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where µB = 1
|B| with |B| ⌘ dim B is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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Standard	view:	thermodynamic	limit



For	simplicity,	let	us	always	assume	that	we	work	at	
a	fixed	background	temperature	T	(and	fixed	volume).

Standard	view:	thermodynamic	limit



For	simplicity,	let	us	always	assume	that	we	work	at	
a	fixed	background	temperature	T	(and	fixed	volume).

Standard	view:	thermodynamic	limit

Folklore:	spontaneous	processes	have

�F  0
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(2nd	law),

where F = U � TS.
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If	this	is	negaGve,	then	we	can	extract	
of	work	from	the	system.

|�F |
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For	simplicity,	let	us	always	assume	that	we	work	at	
a	fixed	background	temperature	T	(and	fixed	volume).

Standard	view:	thermodynamic	limit

Folklore:	spontaneous	processes	have

�F  0
<latexit sha1_base64="pvMK9EOYy0ouxXH4YgdtCAKWrgc=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CiniM4JpAdg2zk95kyOzDmV4lLPkPLx5UvPox3vwbJ4+DJhY0FFXddHcFqRQabfvbKiwsLi2vFFdLa+sbm1vl7Z07nWSKg8sTmahmwDRIEYOLAiU0UwUsCiQ0gv7FyG88gtIiiW9xkIIfsW4sQsEZGuneuwSJjF55Eh6o3S5X7Ko9Bp0nzpRUyBT1dvnL6yQ8iyBGLpnWLcdO0c+ZQsElDEtepiFlvM+60DI0ZhFoPx9fPaQHRunQMFGmYqRj9fdEziKtB1FgOiOGPT3rjcT/vFaG4amfizjNEGI+WRRmkmJCRxHQjlDAUQ4MYVwJcyvlPaYYRxNUyYTgzL48T9yj6lnVuTmu1M6naRTJHtknh8QhJ6RGrkmduIQTRZ7JK3mznqwX6936mLQWrOnMLvkD6/MHlFiRdA==</latexit><latexit sha1_base64="pvMK9EOYy0ouxXH4YgdtCAKWrgc=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CiniM4JpAdg2zk95kyOzDmV4lLPkPLx5UvPox3vwbJ4+DJhY0FFXddHcFqRQabfvbKiwsLi2vFFdLa+sbm1vl7Z07nWSKg8sTmahmwDRIEYOLAiU0UwUsCiQ0gv7FyG88gtIiiW9xkIIfsW4sQsEZGuneuwSJjF55Eh6o3S5X7Ko9Bp0nzpRUyBT1dvnL6yQ8iyBGLpnWLcdO0c+ZQsElDEtepiFlvM+60DI0ZhFoPx9fPaQHRunQMFGmYqRj9fdEziKtB1FgOiOGPT3rjcT/vFaG4amfizjNEGI+WRRmkmJCRxHQjlDAUQ4MYVwJcyvlPaYYRxNUyYTgzL48T9yj6lnVuTmu1M6naRTJHtknh8QhJ6RGrkmduIQTRZ7JK3mznqwX6936mLQWrOnMLvkD6/MHlFiRdA==</latexit><latexit sha1_base64="pvMK9EOYy0ouxXH4YgdtCAKWrgc=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CiniM4JpAdg2zk95kyOzDmV4lLPkPLx5UvPox3vwbJ4+DJhY0FFXddHcFqRQabfvbKiwsLi2vFFdLa+sbm1vl7Z07nWSKg8sTmahmwDRIEYOLAiU0UwUsCiQ0gv7FyG88gtIiiW9xkIIfsW4sQsEZGuneuwSJjF55Eh6o3S5X7Ko9Bp0nzpRUyBT1dvnL6yQ8iyBGLpnWLcdO0c+ZQsElDEtepiFlvM+60DI0ZhFoPx9fPaQHRunQMFGmYqRj9fdEziKtB1FgOiOGPT3rjcT/vFaG4amfizjNEGI+WRRmkmJCRxHQjlDAUQ4MYVwJcyvlPaYYRxNUyYTgzL48T9yj6lnVuTmu1M6naRTJHtknh8QhJ6RGrkmduIQTRZ7JK3mznqwX6936mLQWrOnMLvkD6/MHlFiRdA==</latexit><latexit sha1_base64="pvMK9EOYy0ouxXH4YgdtCAKWrgc=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CiniM4JpAdg2zk95kyOzDmV4lLPkPLx5UvPox3vwbJ4+DJhY0FFXddHcFqRQabfvbKiwsLi2vFFdLa+sbm1vl7Z07nWSKg8sTmahmwDRIEYOLAiU0UwUsCiQ0gv7FyG88gtIiiW9xkIIfsW4sQsEZGuneuwSJjF55Eh6o3S5X7Ko9Bp0nzpRUyBT1dvnL6yQ8iyBGLpnWLcdO0c+ZQsElDEtepiFlvM+60DI0ZhFoPx9fPaQHRunQMFGmYqRj9fdEziKtB1FgOiOGPT3rjcT/vFaG4amfizjNEGI+WRRmkmJCRxHQjlDAUQ4MYVwJcyvlPaYYRxNUyYTgzL48T9yj6lnVuTmu1M6naRTJHtknh8QhJ6RGrkmduIQTRZ7JK3mznqwX6936mLQWrOnMLvkD6/MHlFiRdA==</latexit>

