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It has previously been suggested that small subsystems of closed quantum systems thermalize un-
der some assumptions; however, this has been rigorously shown so far only for systems with very
weak interaction between subsystems. In this work, we give a rigorous analytic proof of thermal-
ization for translation-invariant quantum lattice systems with finite-range interaction of arbitrary
strength. We clarify the physical picture by showing that subsystems relax towards the reduction
of the global Gibbs state, not the local Gibbs state. Moreover, we show that almost all pure states
with support on a small energy window are locally thermal in the sense of canonical typicality. We
derive our results from a statement on equivalence of ensembles generalizing earlier results by Lima,
and give numerical and analytic finite-size bounds, relating the Ising model to the finite de Finetti
theorem. Furthermore, we prove a weak version of the eigenstate thermalization hypothesis which
holds regardless of the integrability of the model.

How do closed quantum systems thermalize? There
has been renewed interest in this old question in the
last few years motivated by new experimental [1] and
numerical [2] methods, with considerable theoretical
progress [3–10]. However, surprisingly many aspects of
thermalization are still not well understood, in particu-
lar the emergence of the Gibbs ensemble. While it was
suggested that typical pure quantum states in many-
body systems resemble thermal states on small subsys-
tems [3], this has only been proven under additional as-
sumptions for models with very weak interactions [10]
that make it difficult to understand thermalization in
systems of lattice dimension two or higher [7]. Similarly,
it was shown that small subsystems of closed quantum
systems equilibrate [4–8], but the equilibrium state will
not in general be thermal unless very specific conditions
are met.

In this work, we give rigorous analytic proofs of
the dynamical and kinematic formulations of thermal-
ization for interactions of finite range, but arbitrary
strength. By restricting to the special case of translation-
invariant lattice systems as in Fig. 1, we are able to prove
the common belief that small subsystems are indeed
close to a thermal state in the strongest possible sense,
without further assumptions on the model. Our work
also clarifies the conditions needed for thermalization of
the subsystem by showing that the resulting state will
in general not be the local Gibbs state; rather, it is the
reduction of the global system’s Gibbs state.

We are further able to provide concrete finite-size
bounds, rather than asymptotic bounds, for several
cases of interest. In particular, we give sharp analytic
bounds for the distance to the thermal state in the non-
interacting case, which already turns out to be a non-

Figure 1: Canonical typicality. A rectangular lattice �n evolves
according to a translation-invariant finite-range interaction Hamilto-
nian Hp

�n
, where “p” is for periodic boundary conditions (the case

of arbitrary boundary conditions is treated in the supplemental ma-
terial). If |⇥⌅ is a generic state occupying only energies E with
u � � ⇥ E/|�n| ⇥ u, then small subsystems � ⇤ �n will, for
large n, behave as if the full system was in a Gibbs state of the corre-
sponding temperature, for all possible measurements in the subsys-
tem. Dynamically, the same will be true for |⇥(t)⌅ for most times t
if the initial state |⇥(0)⌅ has close to maximal population entropy.

trivial problem, and we also give numerical finite-size
estimates in one lattice dimension. Furthermore, we
prove a weak version of the eigenstate thermalization
hypothesis [33, 34], showing that individual eigenstates
are locally close to diagonal in the energy eigenbasis.

Setup and notation. We consider ⇤-dimensional cu-
bic lattices, and finite hyperrectangular regions � =
[�1, µ1] � . . . � [�� , µ� ], where [�, µ] ⇤ Z denotes the
interval of integers between � and µ ⇥ �. In particu-
lar, we consider sequences of regions �1 ⇤ �2 ⇤ �3 . . .
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1. How do quantum systems thermalize?

|�(t)⇥ = exp(�iHt)|�(0)⇥

• New experimental methods (cold atoms in optical lattices),

• novel numerical techniques,

• new mathematical insights from quantum information theory.

E. Schrödinger J. von Neumann
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Canonical typicality

|�(t)⇥ = exp(�iHt)|�(0)⇥

|�(t)⇥ � R,

for example
R = span{|E⇥ | E0 � E � E0 +�}.

S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zanghi, Phys. Rev. Lett. 96, 050403 (2006).
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Canonical typicality

for example
R = span{|E⇥ | E0 � E � E0 +�}.S

E
R

|�⌅ ⇤ R ⇥ S � E,

Consider a "typical" / random state |�⇥ � R.

H = HS +HE +Hint

S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zanghi, Phys. Rev. Lett. 96, 050403 (2006).
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Canonical typicality

for example
R = span{|E⇥ | E0 � E � E0 +�}.S

E
R

|�⌅ ⇤ R ⇥ S � E,

Consider a "typical" / random state |�⇥ � R.

All pure states in R:

complex sphere.

Can draw a random state

by picking a random point.

| �

H = HS +HE +Hint

S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zanghi, Phys. Rev. Lett. 96, 050403 (2006).
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E
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|�⌅ ⇤ R ⇥ S � E,

Consider a "typical" / random state |�⇥ � R.

Since it is entangled,                             is typically mixed.⇢S := TrE | ⇥� |

H = HS +HE +Hint

Goldstein et al.: This state is actually thermal:
⇥S ⇡ exp(��HS)/Z.
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tems [3], this has only been proven under additional as-
sumptions for models with very weak interactions [10]
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not in general be thermal unless very specific conditions
are met.

In this work, we give rigorous analytic proofs of
the dynamical and kinematic formulations of thermal-
ization for interactions of finite range, but arbitrary
strength. By restricting to the special case of translation-
invariant lattice systems as in Fig. 1, we are able to prove
the common belief that small subsystems are indeed
close to a thermal state in the strongest possible sense,
without further assumptions on the model. Our work
also clarifies the conditions needed for thermalization of
the subsystem by showing that the resulting state will
in general not be the local Gibbs state; rather, it is the
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terial). If |⇥⌅ is a generic state occupying only energies E with
u � � ⇥ E/|�n| ⇥ u, then small subsystems � ⇤ �n will, for
large n, behave as if the full system was in a Gibbs state of the corre-
sponding temperature, for all possible measurements in the subsys-
tem. Dynamically, the same will be true for |⇥(t)⌅ for most times t
if the initial state |⇥(0)⌅ has close to maximal population entropy.

trivial problem, and we also give numerical finite-size
estimates in one lattice dimension. Furthermore, we
prove a weak version of the eigenstate thermalization
hypothesis [33, 34], showing that individual eigenstates
are locally close to diagonal in the energy eigenbasis.

Setup and notation. We consider ⇤-dimensional cu-
bic lattices, and finite hyperrectangular regions � =
[�1, µ1] � . . . � [�� , µ� ], where [�, µ] ⇤ Z denotes the
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S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zanghi, Phys. Rev. Lett. 96, 050403 (2006).
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terial). If |⇥⌅ is a generic state occupying only energies E with
u � � ⇥ E/|�n| ⇥ u, then small subsystems � ⇤ �n will, for
large n, behave as if the full system was in a Gibbs state of the corre-
sponding temperature, for all possible measurements in the subsys-
tem. Dynamically, the same will be true for |⇥(t)⌅ for most times t
if the initial state |⇥(0)⌅ has close to maximal population entropy.

trivial problem, and we also give numerical finite-size
estimates in one lattice dimension. Furthermore, we
prove a weak version of the eigenstate thermalization
hypothesis [33, 34], showing that individual eigenstates
are locally close to diagonal in the energy eigenbasis.

Setup and notation. We consider ⇤-dimensional cu-
bic lattices, and finite hyperrectangular regions � =
[�1, µ1] � . . . � [�� , µ� ], where [�, µ] ⇤ Z denotes the
interval of integers between � and µ ⇥ �. In particu-
lar, we consider sequences of regions �1 ⇤ �2 ⇤ �3 . . .

