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It is well-known in thermodynamics that the creation of correlations costs work. It seems then a
truism that if a thermodynamic transformation A ! B is impossible, so will be any transformation
that in sending A to B also correlates among them some auxiliary systems C. Surprisingly, we show
that this is not the case for non-equilibrium thermodynamics of microscopic systems. On the con-
trary, the creation of correlations greatly extends the set of accessible states, to the point that we can
perform on individual systems and in a single shot any transformation that would otherwise be pos-
sible only if the number of systems involved was very large. We also show that one only ever needs
to create a vanishingly small amount of correlations (as measured by mutual information) among
a small number of auxiliary systems (never more than three). The many, severe constraints of mi-
croscopic thermodynamics are reduced to the sole requirement that the non-equilibrium free energy
decreases in the transformation. This shows that, in principle, reliable extraction of work equal to the
free energy of a system can be performed by microscopic engines.

Single-shot thermodynamics studies non-equilibrium
transformations of a small number of microscopic sys-
tems in contact with a heat bath. It departs substan-
tially from the familiar description of equilibrium sit-
uations: the work necessary to create a state does not
coincide with the work that can be extracted from it [1];
necessary and sufficient conditions for the existence of
a thermodynamic transformation connecting two non-
equilibrium states involve an infinite family of free ener-
gies {F↵} [2]; the quality of the extracted work must be
carefully assessed due to fluctuations [3, 4]. New tools
and concepts are indeed needed in this regime and we
can now ask (and partially answer) many questions be-
yond those allowed in standard approaches [5–14].

In this paper we focus on the role of correlations in
this regime. We consider the general scenario in which,
given a system in any out-of-equilibrium state ⇢, we
want to obtain a target state �. We can use a thermal
bath and auxiliary systems c

1

, . . . , cN that catalyze the
transformation, but are given back unchanged. Severe
constraints need to be met for such a transformation to
exist [2]. We study here what happens if we allow the
auxiliary systems to get correlated in the process (see
Fig. 1).

At first glance it seems that this cannot be of any help,
because the creation of correlations increases the free
energy of the auxiliary systems. Hence, the argument
goes, the creation of correlations is yet another obsta-
cle to the requirement that the free energy has to de-
crease in the process. However, there is much more to
single-shot thermodynamics than just “the” free energy.
Surprisingly, we show that the creation of correlations
greatly enlarges the set of states that can be obtained
from ⇢. Indeed, any transformation that decreases the
free energy becomes possible in the single-shot regime.
In other words, all transformations that would be pos-

FIG. 1. The general scenario: a quantum state ⇢ is transformed
into a state � exploiting a thermal bath and auxiliary systems
that ease the transformation, but are given back unchanged
at the end. If correlations can be created among the auxiliary
systems, we prove that such transformation is possible if and
only if F (⇢) � F (�).

sible in the thermodynamic limit of processing n ! 1
uncorrelated copies of a system [10, 15] become possible
on individual systems. This gives a single-shot opera-
tional meaning to the free energy and shows that if an
engine can access uncorrelated auxiliary systems, it can
operate as if it was reversible, even in extreme thermo-
dynamic regimes. We also show that the correlations
that one needs to create for this purpose are always van-
ishingly small.

In this work we will focus on quantum states initially
incoherent in energy. Notice that because all states in
this paper are block-diagonal in the energy eigenbasis,
we identify quantum states and the vector of their eigen-
values. A new framework for incorporating the role of
quantum coherence in thermodynamics, based on sym-
metry principles, has been put forward in [16, 17]. We
leave for future research the question of how to unify the
symmetry analysis on coherence with the present con-
siderations on correlations.
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Figure 1. General experimental setup. From left to right, there are the
preparation, transformation and measurement devices. As soon as the release
button is pressed, the preparation device outputs a physical system in the state
specified by the knobs. The next device performs the transformation specified by
its knobs (which in particular can ‘do nothing’). The device on the right carries
out the measurement specified by its knobs, and the outcome (x or x̄) is indicated
by the corresponding light.

2. Generalized probabilistic theories

In CPT there can always be a joint probability distribution for all random variables under
consideration. The framework of generalized probabilistic theories (GPTs), also called the
convex operational framework, generalizes this by allowing the possibility of random variables
that cannot have a joint probability distribution or cannot be simultaneously measured (such as
noncommuting observables in QT).