(2nd	law),

where F = U � TS.
<latexit sha1_base64="yPnqQbjH2nf4SZ8MvcPAmySrz0Q=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBiyERQT0IRUE8VmxsoQ1ls920SzebsLsRSuiP8OJBxav/x5v/xm2bg7Y+GHi8N8PMvDDlTGnX/bZKS8srq2vl9crG5tb2jr2796iSTBLqk4QnshViRTkT1NdMc9pKJcVxyGkzHN5M/OYTlYoloqFHKQ1i3BcsYgRrIzVvr/yTxoPTtauu406BFolXkCoUqHftr04vIVlMhSYcK9X23FQHOZaaEU7HlU6maIrJEPdp21CBY6qCfHruGB0ZpYeiRJoSGk3V3xM5jpUaxaHpjLEeqHlvIv7ntTMdXQQ5E2mmqSCzRVHGkU7Q5HfUY5ISzUeGYCKZuRWRAZaYaJNQxYTgzb+8SPxT59Lx7s+qtesijTIcwCEcgwfnUIM7qIMPBIbwDK/wZqXWi/VufcxaS1Yxsw9/YH3+AE8Njm4=</latexit><latexit sha1_base64="yPnqQbjH2nf4SZ8MvcPAmySrz0Q=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBiyERQT0IRUE8VmxsoQ1ls920SzebsLsRSuiP8OJBxav/x5v/xm2bg7Y+GHi8N8PMvDDlTGnX/bZKS8srq2vl9crG5tb2jr2796iSTBLqk4QnshViRTkT1NdMc9pKJcVxyGkzHN5M/OYTlYoloqFHKQ1i3BcsYgRrIzVvr/yTxoPTtauu406BFolXkCoUqHftr04vIVlMhSYcK9X23FQHOZaaEU7HlU6maIrJEPdp21CBY6qCfHruGB0ZpYeiRJoSGk3V3xM5jpUaxaHpjLEeqHlvIv7ntTMdXQQ5E2mmqSCzRVHGkU7Q5HfUY5ISzUeGYCKZuRWRAZaYaJNQxYTgzb+8SPxT59Lx7s+qtesijTIcwCEcgwfnUIM7qIMPBIbwDK/wZqXWi/VufcxaS1Yxsw9/YH3+AE8Njm4=</latexit><latexit sha1_base64="yPnqQbjH2nf4SZ8MvcPAmySrz0Q=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBiyERQT0IRUE8VmxsoQ1ls920SzebsLsRSuiP8OJBxav/x5v/xm2bg7Y+GHi8N8PMvDDlTGnX/bZKS8srq2vl9crG5tb2jr2796iSTBLqk4QnshViRTkT1NdMc9pKJcVxyGkzHN5M/OYTlYoloqFHKQ1i3BcsYgRrIzVvr/yTxoPTtauu406BFolXkCoUqHftr04vIVlMhSYcK9X23FQHOZaaEU7HlU6maIrJEPdp21CBY6qCfHruGB0ZpYeiRJoSGk3V3xM5jpUaxaHpjLEeqHlvIv7ntTMdXQQ5E2mmqSCzRVHGkU7Q5HfUY5ISzUeGYCKZuRWRAZaYaJNQxYTgzb+8SPxT59Lx7s+qtesijTIcwCEcgwfnUIM7qIMPBIbwDK/wZqXWi/VufcxaS1Yxsw9/YH3+AE8Njm4=</latexit><latexit sha1_base64="yPnqQbjH2nf4SZ8MvcPAmySrz0Q=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBiyERQT0IRUE8VmxsoQ1ls920SzebsLsRSuiP8OJBxav/x5v/xm2bg7Y+GHi8N8PMvDDlTGnX/bZKS8srq2vl9crG5tb2jr2796iSTBLqk4QnshViRTkT1NdMc9pKJcVxyGkzHN5M/OYTlYoloqFHKQ1i3BcsYgRrIzVvr/yTxoPTtauu406BFolXkCoUqHftr04vIVlMhSYcK9X23FQHOZaaEU7HlU6maIrJEPdp21CBY6qCfHruGB0ZpYeiRJoSGk3V3xM5jpUaxaHpjLEeqHlvIv7ntTMdXQQ5E2mmqSCzRVHGkU7Q5HfUY5ISzUeGYCKZuRWRAZaYaJNQxYTgzb+8SPxT59Lx7s+qtesijTIcwCEcgwfnUIM7qIMPBIbwDK/wZqXWi/VufcxaS1Yxsw9/YH3+AE8Njm4=</latexit>

If	this	is	negaGve,	then	we	can	extract	
of	work	from	the	system.

|�F |
<latexit sha1_base64="9Ucvu3904+90ZLgOOE5zDh3YNqM=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CiniM4JpgsoTZSScZMju7zPQKYZO/8OJBxauf482/cfI4aGJBQ1HVTXdXmEhh0HW/ndzS8srqWn69sLG5tb1T3N17MHGqOfg8lrGuh8yAFAp8FCihnmhgUSihFvavxn7tCbQRsbrHQQJBxLpKdARnaKXHYfMaJDJ6M2wVS27ZnYAuEm9GSmSGaqv41WzHPI1AIZfMmIbnJhhkTKPgEkaFZmogYbzPutCwVLEITJBNLh7RI6u0aSfWthTSifp7ImORMYMotJ0Rw56Z98bif14jxc55kAmVpAiKTxd1UkkxpuP3aVto4CgHljCuhb2V8h7TjKMNqWBD8OZfXiT+Sfmi7N2dliqXszTy5IAckmPikTNSIbekSnzCiSLP5JW8OcZ5cd6dj2lrzpnN7JM/cD5/AH3LkFY=</latexit><latexit sha1_base64="9Ucvu3904+90ZLgOOE5zDh3YNqM=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CiniM4JpgsoTZSScZMju7zPQKYZO/8OJBxauf482/cfI4aGJBQ1HVTXdXmEhh0HW/ndzS8srqWn69sLG5tb1T3N17MHGqOfg8lrGuh8yAFAp8FCihnmhgUSihFvavxn7tCbQRsbrHQQJBxLpKdARnaKXHYfMaJDJ6M2wVS27ZnYAuEm9GSmSGaqv41WzHPI1AIZfMmIbnJhhkTKPgEkaFZmogYbzPutCwVLEITJBNLh7RI6u0aSfWthTSifp7ImORMYMotJ0Rw56Z98bif14jxc55kAmVpAiKTxd1UkkxpuP3aVto4CgHljCuhb2V8h7TjKMNqWBD8OZfXiT+Sfmi7N2dliqXszTy5IAckmPikTNSIbekSnzCiSLP5JW8OcZ5cd6dj2lrzpnN7JM/cD5/AH3LkFY=</latexit><latexit sha1_base64="9Ucvu3904+90ZLgOOE5zDh3YNqM=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CiniM4JpgsoTZSScZMju7zPQKYZO/8OJBxauf482/cfI4aGJBQ1HVTXdXmEhh0HW/ndzS8srqWn69sLG5tb1T3N17MHGqOfg8lrGuh8yAFAp8FCihnmhgUSihFvavxn7tCbQRsbrHQQJBxLpKdARnaKXHYfMaJDJ6M2wVS27ZnYAuEm9GSmSGaqv41WzHPI1AIZfMmIbnJhhkTKPgEkaFZmogYbzPutCwVLEITJBNLh7RI6u0aSfWthTSifp7ImORMYMotJ0Rw56Z98bif14jxc55kAmVpAiKTxd1UkkxpuP3aVto4CgHljCuhb2V8h7TjKMNqWBD8OZfXiT+Sfmi7N2dliqXszTy5IAckmPikTNSIbekSnzCiSLP5JW8OcZ5cd6dj2lrzpnN7JM/cD5/AH3LkFY=</latexit><latexit sha1_base64="9Ucvu3904+90ZLgOOE5zDh3YNqM=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CiniM4JpgsoTZSScZMju7zPQKYZO/8OJBxauf482/cfI4aGJBQ1HVTXdXmEhh0HW/ndzS8srqWn69sLG5tb1T3N17MHGqOfg8lrGuh8yAFAp8FCihnmhgUSihFvavxn7tCbQRsbrHQQJBxLpKdARnaKXHYfMaJDJ6M2wVS27ZnYAuEm9GSmSGaqv41WzHPI1AIZfMmIbnJhhkTKPgEkaFZmogYbzPutCwVLEITJBNLh7RI6u0aSfWthTSifp7ImORMYMotJ0Rw56Z98bif14jxc55kAmVpAiKTxd1UkkxpuP3aVto4CgHljCuhb2V8h7TjKMNqWBD8OZfXiT+Sfmi7N2dliqXszTy5IAckmPikTNSIbekSnzCiSLP5JW8OcZ5cd6dj2lrzpnN7JM/cD5/AH3LkFY=</latexit>

But	this	is	a	statement	on	average,	since	“work”	is	
a	random	variable.