S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zanghi, Phys. Rev. Lett. 96, 050403 (2006).
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Consider a random state |�⇥ � R.

H = HS +HE +Hint

Let                           .⇢S := TrE | ⇥� |

S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zanghi, Phys. Rev. Lett. 96, 050403 (2006).
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S. Popescu, A. J. Short, and A. Winter, Nature Physics 2, 754 (2006).

for example
R = span{|E⇥ | E0 � E � E0 +�}.S

E
R

|�⌅ ⇤ R ⇥ S � E,

Consider a random state |�⇥ � R.

H = HS +HE +Hint

Theorem (Popescu et al.): There is a state       such that

Let                           .⇢S := TrE | ⇥� |

Prob


k�S � �Sk1 � ⇥+

dSp
dR

�
 2 exp(�dR⇥

2/559).

⌦S
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This state       is not thermal in general.⌦S
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in general not be the local Gibbs state; rather, it is the
reduction of the global system’s Gibbs state.

We are further able to provide concrete finite-size
bounds, rather than asymptotic bounds, for several
cases of interest. In particular, we give sharp analytic
bounds for the distance to the thermal state in the non-
interacting case, which already turns out to be a non-

Figure 1: Canonical typicality. A rectangular lattice �n evolves
according to a translation-invariant finite-range interaction Hamilto-
nian Hp

�n
, where “p” is for periodic boundary conditions (the case

of arbitrary boundary conditions is treated in the supplemental ma-
terial). If |⇥⌅ is a generic state occupying only energies E with
u � � ⇥ E/|�n| ⇥ u, then small subsystems � ⇤ �n will, for
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trivial problem, and we also give numerical finite-size
estimates in one lattice dimension. Furthermore, we
prove a weak version of the eigenstate thermalization
hypothesis [33, 34], showing that individual eigenstates
are locally close to diagonal in the energy eigenbasis.

Setup and notation. We consider ⇤-dimensional cu-
bic lattices, and finite hyperrectangular regions � =
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for example
R = span{|E⇥ | E0 � E � E0 +�}.S

E
R

|�⌅ ⇤ R ⇥ S � E,

Consider a random state |�⇥ � R.

H = HS +HE +Hint

Theorem (Riera et al.): W/ high probability,      is close to thermal if

• the spectrum of        satisfies some complicated conditions, and

• the interaction strength            is tiny.

Let                           .⇢S := TrE | ⇥� |

⇢S
HE

kHintk

Conditions not satisfied in most interesting models.
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Canonical typicality: our result

Specialize to translation-invariant models, finite-range interaction.
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Canonical typicality: our result

Specialize to translation-invariant models, finite-range interaction.

For example Heisenberg model:

H = �J
n�1X

i=1

⇥�i · ⇥�i+1 � h
nX

i=1

�Z
i .
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We establish a link between unitary relaxation dynamics after a quench in closed many-body systems and the
entanglement in the energy eigenbasis. We find that even if reduced states equilibrate, they can have memory
on the initial conditions even in certain models that are far from integrable. We show that in such situations
the equilibrium states are still described by a maximum entropy or generalized Gibbs ensemble, regardless of
whether a model is integrable or not, thereby contributing to a recent debate. In addition, we discuss individual
aspects of the thermalization process, comment on the role of Anderson localization, and collect and compare
different notions of integrability.
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The question of how quantum many-body systems in
nonequilibrium eventually equilibrate and assume properties
resembling the ones familiar from statistical mechanics has—
quite unsurprisingly—a very long tradition [1]. In closed
systems not all observables can equilibrate. However, it is
generally expected that in sufficiently complicated quantum
many-body systems at least some physically relevant quanti-
ties should seemingly relax to equilibrium values. Recently
this old question has received an enormous amount of atten-
tion and there have been significant new insights [2–18].

This renewed attention is partly driven by new mathemat-
ical methods becoming available, partly by novel numerical
techniques, and in parts by experiments that make it pos-
sible to probe coherent nonequilibrium dynamics under the
controlled conditions offered by cold atoms in optical lat-
tices [19]. Theoretically, among other approaches, the ques-
tion of how quantum many-body systems relax locally has
been investigated in the light of the “eigenstate thermaliza-
tion hypothesis” (ETH) [2, 3], quantum central limit theo-
rems [4], Anderson localization [7], dynamical instances of
concentration of measure arguments or ideas of relaxation via
dephasing [8–13, 16], and numerically using time-dependent
density-matrix renormalization group (DMRG) [21]. Despite
this enormous effort, major questions remain open and the ex-
isting results do not yet draw a coherent picture. What seems
to have become consensus, however, is that the following ex-
pectation holds true: Nonintegrable systems thermalize.

In this letter we show that generally, this is not quite true.
We do so by establishing a link between the entanglement
in the eigenbasis of a quantum many-body system with what
could be called the thermalization potential of the system. We
will investigate situations in which systems equilibrate, in the
sense that all local observables will be close to some equilib-
rium value at most times, but those values turn out to depend
on the details of the initial state. This general rigorous state-
ment is exemplified numerically by studying a small natural
nonintegrable XYZ-type spin chain model. In previous ap-

SB B

Figure 1. (color online) A many-body quantum system consisting of
a small subsystem S, and the remainder B, which acts as a “bath.”

proaches (e.g., in Ref. [23]), similar complementing observa-
tions have been made by simulating the model’s time evolu-
tion explicitly. However, such simulations can only trace the
system’s behavior for a finite amount of time and become un-
reliable for long times. Our analytic results have applications
far beyond this particular model: they yield general condi-
tions for the absence of thermalization. This gives a natural
counterpart of the ETH, and it relates the thermalization of
isolated quantum systems to the presence of entanglement in
the energy eigenbasis.

Setup and notation. When using terms and concepts bor-
rowed from classical statistical mechanics, such as ergodicity,
equilibration, thermalization, initial state independence, and
integrability, we aim at being careful and precise whenever
referring to one of these terms. We work in the pure state
quantum statistical mechanics model with a system and bath
setup with a global pure state and unitary time evolution [4, 8–
12]. We are mostly interested in the case where the full system
is composed of many interacting small systems and the sub-
system corresponds to a small subset of sites and the bath is
simply the remainder.In such systems the individual subsys-
tems act as baths for each other and the collective dynamics
can lead to self-thermalization of the whole system. To be spe-
cific, we will consider arbitrary quantum systems equipped
with a Hilbert space H of finite dimension d that can be di-
vided into at least two parts, i.e., H = HS �HB , which we
will call the subsystem S and the bath B, and which are de-
scribed by Hilbert spaces of dimensions dS/B = dim(HS/B).
We assume that at every time t the joint system is in a pure
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Theorem: Then, with high probability,

and the distance goes to zero as

Tr⇤n\⇤|⇥⌅⇤⇥| ⇥ Tr⇤n\⇤
exp(��H⇤n)

Z
,

n ! 1.
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Similar results can be shown for dynamical thermalization.
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Canonical typicality: our result

Similar results can be shown for dynamical thermalization.
Using A. J. Short and T. C. Farrelly, New J. Phys. 14, 013063 (2012) we show:

Theorem: If the initial state             occupies a

large number of energy levels, and some other

technical conditions are met, then

!
!
is close to thermal for most times t. 

| (0)�

Tr⇤n\⇤|�(t)⇥��(t)|
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It has previously been suggested that small subsystems of closed quantum systems thermalize un-
der some assumptions; however, this has been rigorously shown so far only for systems with very
weak interaction between subsystems. In this work, we give a rigorous analytic proof of thermal-
ization for translation-invariant quantum lattice systems with finite-range interaction of arbitrary
strength. We clarify the physical picture by showing that subsystems relax towards the reduction
of the global Gibbs state, not the local Gibbs state. Moreover, we show that almost all pure states
with support on a small energy window are locally thermal in the sense of canonical typicality. We
derive our results from a statement on equivalence of ensembles generalizing earlier results by Lima,
and give numerical and analytic finite-size bounds, relating the Ising model to the finite de Finetti
theorem. Furthermore, we prove a weak version of the eigenstate thermalization hypothesis which
holds regardless of the integrability of the model.