This framework assumes that at some level there is a classical reality, where it makes
sense to talk about experimentalists performing basic operations such as preparations, mixtures,
measurements and counting the relative frequencies of outcomes. These are the primary
concepts of this framework. It also provides a unified way for all GPTs to represent states,
transformations and measurements. A particular GPT specifies which of these are allowed,
but it does not tell their correspondence to actual experimental setups. On its own, a GPT
can still make nontrivial predictions such as: the maximal violation of a Bell inequality [1],
the complexity-theoretic computational power [2, 18] and, in general, all information-theoretic
properties of the theory [6].

The framework of GPTs can be stated in different ways, but all lead to the same
formalism [3–9]. This formalism is presented in this section at a very basic level, providing
some elementary results without proofs.

2.1. States

Definition of a system. We associate with a setup like figure 1 a system if, for each configuration
of the preparation, transformation and measurement devices, the relative frequencies of the
outcomes tend to a unique probability distribution (in the large sample limit).

The probability of a measurement outcome x is denoted by p(x). This outcome can be
associated with a binary measurement that tells whether x happens or not (this second event
x̄ has probability p(x̄) = 1 � p(x)). The above definition of a system allows one to associate
with each preparation procedure a list of probabilities of the outcomes of all the measurements
that can be carried out on a system. As we show in section 4.3, our requirements imply that all
these probabilities p(x) are determined by a finite set of them; the smallest such set is used to
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Resource theory of cooking

1. Motivation: what is a resource theory?

Free operations: cutting, mixing etc.
Free objects: water, electricity,…?

Resource theory of chemistry

Category-theoretic formulation:

B. Coecke, T. Fritz, R. W. Spekkens,

A mathematical theory of resources,

arXiv:1409.5531
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Thought experiment: single particle in a box

✓
1
0

◆
heat bath, temperature T

L R
heat bath, temperature T

L R

?

✓
1/2
1/2

◆
+kBT ln 2

Reverse process: Landauer's Principle. 
                             Erasing 1 bit of information costs work.
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Why?

The inverse process is not dynamically impossible, but

hard for us to implement.

→ Thermodynamics derives from limited knowledge about

the physical system (thus, lack of control), together with

energy conservation and microscopic reversibility.
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Why?

R.T.: maximal generality; clear mathematical "rules of the game"


Reproduces and refines results of standard non-equilibrium 
thermodynamics.
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heat bath, temperature T
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Definition, results, surprises.

Extracting work from absence of correlations

Matteo Lostaglio,1 Markus P. Müller,2, 3, 4 and Michele Pastena4

1Department of Physics, Imperial College London, London SW7 2AZ, United Kingdom
2Department of Applied Mathematics, Department of Philosophy,
University of Western Ontario, London, ON N6A 5BY, Canada

3Perimeter Institute for Theoretical Physics, Waterloo, ON N2L 2Y5, Canada
4Institut für Theoretische Physik, Universität Heidelberg, Philosophenweg 19, D-69120 Heidelberg, Germany

(Dated: July 28, 2015)

It is well-known in thermodynamics that the creation of correlations costs work. It seems then a
truism that if a thermodynamic transformation A ! B is impossible, so will be any transformation
that in sending A to B also correlates among them some auxiliary systems C. Surprisingly, we show
that this is not the case for non-equilibrium thermodynamics of microscopic systems. On the con-
trary, the creation of correlations greatly extends the set of accessible states, to the point that we can
perform on individual systems and in a single shot any transformation that would otherwise be pos-
sible only if the number of systems involved was very large. We also show that one only ever needs
to create a vanishingly small amount of correlations (as measured by mutual information) among
a small number of auxiliary systems (never more than three). The many, severe constraints of mi-
croscopic thermodynamics are reduced to the sole requirement that the non-equilibrium free energy
decreases in the transformation. This shows that, in principle, reliable extraction of work equal to the
free energy of a system can be performed by microscopic engines.

Single-shot thermodynamics studies non-equilibrium
transformations of a small number of microscopic sys-
tems in contact with a heat bath. It departs substan-
tially from the familiar description of equilibrium sit-
uations: the work necessary to create a state does not
coincide with the work that can be extracted from it [1];
necessary and sufficient conditions for the existence of
a thermodynamic transformation connecting two non-
equilibrium states involve an infinite family of free ener-
gies {F↵} [2]; the quality of the extracted work must be
carefully assessed due to fluctuations [3, 4]. New tools
and concepts are indeed needed in this regime and we
can now ask (and partially answer) many questions be-
yond those allowed in standard approaches [5–14].