Standard	view:	thermodynamic	limit

Work	is	a	random	variable	(for	any	given	process):
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<latexit sha1_base64="QSgTTvK8UW/7zUKlKuvasyW9owQ=">AAAB9HicbVBNS8NAFHypX7V+VT16WSxCvZREBPVW9OLNCsYW2lg22027dLMJuxulhPwPLx5UvPpjvPlv3LQ5aOvAwjDzHm92/JgzpW372yotLa+srpXXKxubW9s71d29exUlklCXRDySHR8rypmgrmaa004sKQ59Ttv++Cr3249UKhaJOz2JqRfioWABI1gb6aEXYj0imKc3WV0c96s1u2FPgRaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHSaOkNHRhmgIJLmCY2m6u+NFIdKTULfTOYp1byXi/953UQH517KRJxoKsjsUJBwpCOUV4AGTFKi+cQQTCQzWREZYYmJNkVVTAnO/JcXiXvSuGg4t6e15mXRRhkO4BDq4MAZNOEaWuACAQnP8Apv1pP1Yr1bH7PRklXs7MMfWJ8/jdeSFg==</latexit><latexit sha1_base64="QSgTTvK8UW/7zUKlKuvasyW9owQ=">AAAB9HicbVBNS8NAFHypX7V+VT16WSxCvZREBPVW9OLNCsYW2lg22027dLMJuxulhPwPLx5UvPpjvPlv3LQ5aOvAwjDzHm92/JgzpW372yotLa+srpXXKxubW9s71d29exUlklCXRDySHR8rypmgrmaa004sKQ59Ttv++Cr3249UKhaJOz2JqRfioWABI1gb6aEXYj0imKc3WV0c96s1u2FPgRaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHSaOkNHRhmgIJLmCY2m6u+NFIdKTULfTOYp1byXi/953UQH517KRJxoKsjsUJBwpCOUV4AGTFKi+cQQTCQzWREZYYmJNkVVTAnO/JcXiXvSuGg4t6e15mXRRhkO4BDq4MAZNOEaWuACAQnP8Apv1pP1Yr1bH7PRklXs7MMfWJ8/jdeSFg==</latexit><latexit sha1_base64="QSgTTvK8UW/7zUKlKuvasyW9owQ=">AAAB9HicbVBNS8NAFHypX7V+VT16WSxCvZREBPVW9OLNCsYW2lg22027dLMJuxulhPwPLx5UvPpjvPlv3LQ5aOvAwjDzHm92/JgzpW372yotLa+srpXXKxubW9s71d29exUlklCXRDySHR8rypmgrmaa004sKQ59Ttv++Cr3249UKhaJOz2JqRfioWABI1gb6aEXYj0imKc3WV0c96s1u2FPgRaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHSaOkNHRhmgIJLmCY2m6u+NFIdKTULfTOYp1byXi/953UQH517KRJxoKsjsUJBwpCOUV4AGTFKi+cQQTCQzWREZYYmJNkVVTAnO/JcXiXvSuGg4t6e15mXRRhkO4BDq4MAZNOEaWuACAQnP8Apv1pP1Yr1bH7PRklXs7MMfWJ8/jdeSFg==</latexit><latexit sha1_base64="QSgTTvK8UW/7zUKlKuvasyW9owQ=">AAAB9HicbVBNS8NAFHypX7V+VT16WSxCvZREBPVW9OLNCsYW2lg22027dLMJuxulhPwPLx5UvPpjvPlv3LQ5aOvAwjDzHm92/JgzpW372yotLa+srpXXKxubW9s71d29exUlklCXRDySHR8rypmgrmaa004sKQ59Ttv++Cr3249UKhaJOz2JqRfioWABI1gb6aEXYj0imKc3WV0c96s1u2FPgRaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHSaOkNHRhmgIJLmCY2m6u+NFIdKTULfTOYp1byXi/953UQH517KRJxoKsjsUJBwpCOUV4AGTFKi+cQQTCQzWREZYYmJNkVVTAnO/JcXiXvSuGg4t6e15mXRRhkO4BDq4MAZNOEaWuACAQnP8Apv1pP1Yr1bH7PRklXs7MMfWJ8/jdeSFg==</latexit>

O(
p
n)

<latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit>

�F
<latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit>

W



Standard	view:	thermodynamic	limit

Work	is	a	random	variable	(for	any	given	process):
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O(n)
<latexit sha1_base64="QSgTTvK8UW/7zUKlKuvasyW9owQ=">AAAB9HicbVBNS8NAFHypX7V+VT16WSxCvZREBPVW9OLNCsYW2lg22027dLMJuxulhPwPLx5UvPpjvPlv3LQ5aOvAwjDzHm92/JgzpW372yotLa+srpXXKxubW9s71d29exUlklCXRDySHR8rypmgrmaa004sKQ59Ttv++Cr3249UKhaJOz2JqRfioWABI1gb6aEXYj0imKc3WV0c96s1u2FPgRaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHSaOkNHRhmgIJLmCY2m6u+NFIdKTULfTOYp1byXi/953UQH517KRJxoKsjsUJBwpCOUV4AGTFKi+cQQTCQzWREZYYmJNkVVTAnO/JcXiXvSuGg4t6e15mXRRhkO4BDq4MAZNOEaWuACAQnP8Apv1pP1Yr1bH7PRklXs7MMfWJ8/jdeSFg==</latexit><latexit sha1_base64="QSgTTvK8UW/7zUKlKuvasyW9owQ=">AAAB9HicbVBNS8NAFHypX7V+VT16WSxCvZREBPVW9OLNCsYW2lg22027dLMJuxulhPwPLx5UvPpjvPlv3LQ5aOvAwjDzHm92/JgzpW372yotLa+srpXXKxubW9s71d29exUlklCXRDySHR8rypmgrmaa004sKQ59Ttv++Cr3249UKhaJOz2JqRfioWABI1gb6aEXYj0imKc3WV0c96s1u2FPgRaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHSaOkNHRhmgIJLmCY2m6u+NFIdKTULfTOYp1byXi/953UQH517KRJxoKsjsUJBwpCOUV4AGTFKi+cQQTCQzWREZYYmJNkVVTAnO/JcXiXvSuGg4t6e15mXRRhkO4BDq4MAZNOEaWuACAQnP8Apv1pP1Yr1bH7PRklXs7MMfWJ8/jdeSFg==</latexit><latexit sha1_base64="QSgTTvK8UW/7zUKlKuvasyW9owQ=">AAAB9HicbVBNS8NAFHypX7V+VT16WSxCvZREBPVW9OLNCsYW2lg22027dLMJuxulhPwPLx5UvPpjvPlv3LQ5aOvAwjDzHm92/JgzpW372yotLa+srpXXKxubW9s71d29exUlklCXRDySHR8rypmgrmaa004sKQ59Ttv++Cr3249UKhaJOz2JqRfioWABI1gb6aEXYj0imKc3WV0c96s1u2FPgRaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHSaOkNHRhmgIJLmCY2m6u+NFIdKTULfTOYp1byXi/953UQH517KRJxoKsjsUJBwpCOUV4AGTFKi+cQQTCQzWREZYYmJNkVVTAnO/JcXiXvSuGg4t6e15mXRRhkO4BDq4MAZNOEaWuACAQnP8Apv1pP1Yr1bH7PRklXs7MMfWJ8/jdeSFg==</latexit><latexit sha1_base64="QSgTTvK8UW/7zUKlKuvasyW9owQ=">AAAB9HicbVBNS8NAFHypX7V+VT16WSxCvZREBPVW9OLNCsYW2lg22027dLMJuxulhPwPLx5UvPpjvPlv3LQ5aOvAwjDzHm92/JgzpW372yotLa+srpXXKxubW9s71d29exUlklCXRDySHR8rypmgrmaa004sKQ59Ttv++Cr3249UKhaJOz2JqRfioWABI1gb6aEXYj0imKc3WV0c96s1u2FPgRaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHSaOkNHRhmgIJLmCY2m6u+NFIdKTULfTOYp1byXi/953UQH517KRJxoKsjsUJBwpCOUV4AGTFKi+cQQTCQzWREZYYmJNkVVTAnO/JcXiXvSuGg4t6e15mXRRhkO4BDq4MAZNOEaWuACAQnP8Apv1pP1Yr1bH7PRklXs7MMfWJ8/jdeSFg==</latexit>