How do closed quantum systems thermalize? There
has been renewed interest in this old question in the
last few years motivated by new experimental [1] and
numerical [2] methods, with considerable theoretical
progress [3–10]. However, surprisingly many aspects of
thermalization are still not well understood, in particu-
lar the emergence of the Gibbs ensemble. While it was
suggested that typical pure quantum states in many-
body systems resemble thermal states on small subsys-
tems [3], this has only been proven under additional as-
sumptions for models with very weak interactions [10]
that make it difficult to understand thermalization in
systems of lattice dimension two or higher [7]. Similarly,
it was shown that small subsystems of closed quantum
systems equilibrate [4–8], but the equilibrium state will
not in general be thermal unless very specific conditions
are met.

In this work, we give rigorous analytic proofs of
the dynamical and kinematic formulations of thermal-
ization for interactions of finite range, but arbitrary
strength. By restricting to the special case of translation-
invariant lattice systems as in Fig. 1, we are able to prove
the common belief that small subsystems are indeed
close to a thermal state in the strongest possible sense,
without further assumptions on the model. Our work
also clarifies the conditions needed for thermalization of
the subsystem by showing that the resulting state will
in general not be the local Gibbs state; rather, it is the
reduction of the global system’s Gibbs state.

We are further able to provide concrete finite-size
bounds, rather than asymptotic bounds, for several
cases of interest. In particular, we give sharp analytic
bounds for the distance to the thermal state in the non-
interacting case, which already turns out to be a non-

Figure 1: Canonical typicality. A rectangular lattice �n evolves
according to a translation-invariant finite-range interaction Hamilto-
nian Hp

�n
, where “p” is for periodic boundary conditions (the case

of arbitrary boundary conditions is treated in the supplemental ma-
terial). If |⇥⌅ is a generic state occupying only energies E with
u � � ⇥ E/|�n| ⇥ u, then small subsystems � ⇤ �n will, for
large n, behave as if the full system was in a Gibbs state of the corre-
sponding temperature, for all possible measurements in the subsys-
tem. Dynamically, the same will be true for |⇥(t)⌅ for most times t
if the initial state |⇥(0)⌅ has close to maximal population entropy.

trivial problem, and we also give numerical finite-size
estimates in one lattice dimension. Furthermore, we
prove a weak version of the eigenstate thermalization
hypothesis [33, 34], showing that individual eigenstates
are locally close to diagonal in the energy eigenbasis.

Setup and notation. We consider ⇤-dimensional cu-
bic lattices, and finite hyperrectangular regions � =
[�1, µ1] � . . . � [�� , µ� ], where [�, µ] ⇤ Z denotes the
interval of integers between � and µ ⇥ �. In particu-
lar, we consider sequences of regions �1 ⇤ �2 ⇤ �3 . . .

Using A. J. Short and T. C. Farrelly, New J. Phys. 14, 013063 (2012) we show:
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trivial problem, and we also give numerical finite-size
estimates in one lattice dimension. Furthermore, we
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with support on a small energy window are locally thermal in the sense of canonical typicality. We
derive our results from a statement on equivalence of ensembles generalizing earlier results by Lima,
and give numerical and analytic finite-size bounds, relating the Ising model to the finite de Finetti
theorem. Furthermore, we prove a weak version of the eigenstate thermalization hypothesis which
holds regardless of the integrability of the model.

How do closed quantum systems thermalize? There
has been renewed interest in this old question in the
last few years motivated by new experimental [1] and
numerical [2] methods, with considerable theoretical
progress [3–10]. However, surprisingly many aspects of
thermalization are still not well understood, in particu-
lar the emergence of the Gibbs ensemble. While it was
suggested that typical pure quantum states in many-
body systems resemble thermal states on small subsys-
tems [3], this has only been proven under additional as-
sumptions for models with very weak interactions [10]
that make it difficult to understand thermalization in
systems of lattice dimension two or higher [7]. Similarly,
it was shown that small subsystems of closed quantum
systems equilibrate [4–8], but the equilibrium state will
not in general be thermal unless very specific conditions
are met.

In this work, we give rigorous analytic proofs of
the dynamical and kinematic formulations of thermal-
ization for interactions of finite range, but arbitrary
strength. By restricting to the special case of translation-
invariant lattice systems as in Fig. 1, we are able to prove
the common belief that small subsystems are indeed
close to a thermal state in the strongest possible sense,
without further assumptions on the model. Our work
also clarifies the conditions needed for thermalization of
the subsystem by showing that the resulting state will
in general not be the local Gibbs state; rather, it is the
reduction of the global system’s Gibbs state.

We are further able to provide concrete finite-size
bounds, rather than asymptotic bounds, for several
cases of interest. In particular, we give sharp analytic
bounds for the distance to the thermal state in the non-
interacting case, which already turns out to be a non-

Figure 1: Canonical typicality. A rectangular lattice �n evolves
according to a translation-invariant finite-range interaction Hamilto-
nian Hp

�n
, where “p” is for periodic boundary conditions (the case

of arbitrary boundary conditions is treated in the supplemental ma-
terial). If |⇥⌅ is a generic state occupying only energies E with
u � � ⇥ E/|�n| ⇥ u, then small subsystems � ⇤ �n will, for
large n, behave as if the full system was in a Gibbs state of the corre-
sponding temperature, for all possible measurements in the subsys-
tem. Dynamically, the same will be true for |⇥(t)⌅ for most times t
if the initial state |⇥(0)⌅ has close to maximal population entropy.

trivial problem, and we also give numerical finite-size
estimates in one lattice dimension. Furthermore, we
prove a weak version of the eigenstate thermalization
hypothesis [33, 34], showing that individual eigenstates
are locally close to diagonal in the energy eigenbasis.

Setup and notation. We consider ⇤-dimensional cu-
bic lattices, and finite hyperrectangular regions � =
[�1, µ1] � . . . � [�� , µ� ], where [�, µ] ⇤ Z denotes the
interval of integers between � and µ ⇥ �. In particu-
lar, we consider sequences of regions �1 ⇤ �2 ⇤ �3 . . .
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As an example, if ⇢
(n)
0

is a pure state | (n)
0

i ⇠P
u��<Ei/|⇤n|<u |Eii which is a “flat” uniform super-

position of eigenstates |Eii of Hp
⇤n

, Theorem 3 applies.
This recovers (in a different context) results of [10].

Finite-size estimates. Estimates on how large ⇤n has
to be to have good agreement with our results, such as
bounding �n,⇤ in (1), are expected to depend strongly
on the details of the model, such as distance to phase
transitions, correlation lengths etc. [23]. To get some in-
tuition, we give analytic bounds for the non-interacting
Ising model (cf. also [4]). We set ⇤n = [1, n] ⇢ Z1,
and H

⇤

:=

P
i2⇤

Zi, where Zi is the Pauli Z-matrix at
site i. Then the microcanonical state ⌧n is permutation-
invariant, and the canonical state is a product state,
�
⇤n(�) = �⌦n

{1}(�). Computing �n,⇤ via (1) is nonethe-
less a non-trivial problem. In the case where � = 0, ⌧n is
the uniform mixture over a type class, and the classical
finite de Finetti theorem [22] yields

kTr
⇤n\⇤ ⌧n � �

⌦|⇤|
{1} (�)k

1

 4|⇤|
n

.

