAshell

We cannot prove this. But:

2. Eigenstate therm.
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Weak eigenstate thermalization

Theorem 4. There is a state wr on A’ such that

HTrAshell (wE) — TrAn\A ‘E> <E|H1 < K- e—C(l—r)/27

where k = 2AJ(CA + 2)\/ &% and J = maxx ||hx],
which is weakly diagonal in the eigenbasis {|e) } of Hy/, i.e.

‘<€1 |wE|62>| < 6—(1—7“)(61—@2)2/(86,02).

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Weak eigenstate thermalization

shell width

Theorem 4. There is a state wr on A’ such that

HTrAshell (wE) — TrAn\A ‘E> <E|H1 < K- e—C(l—r)/27

where k = 2AJ(CA + 2)\/ &% and J = maxx ||hx],
which is weakly diagonal in the eigenbasis {|e) } of Hy/, i.e.

‘<€1 |wE|62>| < 6—(1—7“)(61—@2)2/(86,02).

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Weak eigenstate thermalization

interaction range

Theorem 4. There is a state wr on A’ such that

HTrAshell (wE) — TrAn\A ‘E> <E|H1 < K- e—C(l—r)/27

where k = 2AJ(CA + 2)\/ &% and J = maxx ||hx],
which is weakly diagonal in the eigenbasis {|e) } of Hy/, i.e.

‘<€1 |wE|62>| < 6—(1—7“)(61—@2)2/(86,02).

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.
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Weak eigenstate thermalization

local terms in H

Theorem 4. There is a state wr on A’ such that

HTrAshell (wE) — TrAn\A ‘E> <E|H1 < K- e—C(l—r)/27

where k = 2AJ(CA + 2)\/ &% and J = maxx ||hx],
which is weakly diagonal in the eigenbasis {|e) } of Hy/, i.e.

‘<€1 |wE|62>| < 6—(1—7“)(61—@2)2/(86,02).

MM, E. Adlam, LI. Masanes, and N. Wiebe, arXiv:1312.7420.

2. Eigenstate therm.

Thermalization and canonical typicality in translation-invariant quantum lattice systems Markus P. Mller



Weak eigenstate thermalization

local terms in H

Theorem 4. There is a state wr on A’ such that

HTrAshell (wE) — TrAn\A ‘E> <E|H1 < K- e—C(l—r)/27

where k = 2AJ(CA + 2)\/ &% and J = maxx ||hx],
which is weakly diagonal in the eigenbasis {|e) } of Hy/, i.e.

‘<€1 |wE|62>| < 6—(1—7“)(61—@2)2/(86,02).

The other constants come from the Lieb-Robinson bound.

2. Eigenstate therm.
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Weak eigenstate thermalization

X,Y observableson X', ).
X +—> y X(t) _ €thX€_th.

2. Eigenstate therm.
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Weak eigenstate thermalization

X,Y observableson X', ).
X +—> y X(t) _ €thX€_th.

Lieb-Robinson bound: there are constants c,C,v>0 such that
: —c(A—v
[[X (@), Y| <CIX]| - ||V - min{|X]|, |Y|}e A0l

2. Eigenstate therm.
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Weak eigenstate thermalization

X,Y observableson X', ).
X +—> y X(t) _ ethXe_th.

Lieb-Robinson bound: there are constants c,C,v>0 such that
: —c(A—v
I[X @), Y]] <C|X|-||Y] - min{|X], | Y|} e A0l

— finite speed of signal transmission
IN quantum systems with finite interaction range.

2. Eigenstate therm.
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Weak eigenstate thermalization

Theorem 4. There is a state wr on A’ such that

HTrAshell (wE) — TrAn\A ‘E> <E|H1 < K- e—C(l—r)/27

where k = 2AJ(CA + 2)\/ &% and J = maxx ||hx],
which is weakly diagonal in the eigenbasis {|e) } of Hy/, i.e.

‘<€1 |CUE|€2>| S 6_(l_r)(61_62)2/(86'02).

2. Eigenstate therm.
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Weak eigenstate thermalization: physical interpretation

wg = / dt g(t)e "2t (Trp o |[EY(E]) ettat,
\Gaussian, centered at 0

2. Eigenstate therm.
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Weak eigenstate thermalization: physical interpretation

opi= [ dtg@®e I (Tuy, | E)(E]) 10,
> \Gaussian, centered at O

e Lieb-Robinson: result will in A still look very much as if |E)(F|
evolved under the full Hamiltonian Hy

= IrAaWE & TrAn\A‘E> <E|

2. Eigenstate therm.
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Weak eigenstate thermalization: physical interpretation

opi= [ dtg@®e I (Tuy, | E)(E]) 10,
> \Gaussian, centered at O

e Lieb-Robinson: result will in A still look very much as if |E)(F|
evolved under the full Hamiltonian Hy

= IrAaWE & TrAn\A‘E> <E|

e Decoherence across boundary of A’ suppresses off-diag.:
le1 —ea| > 1= |[(e1|wglez)| = 0.

2. Eigenstate therm.
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Weak eigenstate thermalization: proof sketch

wg = / dt g(t)e "2t (Trp o |[EY(E]) ettat,
\Gaussian, centered at 0

2. Eigenstate therm.
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Weak eigenstate thermalization: proof sketch

opi= [ dtg@®e I (Tuy, | E)(E]) 10,
> \Gaussian, centered at O

Decoherence across boundary:
(e1|lwplez) = / dt g(t) e (eq| Trg, (|EXE])]e2)

— e (172)"" 200 1Ty, (|EXE]) |e2).

2. Eigenstate therm.
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Weak eigenstate thermalization: proof sketch

opi= [ dtg@®e I (Tuy, | E)(E]) 10,
> \Gaussian, centered at O

Local similarity to eigenstate: long chain of inequalities.

¢
He—thez'(H—HA)tXe—z'(H—HA)teth B X|| _ ‘ /dt1 0 (e—thlei(H—HA)the—i(H—HA)tl6th1>
00 0

Ot

‘ @)

]
< ["an i e xe )
0

oo

Use Lieb-Robinson bound.
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Weak eigenstate thermalization

Theorem 4. There is a state wr on A’ such that

HTrAshell (wE) — TrAn\A ‘E> <E|H1 < K- e—C(l—r)/27

where k = 2AJ(CA + 2)\/ &% and J = maxx ||hx],
which is weakly diagonal in the eigenbasis {|e) } of Hy/, i.e.

‘<€1 |CUE|€2>| S 6_(l_r)(61_62)2/(86'02).
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Weak eigenstate thermalization

Does it have
Boltzmann weights
on its diagonal??

Theorem 4. There is a state wr on A’ such that

HTrAshell (wE) — TrAn\A ‘E> <E|H1 < K- e—C(l—r)/2’

where k = 2AJ(CA + 2)\/ &% and J = maxx ||hx],
which is weakly diagonal in the eigenbasis {|e) } of Hy/, i.e.

‘<€1 |wE|62>| < 6_(l_7")(61—e2)2/(80v2).

Need more assumptions. (Translation-invariance! Non-integrability?)
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On blackboard.
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