O(
p
n)

<latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit><latexit sha1_base64="+683S0RvKozl+r2wwp1zuFiKsNI=">AAAB/XicbVBNS8NAFNz4WetXVDx5CRahXkoignorevFmBWMLTSib7aZdutnE3RehhIB/xYsHFa/+D2/+GzdtDto6sDDMvMebnSDhTIFtfxsLi0vLK6uVter6xubWtrmze6/iVBLqkpjHshNgRTkT1AUGnHYSSXEUcNoORleF336kUrFY3ME4oX6EB4KFjGDQUs/c9yIMQ4J5dpPXPfUgIRP5cc+s2Q17AmueOCWpoRKtnvnl9WOSRlQA4ViprmMn4GdYAiOc5lUvVTTBZIQHtKupwBFVfjaJn1tHWulbYSz1E2BN1N8bGY6UGkeBnizCqlmvEP/zuimE537GRJICFWR6KEy5BbFVdGH1maQE+FgTTCTTWS0yxBIT0I1VdQnO7JfniXvSuGg4t6e15mXZRgUdoENURw46Q010jVrIRQRl6Bm9ojfjyXgx3o2P6eiCUe7soT8wPn8A74SVqw==</latexit>

�F
<latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit><latexit sha1_base64="yJQ9QD17RE30eJRcZJnCKdXZuxA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FRTxWMLbQhrLZTtulm03c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZemAiujet+O4Wl5ZXVteJ6aWNza3unvLv3oONUMfRZLGLVDKlGwSX6hhuBzUQhjUKBjXB4NfEbT6g0j+W9GSUYRLQveY8zaqzUbF+jMJTcdMoVt+pOQRaJl5MK5Kh3yl/tbszSCKVhgmrd8tzEBBlVhjOB41I71ZhQNqR9bFkqaYQ6yKb3jsmRVbqkFytb0pCp+nsio5HWoyi0nRE1Az3vTcT/vFZqeudBxmWSGpRstqiXCmJiMnmedLlCZsTIEsoUt7cSNqCKMmMjKtkQvPmXF4l/Ur2oenenldplnkYRDuAQjsGDM6jBLdTBBwYCnuEV3pxH58V5dz5mrQUnn9mHP3A+fwC12Y9K</latexit>

W

Reliably	extractable	work	“is”	
only	true	in	the	thermodynamic	limit	
when	fluctuaGons	become	irrelevant	(law	of	large	numbers).

�F :
<latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit><latexit sha1_base64="SEUXtJg2jnz/fw7bPzCSDcA95uI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMUVMRjBNdEkiXMTnqTIbOzy8ysEJZ8hRcPKl79HW/+jZPHQaMFDUVVN91dYSq4Nq775RQWFpeWV4qrpbX1jc2t8vbOvU4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB5dhvPKLSPJF3ZphiENOe5BFn1FjpoX2FwlByfd4pV9yqOwH5S7wZqcAM9U75s91NWBajNExQrVuem5ogp8pwJnBUamcaU8oGtIctSyWNUQf55OARObBKl0SJsiUNmag/J3Iaaz2MQ9sZU9PX895Y/M9rZSY6DXIu08ygZNNFUSaIScj4e9LlCpkRQ0soU9zeSlifKsqMzahkQ/DmX/5L/KPqWdW7Pa7ULmZpFGEP9uEQPDiBGtxAHXxgEMMTvMCro5xn5815n7YWnNnMLvyC8/ENNTOPjg==</latexit>

n ! 1
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erasure:
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so	this	should	be	possible?!?



Standard	view:	thermodynamic	limit

But	what	can	we	say	in	the	case	of	“small”	or	strongly	
correlated	systems?	Work					its	fluctuaGons									reliability?⇡<latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit><latexit sha1_base64="zSeINC7mBfKT7PUA/yJdG943/8Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXis4NpCu5Rsmm1Ds0lIsmJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88GJlpQkMiudTtGBvKmaChZZbTttIUpzGnrXh0M/Vbj1QbJsW9HSsapXggWMIItk5qdbFSWj71qjW/7s+AlklQkBoUaPaqX92+JFlKhSUcG9MJfGWjHGvLCKeTSjczVGEywgPacVTglJoon507QSdO6aNEalfCopn6eyLHqTHjNHadKbZDs+hNxf+8TmaTyyhnQmWWCjJflGQcWYmmv6M+05RYPnYEE83crYgMscbEuoQqLoRg8eVlEp7Vr+rB3XmtcV2kUYYjOIZTCOACGnALTQiBwAie4RXePOW9eO/ex7y15BUzh/AH3ucP/zWPig==</latexit>

?

1/2 1/2 1 0
Impossible	since	entropy	decreases ) �F > 0.
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so	this	should	be	possible?!?

Free	energy	F	determines	possibility	of	
state	transiGons	only	in	the	thermodynamic	limit.	
For	“small”	systems,	resource	theory	formulaGon	

gives	addi4onal	constraints	(and	dissolves	
Benne^’s	puzzle).	More	soon.



Shannon	/	von	Neumann	entropy	and	data	compression



Shannon	/	von	Neumann	entropy	and	data	compression

Schumacher	compression:

Given						copies	of	a	quantum	state							we	would	like	to	project	
into	a	smaller	subspace	(with	projecGon										)	such	that

n
<latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit>

⇢,
<latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="7y7c+zEegtXzlfcUz+sc0w7o0UQ=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcCFlxo26E9y4rODYQjuUTHqnDc0kQ5IRhqHP4MaFik/lzrcx/Vlo64HAxzkJuffEmeDG+v63V9nY3Nreqe7W9ur7B4eNo/qTUblmGDIllO7G1KDgEkPLrcBuppGmscBOPLmb5Z1n1IYr+WiLDKOUjiRPOKPWWWFfj9XFoNH0W/5cZB2CJTRhqfag8dUfKpanKC0T1Jhe4Gc2Kqm2nAmc1vq5wYyyCR1hz6GkKZqonA87JWfOGZJEaXekJXP394uSpsYUaexuptSOzWo2M//LerlNrqOSyyy3KNnioyQXxCoy25wMuUZmReGAMs3drISNqabMun5qroRgdeV1CC9bN63gwYcqnMApnEMAV3AL99CGEBhweIE3ePek9+p9LNqqeMvajuGPvM8f01iM+w==</latexit><latexit sha1_base64="7y7c+zEegtXzlfcUz+sc0w7o0UQ=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcCFlxo26E9y4rODYQjuUTHqnDc0kQ5IRhqHP4MaFik/lzrcx/Vlo64HAxzkJuffEmeDG+v63V9nY3Nreqe7W9ur7B4eNo/qTUblmGDIllO7G1KDgEkPLrcBuppGmscBOPLmb5Z1n1IYr+WiLDKOUjiRPOKPWWWFfj9XFoNH0W/5cZB2CJTRhqfag8dUfKpanKC0T1Jhe4Gc2Kqm2nAmc1vq5wYyyCR1hz6GkKZqonA87JWfOGZJEaXekJXP394uSpsYUaexuptSOzWo2M//LerlNrqOSyyy3KNnioyQXxCoy25wMuUZmReGAMs3drISNqabMun5qroRgdeV1CC9bN63gwYcqnMApnEMAV3AL99CGEBhweIE3ePek9+p9LNqqeMvajuGPvM8f01iM+w==</latexit><latexit sha1_base64="VXb/DH2s0yN3h7fb3CoycMNg52g=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhAsJNzZqF3QxjKCZwLJEfY2c8mSvd1jd08IIb/BxkLF1j9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vZXVtfWNzdJWeXtnd2+/cnD4aFSuGYZMCaVbMTUouMTQciuwlWmkaSywGQ9vp37zCbXhSj7YUYZRSvuSJ5xR66SwowfqvFup+jV/BrJMgoJUoUCjW/nq9BTLU5SWCWpMO/AzG42ptpwJnJQ7ucGMsiHtY9tRSVM00Xh27IScOqVHEqVdSUtm6u+JMU2NGaWx60ypHZhFbyr+57Vzm1xFYy6z3KJk80VJLohVZPo56XGNzIqRI5Rp7m4lbEA1ZdblU3YhBIsvL5PwonZdC+79av2mSKMEx3ACZxDAJdThDhoQAgMOz/AKb570Xrx372PeuuIVM0fwB97nD/Sljk0=</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit>

P (n)
<latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit><latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit><latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit><latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit>

tr(P (n)⇢⌦n) � 1� "n, "n ! 0.
<latexit sha1_base64="V0Z9MBk3v7O2jeIAxoCOx9Ovdbs="></latexit><latexit sha1_base64="V0Z9MBk3v7O2jeIAxoCOx9Ovdbs="></latexit><latexit sha1_base64="V0Z9MBk3v7O2jeIAxoCOx9Ovdbs="></latexit><latexit sha1_base64="V0Z9MBk3v7O2jeIAxoCOx9Ovdbs="></latexit>



Shannon	/	von	Neumann	entropy	and	data	compression

Schumacher	compression:

Given						copies	of	a	quantum	state							we	would	like	to	project	
into	a	smaller	subspace	(with	projecGon										)	such	that

n
<latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit>

⇢,
<latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="7y7c+zEegtXzlfcUz+sc0w7o0UQ=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcCFlxo26E9y4rODYQjuUTHqnDc0kQ5IRhqHP4MaFik/lzrcx/Vlo64HAxzkJuffEmeDG+v63V9nY3Nreqe7W9ur7B4eNo/qTUblmGDIllO7G1KDgEkPLrcBuppGmscBOPLmb5Z1n1IYr+WiLDKOUjiRPOKPWWWFfj9XFoNH0W/5cZB2CJTRhqfag8dUfKpanKC0T1Jhe4Gc2Kqm2nAmc1vq5wYyyCR1hz6GkKZqonA87JWfOGZJEaXekJXP394uSpsYUaexuptSOzWo2M//LerlNrqOSyyy3KNnioyQXxCoy25wMuUZmReGAMs3drISNqabMun5qroRgdeV1CC9bN63gwYcqnMApnEMAV3AL99CGEBhweIE3ePek9+p9LNqqeMvajuGPvM8f01iM+w==</latexit><latexit sha1_base64="7y7c+zEegtXzlfcUz+sc0w7o0UQ=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcCFlxo26E9y4rODYQjuUTHqnDc0kQ5IRhqHP4MaFik/lzrcx/Vlo64HAxzkJuffEmeDG+v63V9nY3Nreqe7W9ur7B4eNo/qTUblmGDIllO7G1KDgEkPLrcBuppGmscBOPLmb5Z1n1IYr+WiLDKOUjiRPOKPWWWFfj9XFoNH0W/5cZB2CJTRhqfag8dUfKpanKC0T1Jhe4Gc2Kqm2nAmc1vq5wYyyCR1hz6GkKZqonA87JWfOGZJEaXekJXP394uSpsYUaexuptSOzWo2M//LerlNrqOSyyy3KNnioyQXxCoy25wMuUZmReGAMs3drISNqabMun5qroRgdeV1CC9bN63gwYcqnMApnEMAV3AL99CGEBhweIE3ePek9+p9LNqqeMvajuGPvM8f01iM+w==</latexit><latexit sha1_base64="VXb/DH2s0yN3h7fb3CoycMNg52g=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhAsJNzZqF3QxjKCZwLJEfY2c8mSvd1jd08IIb/BxkLF1j9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vZXVtfWNzdJWeXtnd2+/cnD4aFSuGYZMCaVbMTUouMTQciuwlWmkaSywGQ9vp37zCbXhSj7YUYZRSvuSJ5xR66SwowfqvFup+jV/BrJMgoJUoUCjW/nq9BTLU5SWCWpMO/AzG42ptpwJnJQ7ucGMsiHtY9tRSVM00Xh27IScOqVHEqVdSUtm6u+JMU2NGaWx60ypHZhFbyr+57Vzm1xFYy6z3KJk80VJLohVZPo56XGNzIqRI5Rp7m4lbEA1ZdblU3YhBIsvL5PwonZdC+79av2mSKMEx3ACZxDAJdThDhoQAgMOz/AKb570Xrx372PeuuIVM0fwB97nD/Sljk0=</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit>

P (n)
<latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit><latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit><latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit><latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit>