Thus, for fixed 1-norm distance, the total system
size has to be increased linearly with the size of the
subsystem. In the supplemental material, we prove an-
alytically that a similar behavior remains valid if � > 0,
and we show numerically that randomly generated
translation-invariant nearest-neighbor interactions in
one dimension behave similarly.

Weak eigenstate thermalization. Consider the setup in
Fig. 2. It would be desirable to remove condition (5),
which says that the initial state must populate as many
eigenstates as possible. In the most extreme case, one
would like to show that thermalization is true even on
the level of individual energy eigenstates |Ei of H

⇤n ,
in the sense that Tr

⇤n\⇤ |EihE| ⇡ Tr

⇤n\⇤ �⇤n(�) ⇡
Tr

⇤shell �⇤0
(�) if the shell is large enough. Here we prove

Figure 2: Subregions of the whole lattice ⇤n. We enlarge ⇤ by set-
ting ⇤0 = ⇤ [ ⇤shell, where ⇤shell contains all sites outside of ⇤
which have distance l or less to ⇤. The number of terms of H⇤n that
have support on both ⇤0 and ⇤n \ ⇤0 is denoted A, which quantifies
the size of the boundary area of ⇤0.

a weak version of this eigenstate thermalization hypothesis
(ETH) [33, 34] by applying a Lieb-Robinson bound [30–
32]: for models with finite-range interaction, there are
constants c, C, v > 0 such that for all operators X and Y
supported on finite regions X ,Y of distance �, it holds
k[X(t), Y ]k  C kXkkY kmin{|X |, |Y|} e�c[��v|t|],
where X(t) = eiH⇤n tXe�iH⇤n t.

Theorem 4. There is a state !E on ⇤

0 such that
��
Tr

⇤shell(!E)� Tr

⇤n\⇤ |EihE|
��
1

  · e�c(l�r)/2, (8)

where  = 2AJ(CA + 2)

q
l�r
8cv2 and J = maxX khXk,

which is weakly diagonal in the eigenbasis {|ei} of H
⇤

0 , i.e.

|he
1

|!E |e2i|  e�(l�r)(e1�e2)
2/(8cv2

). (9)

The ETH corresponds to !E = �
⇤

0
(�). While we can-

not prove this in general, our result shows that both
states are (close to) diagonal in the eigenbasis of H

⇤

0 .
To sketch the proof (detailed in the supplementary

material), define !E by evolving Tr

⇤n\⇤0 |EihE| accord-
ing to H

⇤

0 and averaging the result over small t; con-
cretely, !E :=

R1
�1dt g(t) e

�iH⇤0 t
Tr

⇤n\⇤0 |EihE| eiH⇤0 t,
with g(t) some Gaussian. The Lieb-Robinson bound
guarantees finite speed of information transmission,
such that the result will within ⇤ still look very much
as if the initial state |EihE| evolved according to the full
Hamiltonian H

⇤n , if the shell is large enough. Since
|EihE| is stationary, this leads to (8). On the other hand,
interaction across the boundary of ⇤0 will decohere the
state Tr

⇤n\⇤0 |EihE|; in particular, coherences corre-
sponding to energy levels e

1

, e
2

with large |e
1

� e
2

| will
be suppressed, which yields (9).

Conclusions. We have shown that small subsystems
of closed translation-invariant quantum systems with
finite-range interaction thermalize, in the sense that
they relax towards the reduction of the global Gibbs
state. In doing so we not only provide a rigorous
explanation for how a wide class of physically signif-
icant Hamiltonians thermalize, but also show that the
correct correspondence is with a reduction of the global
system’s Gibbs state, not its local Gibbs state. This work
opens a number of interesting avenues for future work.
One open problem is to obtain more explicit finite-size
bounds, but these may well depend on details of the
specific model or interaction. Similarly, an interesting
open question is whether !E in Theorem 4 has Boltz-
mann weights on its diagonal. However, rigorously
answering this question in the positive seems to require
additional assumptions along the lines of nonintegra-
bility.
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a weak version of this eigenstate thermalization hypothesis
(ETH) [33, 34] by applying a Lieb-Robinson bound [30–
32]: for models with finite-range interaction, there are
constants c, C, v > 0 such that for all operators X and Y
supported on finite regions X ,Y of distance �, it holds
k[X(t), Y ]k  C kXkkY kmin{|X |, |Y|} e�c[��v|t|],
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not prove this in general, our result shows that both
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To sketch the proof (detailed in the supplementary

material), define !E by evolving Tr
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ing to H
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0 and averaging the result over small t; con-
cretely, !E :=

R1
�1dt g(t) e

�iH⇤0 t
Tr

⇤n\⇤0 |EihE| eiH⇤0 t,
with g(t) some Gaussian. The Lieb-Robinson bound
guarantees finite speed of information transmission,
such that the result will within ⇤ still look very much
as if the initial state |EihE| evolved according to the full
Hamiltonian H

⇤n , if the shell is large enough. Since
|EihE| is stationary, this leads to (8). On the other hand,
interaction across the boundary of ⇤0 will decohere the
state Tr

⇤n\⇤0 |EihE|; in particular, coherences corre-
sponding to energy levels e
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be suppressed, which yields (9).

Conclusions. We have shown that small subsystems
of closed translation-invariant quantum systems with
finite-range interaction thermalize, in the sense that
they relax towards the reduction of the global Gibbs
state. In doing so we not only provide a rigorous
explanation for how a wide class of physically signif-
icant Hamiltonians thermalize, but also show that the
correct correspondence is with a reduction of the global
system’s Gibbs state, not its local Gibbs state. This work
opens a number of interesting avenues for future work.
One open problem is to obtain more explicit finite-size
bounds, but these may well depend on details of the
specific model or interaction. Similarly, an interesting
open question is whether !E in Theorem 4 has Boltz-
mann weights on its diagonal. However, rigorously
answering this question in the positive seems to require
additional assumptions along the lines of nonintegra-
bility.
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⇤n , if the shell is large enough. Since
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Conclusions. We have shown that small subsystems
of closed translation-invariant quantum systems with
finite-range interaction thermalize, in the sense that
they relax towards the reduction of the global Gibbs
state. In doing so we not only provide a rigorous
explanation for how a wide class of physically signif-
icant Hamiltonians thermalize, but also show that the
correct correspondence is with a reduction of the global
system’s Gibbs state, not its local Gibbs state. This work
opens a number of interesting avenues for future work.
One open problem is to obtain more explicit finite-size
bounds, but these may well depend on details of the
specific model or interaction. Similarly, an interesting
open question is whether !E in Theorem 4 has Boltz-
mann weights on its diagonal. However, rigorously
answering this question in the positive seems to require
additional assumptions along the lines of nonintegra-
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subsystem. In the supplemental material, we prove an-
alytically that a similar behavior remains valid if � > 0,
and we show numerically that randomly generated
translation-invariant nearest-neighbor interactions in
one dimension behave similarly.