In this paper we focus on the role of correlations in
this regime. We consider the general scenario in which,
given a system in any out-of-equilibrium state ⇢, we
want to obtain a target state �. We can use a thermal
bath and auxiliary systems c

1

, . . . , cN that catalyze the
transformation, but are given back unchanged. Severe
constraints need to be met for such a transformation to
exist [2]. We study here what happens if we allow the
auxiliary systems to get correlated in the process (see
Fig. 1).

At first glance it seems that this cannot be of any help,
because the creation of correlations increases the free
energy of the auxiliary systems. Hence, the argument
goes, the creation of correlations is yet another obsta-
cle to the requirement that the free energy has to de-
crease in the process. However, there is much more to
single-shot thermodynamics than just “the” free energy.
Surprisingly, we show that the creation of correlations
greatly enlarges the set of states that can be obtained
from ⇢. Indeed, any transformation that decreases the
free energy becomes possible in the single-shot regime.
In other words, all transformations that would be pos-

FIG. 1. The general scenario: a quantum state ⇢ is transformed
into a state � exploiting a thermal bath and auxiliary systems
that ease the transformation, but are given back unchanged
at the end. If correlations can be created among the auxiliary
systems, we prove that such transformation is possible if and
only if F (⇢) � F (�).

sible in the thermodynamic limit of processing n ! 1
uncorrelated copies of a system [10, 15] become possible
on individual systems. This gives a single-shot opera-
tional meaning to the free energy and shows that if an
engine can access uncorrelated auxiliary systems, it can
operate as if it was reversible, even in extreme thermo-
dynamic regimes. We also show that the correlations
that one needs to create for this purpose are always van-
ishingly small.

In this work we will focus on quantum states initially
incoherent in energy. Notice that because all states in
this paper are block-diagonal in the energy eigenbasis,
we identify quantum states and the vector of their eigen-
values. A new framework for incorporating the role of
quantum coherence in thermodynamics, based on sym-
metry principles, has been put forward in [16, 17]. We
leave for future research the question of how to unify the
symmetry analysis on coherence with the present con-
siderations on correlations.

How to do more by knowing less…
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The resulting transformations are called thermal operations:
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� := 1/(kBT ) is now fixed.

Definition. A map � on a physical system S is a thermal operation if there

is another (ancilla) system A with energy levels (E1, . . . , EN ) and thus Gibbs

state �A = (e��E1 , . . . , e��En
)/Z, and an energy-preserving permutation ⇡ on

SA such that

�(pS) = (⇡[pS ⌦ �A])S .
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Completely general:                                  could meanpS =

✓
1/2
1/2

◆

?

One can also allow quantum coherences, ↵|0i+ �|1i

→ (quantum) thermodynamics, not necessarily "at the nano scale"

heat bath, temperature T

L R

?
OR
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Work extraction: what is the largest possible W such that

pS } energy

difference W ? } energy


difference W

within the rules of the resource theory?

S
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Work extraction: what is the largest possible W such that

pS } energy

difference W ?

by a catalytic thermal operation, if we allow 
a small probability ε>0 of error?
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Work extraction: what is the largest possible W such that

pS } energy

difference W ?

by a catalytic thermal operation, if we allow 
a small probability ε>0 of error?

S1

0 1� "

"

Work cost: what is the smallest possible W such that

pS} energy

difference W

1

0

�S

(up to ε)
?
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Theorem: The extractable work and work cost are

W
extr

= kBT
�
F "
0

(pS)� F (�S)
�
,

W
cost

= kBT
�
F "
1(pS)� F (�S)

�
,

where       is the Rényi α-free energy:F↵

F↵(pS) = kBT

 
sgn↵

↵� 1

log

X

i

p↵i exp

✓
�Ei(1� ↵)

kBT

◆!
� kBT logZ,

and
is the "standard" free energy.

F1(pS) = F (pS) = hEi � kBTS(pS)

M. Horodecki and J. Oppenheim, Fundamental limitations for quantum and nanoscale 
thermodynamics, Nature Communications 4, 2059 (2013).
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F0 F1F = F1

Fundamental thermodynamical irreversibility !

Landauer's Principle: if                      and two identical energies,
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Theorem: A transition                   is possible if and only ifpS ! p0S

F↵(pS) � F↵(p
0
S) for all ↵ � 0.

All α-free energies must go down!

Consequence: some states are incomparable, i.e.
neither                   norpS ! p0S p0S ! pS .

Again, in the thermodynamic limit, it all collapses to
F (pS) � F (p0S). Constant E ⇒ entropy cannot decrease.