The	corresponding	(smallest	possible)	#	of	qubits	turns	out	to	be

where	S	is	von	Neumann	entropy,

tr(P (n)⇢⌦n) � 1� "n, "n ! 0.
<latexit sha1_base64="V0Z9MBk3v7O2jeIAxoCOx9Ovdbs="></latexit><latexit sha1_base64="V0Z9MBk3v7O2jeIAxoCOx9Ovdbs="></latexit><latexit sha1_base64="V0Z9MBk3v7O2jeIAxoCOx9Ovdbs="></latexit><latexit sha1_base64="V0Z9MBk3v7O2jeIAxoCOx9Ovdbs="></latexit>

log trP (n) = n · S(⇢) + o(n)
<latexit sha1_base64="KNbbNtLmVGh8vVla+BJvvG1/IFw=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoOQEAl3IqiFELSxjGhMIBfD3maTLNnbPXbnhHDkR9j4V2wsVGxt7Pw3bj4KTXww8Hhvhpl5QSS4Adf9dlILi0vLK+nVzNr6xuZWdnvnzqhYU1alSihdD4hhgktWBQ6C1SPNSBgIVgv6lyO/9sC04UrewiBizZB0Je9wSsBKrWzRF6qLE1+HGPTQP8SV+yQvC8Nz6dO2AnyT93VPFYrKiq1szi25Y+B54k1JDk1RaWW//LaiccgkUEGMaXhuBM2EaOBUsGHGjw2LCO2TLmtYKknITDMZPzXEB1Zp447StiTgsfp7IiGhMYMwsJ0hgZ6Z9Ubif14jhs5pM+EyioFJOlnUiQUGhUcJ4TbXjIIYWEKo5vZWTHtEEwo2x4wNwZt9eZ5Uj0pnJe/6OFe+mKaRRntoH+WRh05QGV2hCqoiih7RM3pFb86T8+K8Ox+T1pQzndlFf+B8/gBKLJyk</latexit><latexit sha1_base64="KNbbNtLmVGh8vVla+BJvvG1/IFw=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoOQEAl3IqiFELSxjGhMIBfD3maTLNnbPXbnhHDkR9j4V2wsVGxt7Pw3bj4KTXww8Hhvhpl5QSS4Adf9dlILi0vLK+nVzNr6xuZWdnvnzqhYU1alSihdD4hhgktWBQ6C1SPNSBgIVgv6lyO/9sC04UrewiBizZB0Je9wSsBKrWzRF6qLE1+HGPTQP8SV+yQvC8Nz6dO2AnyT93VPFYrKiq1szi25Y+B54k1JDk1RaWW//LaiccgkUEGMaXhuBM2EaOBUsGHGjw2LCO2TLmtYKknITDMZPzXEB1Zp447StiTgsfp7IiGhMYMwsJ0hgZ6Z9Ubif14jhs5pM+EyioFJOlnUiQUGhUcJ4TbXjIIYWEKo5vZWTHtEEwo2x4wNwZt9eZ5Uj0pnJe/6OFe+mKaRRntoH+WRh05QGV2hCqoiih7RM3pFb86T8+K8Ox+T1pQzndlFf+B8/gBKLJyk</latexit><latexit sha1_base64="KNbbNtLmVGh8vVla+BJvvG1/IFw=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoOQEAl3IqiFELSxjGhMIBfD3maTLNnbPXbnhHDkR9j4V2wsVGxt7Pw3bj4KTXww8Hhvhpl5QSS4Adf9dlILi0vLK+nVzNr6xuZWdnvnzqhYU1alSihdD4hhgktWBQ6C1SPNSBgIVgv6lyO/9sC04UrewiBizZB0Je9wSsBKrWzRF6qLE1+HGPTQP8SV+yQvC8Nz6dO2AnyT93VPFYrKiq1szi25Y+B54k1JDk1RaWW//LaiccgkUEGMaXhuBM2EaOBUsGHGjw2LCO2TLmtYKknITDMZPzXEB1Zp447StiTgsfp7IiGhMYMwsJ0hgZ6Z9Ubif14jhs5pM+EyioFJOlnUiQUGhUcJ4TbXjIIYWEKo5vZWTHtEEwo2x4wNwZt9eZ5Uj0pnJe/6OFe+mKaRRntoH+WRh05QGV2hCqoiih7RM3pFb86T8+K8Ox+T1pQzndlFf+B8/gBKLJyk</latexit><latexit sha1_base64="KNbbNtLmVGh8vVla+BJvvG1/IFw=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoOQEAl3IqiFELSxjGhMIBfD3maTLNnbPXbnhHDkR9j4V2wsVGxt7Pw3bj4KTXww8Hhvhpl5QSS4Adf9dlILi0vLK+nVzNr6xuZWdnvnzqhYU1alSihdD4hhgktWBQ6C1SPNSBgIVgv6lyO/9sC04UrewiBizZB0Je9wSsBKrWzRF6qLE1+HGPTQP8SV+yQvC8Nz6dO2AnyT93VPFYrKiq1szi25Y+B54k1JDk1RaWW//LaiccgkUEGMaXhuBM2EaOBUsGHGjw2LCO2TLmtYKknITDMZPzXEB1Zp447StiTgsfp7IiGhMYMwsJ0hgZ6Z9Ubif14jhs5pM+EyioFJOlnUiQUGhUcJ4TbXjIIYWEKo5vZWTHtEEwo2x4wNwZt9eZ5Uj0pnJe/6OFe+mKaRRntoH+WRh05QGV2hCqoiih7RM3pFb86T8+K8Ox+T1pQzndlFf+B8/gBKLJyk</latexit>

S(⇢) = �tr(⇢ log ⇢).
<latexit sha1_base64="rKFysw44385AcXRtDkAWv6QpP78=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoC4cZEXQjFN24rGgf0BlKJs20oZlkSDJCGbp146+4caGIW//AnX9jOp2Fth64cHLOveTeEyaMKu2631ZpaXllda28XtnY3NresXf3WkqkEpMmFkzITogUYZSTpqaakU4iCYpDRtrh6Hrqtx+IVFTwez1OSBCjAacRxUgbqWfDu5ovh+L48iTzZQy1nORvn4lBrjs9u+o6bg64SLyCVEGBRs/+8vsCpzHhGjOkVNdzEx1kSGqKGZlU/FSRBOERGpCuoRzFRAVZfskEHhmlDyMhTXENc/X3RIZipcZxaDpjpIdq3puK/3ndVEcXQUZ5kmrC8eyjKGVQCziNBfapJFizsSEIS2p2hXiIJMLahFcxIXjzJy+S1qnjuY53e1atXxVxlMEBOAQ14IFzUAc3oAGaAINH8AxewZv1ZL1Y79bHrLVkFTP74A+szx/8fJk+</latexit><latexit sha1_base64="rKFysw44385AcXRtDkAWv6QpP78=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoC4cZEXQjFN24rGgf0BlKJs20oZlkSDJCGbp146+4caGIW//AnX9jOp2Fth64cHLOveTeEyaMKu2631ZpaXllda28XtnY3NresXf3WkqkEpMmFkzITogUYZSTpqaakU4iCYpDRtrh6Hrqtx+IVFTwez1OSBCjAacRxUgbqWfDu5ovh+L48iTzZQy1nORvn4lBrjs9u+o6bg64SLyCVEGBRs/+8vsCpzHhGjOkVNdzEx1kSGqKGZlU/FSRBOERGpCuoRzFRAVZfskEHhmlDyMhTXENc/X3RIZipcZxaDpjpIdq3puK/3ndVEcXQUZ5kmrC8eyjKGVQCziNBfapJFizsSEIS2p2hXiIJMLahFcxIXjzJy+S1qnjuY53e1atXxVxlMEBOAQ14IFzUAc3oAGaAINH8AxewZv1ZL1Y79bHrLVkFTP74A+szx/8fJk+</latexit><latexit sha1_base64="rKFysw44385AcXRtDkAWv6QpP78=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoC4cZEXQjFN24rGgf0BlKJs20oZlkSDJCGbp146+4caGIW//AnX9jOp2Fth64cHLOveTeEyaMKu2631ZpaXllda28XtnY3NresXf3WkqkEpMmFkzITogUYZSTpqaakU4iCYpDRtrh6Hrqtx+IVFTwez1OSBCjAacRxUgbqWfDu5ovh+L48iTzZQy1nORvn4lBrjs9u+o6bg64SLyCVEGBRs/+8vsCpzHhGjOkVNdzEx1kSGqKGZlU/FSRBOERGpCuoRzFRAVZfskEHhmlDyMhTXENc/X3RIZipcZxaDpjpIdq3puK/3ndVEcXQUZ5kmrC8eyjKGVQCziNBfapJFizsSEIS2p2hXiIJMLahFcxIXjzJy+S1qnjuY53e1atXxVxlMEBOAQ14IFzUAc3oAGaAINH8AxewZv1ZL1Y79bHrLVkFTP74A+szx/8fJk+</latexit><latexit sha1_base64="rKFysw44385AcXRtDkAWv6QpP78=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoC4cZEXQjFN24rGgf0BlKJs20oZlkSDJCGbp146+4caGIW//AnX9jOp2Fth64cHLOveTeEyaMKu2631ZpaXllda28XtnY3NresXf3WkqkEpMmFkzITogUYZSTpqaakU4iCYpDRtrh6Hrqtx+IVFTwez1OSBCjAacRxUgbqWfDu5ovh+L48iTzZQy1nORvn4lBrjs9u+o6bg64SLyCVEGBRs/+8vsCpzHhGjOkVNdzEx1kSGqKGZlU/FSRBOERGpCuoRzFRAVZfskEHhmlDyMhTXENc/X3RIZipcZxaDpjpIdq3puK/3ndVEcXQUZ5kmrC8eyjKGVQCziNBfapJFizsSEIS2p2hXiIJMLahFcxIXjzJy+S1qnjuY53e1atXxVxlMEBOAQ14IFzUAc3oAGaAINH8AxewZv1ZL1Y79bHrLVkFTP74A+szx/8fJk+</latexit>