Weak eigenstate thermalization. Consider the setup in
Fig. 2. It would be desirable to remove condition (5),
which says that the initial state must populate as many
eigenstates as possible. In the most extreme case, one
would like to show that thermalization is true even on
the level of individual energy eigenstates |Ei of H

⇤n ,
in the sense that Tr
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they relax towards the reduction of the global Gibbs
state. In doing so we not only provide a rigorous
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icant Hamiltonians thermalize, but also show that the
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system’s Gibbs state, not its local Gibbs state. This work
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bounds, but these may well depend on details of the
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The other constants come from the Lieb-Robinson bound.
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∆X Y
X,Y observables on X ,Y.

X(t) = eiHtXe�iHt.
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As an example, if ⇢
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0

is a pure state | (n)
0

i ⇠P
u��<Ei/|⇤n|<u |Eii which is a “flat” uniform super-

position of eigenstates |Eii of Hp
⇤n

, Theorem 3 applies.
This recovers (in a different context) results of [10].

Finite-size estimates. Estimates on how large ⇤n has
to be to have good agreement with our results, such as
bounding �n,⇤ in (1), are expected to depend strongly
on the details of the model, such as distance to phase
transitions, correlation lengths etc. [23]. To get some in-
tuition, we give analytic bounds for the non-interacting
Ising model (cf. also [4]). We set ⇤n = [1, n] ⇢ Z1,
and H

⇤

:=

P
i2⇤

Zi, where Zi is the Pauli Z-matrix at
site i. Then the microcanonical state ⌧n is permutation-
invariant, and the canonical state is a product state,
�
⇤n(�) = �⌦n

{1}(�). Computing �n,⇤ via (1) is nonethe-
less a non-trivial problem. In the case where � = 0, ⌧n is
the uniform mixture over a type class, and the classical
finite de Finetti theorem [22] yields

kTr
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Thus, for fixed 1-norm distance, the total system
size has to be increased linearly with the size of the
subsystem. In the supplemental material, we prove an-
alytically that a similar behavior remains valid if � > 0,
and we show numerically that randomly generated
translation-invariant nearest-neighbor interactions in
one dimension behave similarly.

Weak eigenstate thermalization. Consider the setup in
Fig. 2. It would be desirable to remove condition (5),
which says that the initial state must populate as many
eigenstates as possible. In the most extreme case, one
would like to show that thermalization is true even on
the level of individual energy eigenstates |Ei of H

⇤n ,
in the sense that Tr

⇤n\⇤ |EihE| ⇡ Tr

⇤n\⇤ �⇤n(�) ⇡
Tr

⇤shell �⇤0
(�) if the shell is large enough. Here we prove

Figure 2: Subregions of the whole lattice ⇤n. We enlarge ⇤ by set-
ting ⇤0 = ⇤ [ ⇤shell, where ⇤shell contains all sites outside of ⇤
which have distance l or less to ⇤. The number of terms of H⇤n that
have support on both ⇤0 and ⇤n \ ⇤0 is denoted A, which quantifies
the size of the boundary area of ⇤0.

a weak version of this eigenstate thermalization hypothesis
(ETH) [33, 34] by applying a Lieb-Robinson bound [30–
32]: for models with finite-range interaction, there are
constants c, C, v > 0 such that for all operators X and Y
supported on finite regions X ,Y of distance �, it holds
k[X(t), Y ]k  C kXkkY kmin{|X |, |Y|} e�c[��v|t|],
where X(t) = eiH⇤n tXe�iH⇤n t.

Theorem 4. There is a state !E on ⇤

0 such that
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Tr

⇤shell(!E)� Tr

⇤n\⇤ |EihE|
��
1

  · e�c(l�r)/2, (8)
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which is weakly diagonal in the eigenbasis {|ei} of H
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0 , i.e.
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). (9)

The ETH corresponds to !E = �
⇤

0
(�). While we can-

not prove this in general, our result shows that both
states are (close to) diagonal in the eigenbasis of H

⇤

0 .
To sketch the proof (detailed in the supplementary

material), define !E by evolving Tr

⇤n\⇤0 |EihE| accord-
ing to H

⇤

0 and averaging the result over small t; con-
cretely, !E :=

R1
�1dt g(t) e

�iH⇤0 t
Tr

⇤n\⇤0 |EihE| eiH⇤0 t,
with g(t) some Gaussian. The Lieb-Robinson bound
guarantees finite speed of information transmission,
such that the result will within ⇤ still look very much
as if the initial state |EihE| evolved according to the full
Hamiltonian H

⇤n , if the shell is large enough. Since
|EihE| is stationary, this leads to (8). On the other hand,
interaction across the boundary of ⇤0 will decohere the
state Tr

⇤n\⇤0 |EihE|; in particular, coherences corre-
sponding to energy levels e

1

, e
2

with large |e
1

� e
2

| will
be suppressed, which yields (9).

Conclusions. We have shown that small subsystems
of closed translation-invariant quantum systems with
finite-range interaction thermalize, in the sense that
they relax towards the reduction of the global Gibbs
state. In doing so we not only provide a rigorous
explanation for how a wide class of physically signif-
icant Hamiltonians thermalize, but also show that the
correct correspondence is with a reduction of the global
system’s Gibbs state, not its local Gibbs state. This work
opens a number of interesting avenues for future work.
One open problem is to obtain more explicit finite-size
bounds, but these may well depend on details of the
specific model or interaction. Similarly, an interesting
open question is whether !E in Theorem 4 has Boltz-
mann weights on its diagonal. However, rigorously
answering this question in the positive seems to require
additional assumptions along the lines of nonintegra-
bility.
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and H
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Thus, for fixed 1-norm distance, the total system
size has to be increased linearly with the size of the
subsystem. In the supplemental material, we prove an-
alytically that a similar behavior remains valid if � > 0,
and we show numerically that randomly generated
translation-invariant nearest-neighbor interactions in
one dimension behave similarly.

Weak eigenstate thermalization. Consider the setup in
Fig. 2. It would be desirable to remove condition (5),
which says that the initial state must populate as many
eigenstates as possible. In the most extreme case, one
would like to show that thermalization is true even on
the level of individual energy eigenstates |Ei of H

⇤n ,
in the sense that Tr
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Figure 2: Subregions of the whole lattice ⇤n. We enlarge ⇤ by set-
ting ⇤0 = ⇤ [ ⇤shell, where ⇤shell contains all sites outside of ⇤
which have distance l or less to ⇤. The number of terms of H⇤n that
have support on both ⇤0 and ⇤n \ ⇤0 is denoted A, which quantifies
the size of the boundary area of ⇤0.

a weak version of this eigenstate thermalization hypothesis
(ETH) [33, 34] by applying a Lieb-Robinson bound [30–
32]: for models with finite-range interaction, there are
constants c, C, v > 0 such that for all operators X and Y
supported on finite regions X ,Y of distance �, it holds
k[X(t), Y ]k  C kXkkY kmin{|X |, |Y|} e�c[��v|t|],
where X(t) = eiH⇤n tXe�iH⇤n t.

Theorem 4. There is a state !E on ⇤
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The ETH corresponds to !E = �
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not prove this in general, our result shows that both
states are (close to) diagonal in the eigenbasis of H
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To sketch the proof (detailed in the supplementary

material), define !E by evolving Tr

⇤n\⇤0 |EihE| accord-
ing to H

⇤

0 and averaging the result over small t; con-
cretely, !E :=
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such that the result will within ⇤ still look very much
as if the initial state |EihE| evolved according to the full
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⇤n , if the shell is large enough. Since
|EihE| is stationary, this leads to (8). On the other hand,
interaction across the boundary of ⇤0 will decohere the
state Tr

⇤n\⇤0 |EihE|; in particular, coherences corre-
sponding to energy levels e
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be suppressed, which yields (9).