F. Brandao, M. Horodecki, N. Ng, J. Oppenheim, and S. Wehner, The second laws of 
quantum thermodynamics, Proc. Natl. Acad. Sci. USA 112 (2015)
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It is well-known in thermodynamics that the creation of correlations costs work. It seems then a
truism that if a thermodynamic transformation A ! B is impossible, so will be any transformation
that in sending A to B also correlates among them some auxiliary systems C. Surprisingly, we show
that this is not the case for non-equilibrium thermodynamics of microscopic systems. On the con-
trary, the creation of correlations greatly extends the set of accessible states, to the point that we can
perform on individual systems and in a single shot any transformation that would otherwise be pos-
sible only if the number of systems involved was very large. We also show that one only ever needs
to create a vanishingly small amount of correlations (as measured by mutual information) among
a small number of auxiliary systems (never more than three). The many, severe constraints of mi-
croscopic thermodynamics are reduced to the sole requirement that the non-equilibrium free energy
decreases in the transformation. This shows that, in principle, reliable extraction of work equal to the
free energy of a system can be performed by microscopic engines.

Single-shot thermodynamics studies non-equilibrium
transformations of a small number of microscopic sys-
tems in contact with a heat bath. It departs substan-
tially from the familiar description of equilibrium sit-
uations: the work necessary to create a state does not
coincide with the work that can be extracted from it [1];
necessary and sufficient conditions for the existence of
a thermodynamic transformation connecting two non-
equilibrium states involve an infinite family of free ener-
gies {F↵} [2]; the quality of the extracted work must be
carefully assessed due to fluctuations [3, 4]. New tools
and concepts are indeed needed in this regime and we
can now ask (and partially answer) many questions be-
yond those allowed in standard approaches [5–14].

In this paper we focus on the role of correlations in
this regime. We consider the general scenario in which,
given a system in any out-of-equilibrium state ⇢, we
want to obtain a target state �. We can use a thermal
bath and auxiliary systems c

1

, . . . , cN that catalyze the
transformation, but are given back unchanged. Severe
constraints need to be met for such a transformation to
exist [2]. We study here what happens if we allow the
auxiliary systems to get correlated in the process (see
Fig. 1).

At first glance it seems that this cannot be of any help,
because the creation of correlations increases the free
energy of the auxiliary systems. Hence, the argument
goes, the creation of correlations is yet another obsta-
cle to the requirement that the free energy has to de-
crease in the process. However, there is much more to
single-shot thermodynamics than just “the” free energy.
Surprisingly, we show that the creation of correlations
greatly enlarges the set of states that can be obtained
from ⇢. Indeed, any transformation that decreases the
free energy becomes possible in the single-shot regime.
In other words, all transformations that would be pos-

FIG. 1. The general scenario: a quantum state ⇢ is transformed
into a state � exploiting a thermal bath and auxiliary systems
that ease the transformation, but are given back unchanged
at the end. If correlations can be created among the auxiliary
systems, we prove that such transformation is possible if and
only if F (⇢) � F (�).

sible in the thermodynamic limit of processing n ! 1
uncorrelated copies of a system [10, 15] become possible
on individual systems. This gives a single-shot opera-
tional meaning to the free energy and shows that if an
engine can access uncorrelated auxiliary systems, it can
operate as if it was reversible, even in extreme thermo-
dynamic regimes. We also show that the correlations
that one needs to create for this purpose are always van-
ishingly small.

In this work we will focus on quantum states initially
incoherent in energy. Notice that because all states in
this paper are block-diagonal in the energy eigenbasis,
we identify quantum states and the vector of their eigen-
values. A new framework for incorporating the role of
quantum coherence in thermodynamics, based on sym-
metry principles, has been put forward in [16, 17]. We
leave for future research the question of how to unify the
symmetry analysis on coherence with the present con-
siderations on correlations.

How to do more by knowing less…
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In standard thermodynamics, correlations are costly:

A BA B

F (pAB) � F (pA) + F (pB).

Comes from subadditivity of entropy:
S(pAB)  S(pA) + S(pB).

Simple intuition: correlations → agents know more than just 
                           individual states → can exploit that
One can "extract work from correlations".
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It's actually easier - stochastic independence 
can be "burnt like a fuel"!
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Didn't our intuition say the opposite??

A BA B

F (pAB) � F (pA) + F (pB).

However, in the resource theory of athermality, there is 
more then just "the" free energy.

For all α≢1 there are correlations with
F↵(pAB) < F↵(pA) + F↵(pB).

Knowling less makes you "less α-confused" and

allows you to do more.
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