Shannon	/	von	Neumann	entropy	and	data	compression

Schumacher	compression:

Given						copies	of	a	quantum	state							we	would	like	to	project	
into	a	smaller	subspace	(with	projecGon										)	such	that

n
<latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit>

⇢,
<latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="7y7c+zEegtXzlfcUz+sc0w7o0UQ=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcCFlxo26E9y4rODYQjuUTHqnDc0kQ5IRhqHP4MaFik/lzrcx/Vlo64HAxzkJuffEmeDG+v63V9nY3Nreqe7W9ur7B4eNo/qTUblmGDIllO7G1KDgEkPLrcBuppGmscBOPLmb5Z1n1IYr+WiLDKOUjiRPOKPWWWFfj9XFoNH0W/5cZB2CJTRhqfag8dUfKpanKC0T1Jhe4Gc2Kqm2nAmc1vq5wYyyCR1hz6GkKZqonA87JWfOGZJEaXekJXP394uSpsYUaexuptSOzWo2M//LerlNrqOSyyy3KNnioyQXxCoy25wMuUZmReGAMs3drISNqabMun5qroRgdeV1CC9bN63gwYcqnMApnEMAV3AL99CGEBhweIE3ePek9+p9LNqqeMvajuGPvM8f01iM+w==</latexit><latexit sha1_base64="7y7c+zEegtXzlfcUz+sc0w7o0UQ=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcCFlxo26E9y4rODYQjuUTHqnDc0kQ5IRhqHP4MaFik/lzrcx/Vlo64HAxzkJuffEmeDG+v63V9nY3Nreqe7W9ur7B4eNo/qTUblmGDIllO7G1KDgEkPLrcBuppGmscBOPLmb5Z1n1IYr+WiLDKOUjiRPOKPWWWFfj9XFoNH0W/5cZB2CJTRhqfag8dUfKpanKC0T1Jhe4Gc2Kqm2nAmc1vq5wYyyCR1hz6GkKZqonA87JWfOGZJEaXekJXP394uSpsYUaexuptSOzWo2M//LerlNrqOSyyy3KNnioyQXxCoy25wMuUZmReGAMs3drISNqabMun5qroRgdeV1CC9bN63gwYcqnMApnEMAV3AL99CGEBhweIE3ePek9+p9LNqqeMvajuGPvM8f01iM+w==</latexit><latexit sha1_base64="VXb/DH2s0yN3h7fb3CoycMNg52g=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhAsJNzZqF3QxjKCZwLJEfY2c8mSvd1jd08IIb/BxkLF1j9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vZXVtfWNzdJWeXtnd2+/cnD4aFSuGYZMCaVbMTUouMTQciuwlWmkaSywGQ9vp37zCbXhSj7YUYZRSvuSJ5xR66SwowfqvFup+jV/BrJMgoJUoUCjW/nq9BTLU5SWCWpMO/AzG42ptpwJnJQ7ucGMsiHtY9tRSVM00Xh27IScOqVHEqVdSUtm6u+JMU2NGaWx60ypHZhFbyr+57Vzm1xFYy6z3KJk80VJLohVZPo56XGNzIqRI5Rp7m4lbEA1ZdblU3YhBIsvL5PwonZdC+79av2mSKMEx3ACZxDAJdThDhoQAgMOz/AKb570Xrx372PeuuIVM0fwB97nD/Sljk0=</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit>

P (n)
<latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit><latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit><latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit><latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit>