Conclusions. We have shown that small subsystems
of closed translation-invariant quantum systems with
finite-range interaction thermalize, in the sense that
they relax towards the reduction of the global Gibbs
state. In doing so we not only provide a rigorous
explanation for how a wide class of physically signif-
icant Hamiltonians thermalize, but also show that the
correct correspondence is with a reduction of the global
system’s Gibbs state, not its local Gibbs state. This work
opens a number of interesting avenues for future work.
One open problem is to obtain more explicit finite-size
bounds, but these may well depend on details of the
specific model or interaction. Similarly, an interesting
open question is whether !E in Theorem 4 has Boltz-
mann weights on its diagonal. However, rigorously
answering this question in the positive seems to require
additional assumptions along the lines of nonintegra-
bility.

Acknowledgments. MM would like to thank Jens Eis-
ert, Joe Emerson, Patrick Hayden, and Sandu Popescu
for discussions in early stages of this project, and Os-
car Dahlsten for comments. Research at Perimeter
Institute is supported in part by the Government of
Canada through NSERC and by the Province of On-
tario through MRI. LM acknowledges support from the
EU ERC Advanced Grant NLST (PHYS RQ8784), EU
Qessence project, EPSRC and the Templeton Founda-
tion. This work was partially supported by the COST
Action MP1209.

!E :=

Z 1

�1
dt g(t)e�iH⇤0 t

�
Tr⇤n\⇤0 |EihE|

�
eiH⇤0 t.

Gaussian, centered at 0

• Lieb-Robinson: result will in Λ still look very much as if

       evolved under the full Hamiltonian

|EihE|
H⇤n

) Tr⇤shell!E ⇡ Tr⇤n\⇤|EihE|.

• Decoherence across boundary of Λ’ suppresses off-diag.:
|e1 � e2| � 1 ) |he1|!E |e2i| ⇡ 0.



2. Eigenstate therm.

 Thermalization and canonical typicality in translation-invariant quantum lattice systems                    Markus P. Müller

Weak eigenstate thermalization: proof sketch

4

As an example, if ⇢
(n)
0

is a pure state | (n)
0

i ⇠P
u��<Ei/|⇤n|<u |Eii which is a “flat” uniform super-

position of eigenstates |Eii of Hp
⇤n

, Theorem 3 applies.
This recovers (in a different context) results of [10].

Finite-size estimates. Estimates on how large ⇤n has
to be to have good agreement with our results, such as
bounding �n,⇤ in (1), are expected to depend strongly
on the details of the model, such as distance to phase
transitions, correlation lengths etc. [23]. To get some in-
tuition, we give analytic bounds for the non-interacting
Ising model (cf. also [4]). We set ⇤n = [1, n] ⇢ Z1,
and H

⇤

:=

P
i2⇤

Zi, where Zi is the Pauli Z-matrix at
site i. Then the microcanonical state ⌧n is permutation-
invariant, and the canonical state is a product state,
�
⇤n(�) = �⌦n

{1}(�). Computing �n,⇤ via (1) is nonethe-
less a non-trivial problem. In the case where � = 0, ⌧n is
the uniform mixture over a type class, and the classical
finite de Finetti theorem [22] yields

kTr
⇤n\⇤ ⌧n � �

⌦|⇤|
{1} (�)k

1

 4|⇤|
n

.

Thus, for fixed 1-norm distance, the total system
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alytically that a similar behavior remains valid if � > 0,
and we show numerically that randomly generated
translation-invariant nearest-neighbor interactions in
one dimension behave similarly.

Weak eigenstate thermalization. Consider the setup in
Fig. 2. It would be desirable to remove condition (5),
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would like to show that thermalization is true even on
the level of individual energy eigenstates |Ei of H

⇤n ,
in the sense that Tr

⇤n\⇤ |EihE| ⇡ Tr

⇤n\⇤ �⇤n(�) ⇡
Tr

⇤shell �⇤0
(�) if the shell is large enough. Here we prove

Figure 2: Subregions of the whole lattice ⇤n. We enlarge ⇤ by set-
ting ⇤0 = ⇤ [ ⇤shell, where ⇤shell contains all sites outside of ⇤
which have distance l or less to ⇤. The number of terms of H⇤n that
have support on both ⇤0 and ⇤n \ ⇤0 is denoted A, which quantifies
the size of the boundary area of ⇤0.

a weak version of this eigenstate thermalization hypothesis
(ETH) [33, 34] by applying a Lieb-Robinson bound [30–
32]: for models with finite-range interaction, there are
constants c, C, v > 0 such that for all operators X and Y
supported on finite regions X ,Y of distance �, it holds
k[X(t), Y ]k  C kXkkY kmin{|X |, |Y|} e�c[��v|t|],
where X(t) = eiH⇤n tXe�iH⇤n t.

Theorem 4. There is a state !E on ⇤

0 such that
��
Tr

⇤shell(!E)� Tr

⇤n\⇤ |EihE|
��
1

  · e�c(l�r)/2, (8)

where  = 2AJ(CA + 2)

q
l�r
8cv2 and J = maxX khXk,

which is weakly diagonal in the eigenbasis {|ei} of H
⇤

0 , i.e.

|he
1

|!E |e2i|  e�(l�r)(e1�e2)
2/(8cv2

). (9)

The ETH corresponds to !E = �
⇤

0
(�). While we can-

not prove this in general, our result shows that both
states are (close to) diagonal in the eigenbasis of H

⇤

0 .
To sketch the proof (detailed in the supplementary

material), define !E by evolving Tr

⇤n\⇤0 |EihE| accord-
ing to H

⇤

0 and averaging the result over small t; con-
cretely, !E :=

R1
�1dt g(t) e

�iH⇤0 t
Tr

⇤n\⇤0 |EihE| eiH⇤0 t,
with g(t) some Gaussian. The Lieb-Robinson bound
guarantees finite speed of information transmission,
such that the result will within ⇤ still look very much
as if the initial state |EihE| evolved according to the full
Hamiltonian H

⇤n , if the shell is large enough. Since
|EihE| is stationary, this leads to (8). On the other hand,
interaction across the boundary of ⇤0 will decohere the
state Tr

⇤n\⇤0 |EihE|; in particular, coherences corre-
sponding to energy levels e

1

, e
2

with large |e
1

� e
2

| will
be suppressed, which yields (9).

Conclusions. We have shown that small subsystems
of closed translation-invariant quantum systems with
finite-range interaction thermalize, in the sense that
they relax towards the reduction of the global Gibbs
state. In doing so we not only provide a rigorous
explanation for how a wide class of physically signif-
icant Hamiltonians thermalize, but also show that the
correct correspondence is with a reduction of the global
system’s Gibbs state, not its local Gibbs state. This work
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bounds, but these may well depend on details of the
specific model or interaction. Similarly, an interesting
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satisfy �1  X  1. Since we apply this to an observable on ⇤, it follows that X is fully supported on ⇤. We also
use the fact that eiHt|EihE|e�iHt

= |EihE| for any t, obtaining��
Tr

¯

⇤

�
e�iH⇤0 t|EihE|eiH⇤0 t � |EihE|���

1

= max

X

��
Tr

⇥
X

�
e�iH⇤0 teiHt|EihE|e�iHteiH⇤0 t � |EihE|�⇤��

= max

X

��hE|e�iHteiH⇤0 tXe�iH⇤0 teiHt �X|Ei�� . (52)

Now we use the inequality |h↵|Y |�i|  kY k1 for any pair of unit vectors |↵i, |�i. Also, we use the fact that [X,H
¯

⇤

0 ] =

[H
⇤

0 , H
¯

⇤

0 ] = 0, and define HA := H �H
¯

⇤

0 �H
⇤

0 . We obtain��hE|e�iHteiH⇤0 tXe�iH⇤0 teiHt �X|Ei�� 
���e�iHtei(H�HA)tXe�i(H�HA)teiHt �X

���
1

(53)

Next, we use the matrix identity M(t) �M(0) =

R t

0

dt
1

@
@t1

M(t
1

), the triangle inequality, and the unitary invariance
of the operator norm, ke�iHt1Y eiHt1k1 = kY k1. If t � 0 then���e�iHtei(H�HA)tXe�i(H�HA)teiHt �X

���
1

=

����Z t

0

dt
1

@

@t
1

⇣
e�iHt1ei(H�HA)t1Xe�i(H�HA)t1eiHt1

⌘����
1


Z |t|

0

dt
1

��⇥HA , eiH⇤0 t1Xe�iH⇤0 t1
⇤��

1 .

If t < 0, then the substitution t
2

:= �t
1

in the integral yields

���e�iHtei(H�HA)tXe�i(H�HA)teiHt �X
���
1

=

�����
Z |t|

0

dt
2

@

@t
2

⇣
eiHt2e�i(H�HA)t2Xei(H�HA)t2e�iHt2

⌘�����
1


Z |t|

0

dt
2

��⇥HA , e�iH⇤0 t2XeiH⇤0 t2
⇤��

1 .

In both cases, we can apply the Lieb-Robinson bound to the two regions X = ⇤ and Y the support region of HA

(covering the boundary of ⇤0 and of ¯⇤0). For all t 2 R, we get��⇥HA , eiH⇤0 tXe�iH⇤0 t
⇤��

1  kHAk1 min

n
2, CA e�c(l�r)+cv|t|

o
,

which implies

���e�iHtei(H�HA)tXe�i(H�HA)teiHt �X
���
1

 kHAk1 min

(Z |t|

0

dt
1

· 2,
Z |t|

0

dt
1

CAe�c(l�r)+cv|t1|

)
 kHAk1 min

n
2|t|, CA|t|e�c(l�r)+cv|t|

o
.



2. Eigenstate therm.

 Thermalization and canonical typicality in translation-invariant quantum lattice systems                    Markus P. Müller

Weak eigenstate thermalization: proof sketch

4

As an example, if ⇢
(n)
0

is a pure state | (n)
0

i ⇠P
u��<Ei/|⇤n|<u |Eii which is a “flat” uniform super-

position of eigenstates |Eii of Hp
⇤n

, Theorem 3 applies.
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Thus, for fixed 1-norm distance, the total system
size has to be increased linearly with the size of the
subsystem. In the supplemental material, we prove an-
alytically that a similar behavior remains valid if � > 0,
and we show numerically that randomly generated
translation-invariant nearest-neighbor interactions in
one dimension behave similarly.

Weak eigenstate thermalization. Consider the setup in
Fig. 2. It would be desirable to remove condition (5),
which says that the initial state must populate as many
eigenstates as possible. In the most extreme case, one
would like to show that thermalization is true even on
the level of individual energy eigenstates |Ei of H
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Figure 2: Subregions of the whole lattice ⇤n. We enlarge ⇤ by set-
ting ⇤0 = ⇤ [ ⇤shell, where ⇤shell contains all sites outside of ⇤
which have distance l or less to ⇤. The number of terms of H⇤n that
have support on both ⇤0 and ⇤n \ ⇤0 is denoted A, which quantifies
the size of the boundary area of ⇤0.
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The ETH corresponds to !E = �
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(�). While we can-

not prove this in general, our result shows that both
states are (close to) diagonal in the eigenbasis of H
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To sketch the proof (detailed in the supplementary

material), define !E by evolving Tr

⇤n\⇤0 |EihE| accord-
ing to H
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0 and averaging the result over small t; con-
cretely, !E :=
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with g(t) some Gaussian. The Lieb-Robinson bound
guarantees finite speed of information transmission,
such that the result will within ⇤ still look very much
as if the initial state |EihE| evolved according to the full
Hamiltonian H
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|EihE| is stationary, this leads to (8). On the other hand,
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be suppressed, which yields (9).

Conclusions. We have shown that small subsystems
of closed translation-invariant quantum systems with
finite-range interaction thermalize, in the sense that
they relax towards the reduction of the global Gibbs
state. In doing so we not only provide a rigorous
explanation for how a wide class of physically signif-
icant Hamiltonians thermalize, but also show that the
correct correspondence is with a reduction of the global
system’s Gibbs state, not its local Gibbs state. This work
opens a number of interesting avenues for future work.
One open problem is to obtain more explicit finite-size
bounds, but these may well depend on details of the
specific model or interaction. Similarly, an interesting
open question is whether !E in Theorem 4 has Boltz-
mann weights on its diagonal. However, rigorously
answering this question in the positive seems to require
additional assumptions along the lines of nonintegra-
bility.
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As an example, if ⇢
(n)
0

is a pure state | (n)
0

i ⇠P
u��<Ei/|⇤n|<u |Eii which is a “flat” uniform super-

position of eigenstates |Eii of Hp
⇤n

, Theorem 3 applies.
This recovers (in a different context) results of [10].

Finite-size estimates. Estimates on how large ⇤n has
to be to have good agreement with our results, such as
bounding �n,⇤ in (1), are expected to depend strongly
on the details of the model, such as distance to phase
transitions, correlation lengths etc. [23]. To get some in-
tuition, we give analytic bounds for the non-interacting
Ising model (cf. also [4]). We set ⇤n = [1, n] ⇢ Z1,
and H

⇤

:=

P
i2⇤

Zi, where Zi is the Pauli Z-matrix at
site i. Then the microcanonical state ⌧n is permutation-
invariant, and the canonical state is a product state,
�
⇤n(�) = �⌦n

{1}(�). Computing �n,⇤ via (1) is nonethe-
less a non-trivial problem. In the case where � = 0, ⌧n is
the uniform mixture over a type class, and the classical
finite de Finetti theorem [22] yields

kTr
⇤n\⇤ ⌧n � �

⌦|⇤|
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 4|⇤|
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Thus, for fixed 1-norm distance, the total system
size has to be increased linearly with the size of the
subsystem. In the supplemental material, we prove an-
alytically that a similar behavior remains valid if � > 0,
and we show numerically that randomly generated
translation-invariant nearest-neighbor interactions in
one dimension behave similarly.

Weak eigenstate thermalization. Consider the setup in
Fig. 2. It would be desirable to remove condition (5),
which says that the initial state must populate as many
eigenstates as possible. In the most extreme case, one
would like to show that thermalization is true even on
the level of individual energy eigenstates |Ei of H

⇤n ,
in the sense that Tr

⇤n\⇤ |EihE| ⇡ Tr

⇤n\⇤ �⇤n(�) ⇡
Tr

⇤shell �⇤0
(�) if the shell is large enough. Here we prove

Figure 2: Subregions of the whole lattice ⇤n. We enlarge ⇤ by set-
ting ⇤0 = ⇤ [ ⇤shell, where ⇤shell contains all sites outside of ⇤
which have distance l or less to ⇤. The number of terms of H⇤n that
have support on both ⇤0 and ⇤n \ ⇤0 is denoted A, which quantifies
the size of the boundary area of ⇤0.

a weak version of this eigenstate thermalization hypothesis
(ETH) [33, 34] by applying a Lieb-Robinson bound [30–
32]: for models with finite-range interaction, there are
constants c, C, v > 0 such that for all operators X and Y
supported on finite regions X ,Y of distance �, it holds
k[X(t), Y ]k  C kXkkY kmin{|X |, |Y|} e�c[��v|t|],
where X(t) = eiH⇤n tXe�iH⇤n t.

Theorem 4. There is a state !E on ⇤

0 such that
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⇤n\⇤ |EihE|
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1

  · e�c(l�r)/2, (8)

where  = 2AJ(CA + 2)
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which is weakly diagonal in the eigenbasis {|ei} of H
⇤

0 , i.e.
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1

|!E |e2i|  e�(l�r)(e1�e2)
2/(8cv2

). (9)

The ETH corresponds to !E = �
⇤

0
(�). While we can-

not prove this in general, our result shows that both
states are (close to) diagonal in the eigenbasis of H

⇤

0 .
To sketch the proof (detailed in the supplementary

material), define !E by evolving Tr

⇤n\⇤0 |EihE| accord-
ing to H

⇤

0 and averaging the result over small t; con-
cretely, !E :=

R1
�1dt g(t) e

�iH⇤0 t
Tr

⇤n\⇤0 |EihE| eiH⇤0 t,
with g(t) some Gaussian. The Lieb-Robinson bound
guarantees finite speed of information transmission,
such that the result will within ⇤ still look very much
as if the initial state |EihE| evolved according to the full
Hamiltonian H

⇤n , if the shell is large enough. Since
|EihE| is stationary, this leads to (8). On the other hand,
interaction across the boundary of ⇤0 will decohere the
state Tr

⇤n\⇤0 |EihE|; in particular, coherences corre-
sponding to energy levels e

1

, e
2

with large |e
1

� e
2

| will
be suppressed, which yields (9).

Conclusions. We have shown that small subsystems
of closed translation-invariant quantum systems with
finite-range interaction thermalize, in the sense that
they relax towards the reduction of the global Gibbs
state. In doing so we not only provide a rigorous
explanation for how a wide class of physically signif-
icant Hamiltonians thermalize, but also show that the
correct correspondence is with a reduction of the global
system’s Gibbs state, not its local Gibbs state. This work
opens a number of interesting avenues for future work.
One open problem is to obtain more explicit finite-size
bounds, but these may well depend on details of the
specific model or interaction. Similarly, an interesting
open question is whether !E in Theorem 4 has Boltz-
mann weights on its diagonal. However, rigorously
answering this question in the positive seems to require
additional assumptions along the lines of nonintegra-
bility.
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As an example, if ⇢
(n)
0

is a pure state | (n)
0

i ⇠P
u��<Ei/|⇤n|<u |Eii which is a “flat” uniform super-

position of eigenstates |Eii of Hp
⇤n

, Theorem 3 applies.
This recovers (in a different context) results of [10].

Finite-size estimates. Estimates on how large ⇤n has
to be to have good agreement with our results, such as
bounding �n,⇤ in (1), are expected to depend strongly
on the details of the model, such as distance to phase
transitions, correlation lengths etc. [23]. To get some in-
tuition, we give analytic bounds for the non-interacting
Ising model (cf. also [4]). We set ⇤n = [1, n] ⇢ Z1,
and H

⇤

:=

P
i2⇤

Zi, where Zi is the Pauli Z-matrix at
site i. Then the microcanonical state ⌧n is permutation-
invariant, and the canonical state is a product state,
�
⇤n(�) = �⌦n

{1}(�). Computing �n,⇤ via (1) is nonethe-
less a non-trivial problem. In the case where � = 0, ⌧n is
the uniform mixture over a type class, and the classical
finite de Finetti theorem [22] yields

kTr
⇤n\⇤ ⌧n � �

⌦|⇤|
{1} (�)k

1

 4|⇤|
n

.

Thus, for fixed 1-norm distance, the total system
size has to be increased linearly with the size of the
subsystem. In the supplemental material, we prove an-
alytically that a similar behavior remains valid if � > 0,
and we show numerically that randomly generated
translation-invariant nearest-neighbor interactions in
one dimension behave similarly.

Weak eigenstate thermalization. Consider the setup in
Fig. 2. It would be desirable to remove condition (5),
which says that the initial state must populate as many
eigenstates as possible. In the most extreme case, one
would like to show that thermalization is true even on
the level of individual energy eigenstates |Ei of H

⇤n ,
in the sense that Tr

⇤n\⇤ |EihE| ⇡ Tr

⇤n\⇤ �⇤n(�) ⇡
Tr

⇤shell �⇤0
(�) if the shell is large enough. Here we prove

Figure 2: Subregions of the whole lattice ⇤n. We enlarge ⇤ by set-
ting ⇤0 = ⇤ [ ⇤shell, where ⇤shell contains all sites outside of ⇤
which have distance l or less to ⇤. The number of terms of H⇤n that
have support on both ⇤0 and ⇤n \ ⇤0 is denoted A, which quantifies
the size of the boundary area of ⇤0.

a weak version of this eigenstate thermalization hypothesis
(ETH) [33, 34] by applying a Lieb-Robinson bound [30–
32]: for models with finite-range interaction, there are
constants c, C, v > 0 such that for all operators X and Y
supported on finite regions X ,Y of distance �, it holds
k[X(t), Y ]k  C kXkkY kmin{|X |, |Y|} e�c[��v|t|],
where X(t) = eiH⇤n tXe�iH⇤n t.

Theorem 4. There is a state !E on ⇤

0 such that
��
Tr

⇤shell(!E)� Tr

⇤n\⇤ |EihE|
��
1

  · e�c(l�r)/2, (8)

where  = 2AJ(CA + 2)

q
l�r
8cv2 and J = maxX khXk,

which is weakly diagonal in the eigenbasis {|ei} of H
⇤

0 , i.e.

|he
1

|!E |e2i|  e�(l�r)(e1�e2)
2/(8cv2

). (9)

The ETH corresponds to !E = �
⇤

0
(�). While we can-

not prove this in general, our result shows that both
states are (close to) diagonal in the eigenbasis of H

⇤

0 .
To sketch the proof (detailed in the supplementary

material), define !E by evolving Tr

⇤n\⇤0 |EihE| accord-
ing to H

⇤

0 and averaging the result over small t; con-
cretely, !E :=

R1
�1dt g(t) e

�iH⇤0 t
Tr

⇤n\⇤0 |EihE| eiH⇤0 t,
with g(t) some Gaussian. The Lieb-Robinson bound
guarantees finite speed of information transmission,
such that the result will within ⇤ still look very much
as if the initial state |EihE| evolved according to the full
Hamiltonian H

⇤n , if the shell is large enough. Since
|EihE| is stationary, this leads to (8). On the other hand,
interaction across the boundary of ⇤0 will decohere the
state Tr

⇤n\⇤0 |EihE|; in particular, coherences corre-
sponding to energy levels e

1

, e
2

with large |e
1

� e
2

| will
be suppressed, which yields (9).

Conclusions. We have shown that small subsystems
of closed translation-invariant quantum systems with
finite-range interaction thermalize, in the sense that
they relax towards the reduction of the global Gibbs
state. In doing so we not only provide a rigorous
explanation for how a wide class of physically signif-
icant Hamiltonians thermalize, but also show that the
correct correspondence is with a reduction of the global
system’s Gibbs state, not its local Gibbs state. This work
opens a number of interesting avenues for future work.
One open problem is to obtain more explicit finite-size
bounds, but these may well depend on details of the
specific model or interaction. Similarly, an interesting
open question is whether !E in Theorem 4 has Boltz-
mann weights on its diagonal. However, rigorously
answering this question in the positive seems to require
additional assumptions along the lines of nonintegra-
bility.
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Does it have

Boltzmann weights

on its diagonal??

Need more assumptions. (Translation-invariance! Non-integrability?)
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