The	corresponding	(smallest	possible)	#	of	qubits	turns	out	to	be

where	S	is	von	Neumann	entropy,

S	determines	compression	rate	in	the	limit n ! 1.
<latexit sha1_base64="lFhR7gR0K6+s3FFwpO5wwB/kiJU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0hEUG9FLx4rGFtIQtlsN+3SzW7YnQgl9Gd48aDi1X/jzX/jts1Bqw8GHu/NMDMvyQU34HlfTm1ldW19o77Z2Nre2d1r7h88GFVoygKqhNK9hBgmuGQBcBCsl2tGskSwbjK+mfndR6YNV/IeJjmLMzKUPOWUgJVCGYGKuExh4vabLc/15sB/iV+RFqrQ6Tc/o4GiRcYkUEGMCX0vh7gkGjgVbNqICsNyQsdkyEJLJcmYicv5yVN8YpUBTpW2JQHP1Z8TJcmMmWSJ7cwIjMyyNxP/88IC0su45DIvgEm6WJQWAoPCs//xgGtGQUwsIVRzeyumI6IJBZtSw4bgL7/8lwRn7pXr35232tdVGnV0hI7RKfLRBWqjW9RBAaJIoSf0gl4dcJ6dN+d90VpzqplD9AvOxzfGLJEd</latexit><latexit sha1_base64="lFhR7gR0K6+s3FFwpO5wwB/kiJU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0hEUG9FLx4rGFtIQtlsN+3SzW7YnQgl9Gd48aDi1X/jzX/jts1Bqw8GHu/NMDMvyQU34HlfTm1ldW19o77Z2Nre2d1r7h88GFVoygKqhNK9hBgmuGQBcBCsl2tGskSwbjK+mfndR6YNV/IeJjmLMzKUPOWUgJVCGYGKuExh4vabLc/15sB/iV+RFqrQ6Tc/o4GiRcYkUEGMCX0vh7gkGjgVbNqICsNyQsdkyEJLJcmYicv5yVN8YpUBTpW2JQHP1Z8TJcmMmWSJ7cwIjMyyNxP/88IC0su45DIvgEm6WJQWAoPCs//xgGtGQUwsIVRzeyumI6IJBZtSw4bgL7/8lwRn7pXr35232tdVGnV0hI7RKfLRBWqjW9RBAaJIoSf0gl4dcJ6dN+d90VpzqplD9AvOxzfGLJEd</latexit><latexit sha1_base64="lFhR7gR0K6+s3FFwpO5wwB/kiJU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0hEUG9FLx4rGFtIQtlsN+3SzW7YnQgl9Gd48aDi1X/jzX/jts1Bqw8GHu/NMDMvyQU34HlfTm1ldW19o77Z2Nre2d1r7h88GFVoygKqhNK9hBgmuGQBcBCsl2tGskSwbjK+mfndR6YNV/IeJjmLMzKUPOWUgJVCGYGKuExh4vabLc/15sB/iV+RFqrQ6Tc/o4GiRcYkUEGMCX0vh7gkGjgVbNqICsNyQsdkyEJLJcmYicv5yVN8YpUBTpW2JQHP1Z8TJcmMmWSJ7cwIjMyyNxP/88IC0su45DIvgEm6WJQWAoPCs//xgGtGQUwsIVRzeyumI6IJBZtSw4bgL7/8lwRn7pXr35232tdVGnV0hI7RKfLRBWqjW9RBAaJIoSf0gl4dcJ6dN+d90VpzqplD9AvOxzfGLJEd</latexit><latexit sha1_base64="lFhR7gR0K6+s3FFwpO5wwB/kiJU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0hEUG9FLx4rGFtIQtlsN+3SzW7YnQgl9Gd48aDi1X/jzX/jts1Bqw8GHu/NMDMvyQU34HlfTm1ldW19o77Z2Nre2d1r7h88GFVoygKqhNK9hBgmuGQBcBCsl2tGskSwbjK+mfndR6YNV/IeJjmLMzKUPOWUgJVCGYGKuExh4vabLc/15sB/iV+RFqrQ6Tc/o4GiRcYkUEGMCX0vh7gkGjgVbNqICsNyQsdkyEJLJcmYicv5yVN8YpUBTpW2JQHP1Z8TJcmMmWSJ7cwIjMyyNxP/88IC0su45DIvgEm6WJQWAoPCs//xgGtGQUwsIVRzeyumI6IJBZtSw4bgL7/8lwRn7pXr35232tdVGnV0hI7RKfLRBWqjW9RBAaJIoSf0gl4dcJ6dN+d90VpzqplD9AvOxzfGLJEd</latexit>

tr(P (n)⇢⌦n) � 1� "n, "n ! 0.
<latexit sha1_base64="V0Z9MBk3v7O2jeIAxoCOx9Ovdbs="></latexit><latexit sha1_base64="V0Z9MBk3v7O2jeIAxoCOx9Ovdbs="></latexit><latexit sha1_base64="V0Z9MBk3v7O2jeIAxoCOx9Ovdbs="></latexit><latexit sha1_base64="V0Z9MBk3v7O2jeIAxoCOx9Ovdbs="></latexit>

log trP (n) = n · S(⇢) + o(n)
<latexit sha1_base64="KNbbNtLmVGh8vVla+BJvvG1/IFw=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoOQEAl3IqiFELSxjGhMIBfD3maTLNnbPXbnhHDkR9j4V2wsVGxt7Pw3bj4KTXww8Hhvhpl5QSS4Adf9dlILi0vLK+nVzNr6xuZWdnvnzqhYU1alSihdD4hhgktWBQ6C1SPNSBgIVgv6lyO/9sC04UrewiBizZB0Je9wSsBKrWzRF6qLE1+HGPTQP8SV+yQvC8Nz6dO2AnyT93VPFYrKiq1szi25Y+B54k1JDk1RaWW//LaiccgkUEGMaXhuBM2EaOBUsGHGjw2LCO2TLmtYKknITDMZPzXEB1Zp447StiTgsfp7IiGhMYMwsJ0hgZ6Z9Ubif14jhs5pM+EyioFJOlnUiQUGhUcJ4TbXjIIYWEKo5vZWTHtEEwo2x4wNwZt9eZ5Uj0pnJe/6OFe+mKaRRntoH+WRh05QGV2hCqoiih7RM3pFb86T8+K8Ox+T1pQzndlFf+B8/gBKLJyk</latexit><latexit sha1_base64="KNbbNtLmVGh8vVla+BJvvG1/IFw=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoOQEAl3IqiFELSxjGhMIBfD3maTLNnbPXbnhHDkR9j4V2wsVGxt7Pw3bj4KTXww8Hhvhpl5QSS4Adf9dlILi0vLK+nVzNr6xuZWdnvnzqhYU1alSihdD4hhgktWBQ6C1SPNSBgIVgv6lyO/9sC04UrewiBizZB0Je9wSsBKrWzRF6qLE1+HGPTQP8SV+yQvC8Nz6dO2AnyT93VPFYrKiq1szi25Y+B54k1JDk1RaWW//LaiccgkUEGMaXhuBM2EaOBUsGHGjw2LCO2TLmtYKknITDMZPzXEB1Zp447StiTgsfp7IiGhMYMwsJ0hgZ6Z9Ubif14jhs5pM+EyioFJOlnUiQUGhUcJ4TbXjIIYWEKo5vZWTHtEEwo2x4wNwZt9eZ5Uj0pnJe/6OFe+mKaRRntoH+WRh05QGV2hCqoiih7RM3pFb86T8+K8Ox+T1pQzndlFf+B8/gBKLJyk</latexit><latexit sha1_base64="KNbbNtLmVGh8vVla+BJvvG1/IFw=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoOQEAl3IqiFELSxjGhMIBfD3maTLNnbPXbnhHDkR9j4V2wsVGxt7Pw3bj4KTXww8Hhvhpl5QSS4Adf9dlILi0vLK+nVzNr6xuZWdnvnzqhYU1alSihdD4hhgktWBQ6C1SPNSBgIVgv6lyO/9sC04UrewiBizZB0Je9wSsBKrWzRF6qLE1+HGPTQP8SV+yQvC8Nz6dO2AnyT93VPFYrKiq1szi25Y+B54k1JDk1RaWW//LaiccgkUEGMaXhuBM2EaOBUsGHGjw2LCO2TLmtYKknITDMZPzXEB1Zp447StiTgsfp7IiGhMYMwsJ0hgZ6Z9Ubif14jhs5pM+EyioFJOlnUiQUGhUcJ4TbXjIIYWEKo5vZWTHtEEwo2x4wNwZt9eZ5Uj0pnJe/6OFe+mKaRRntoH+WRh05QGV2hCqoiih7RM3pFb86T8+K8Ox+T1pQzndlFf+B8/gBKLJyk</latexit><latexit sha1_base64="KNbbNtLmVGh8vVla+BJvvG1/IFw=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoOQEAl3IqiFELSxjGhMIBfD3maTLNnbPXbnhHDkR9j4V2wsVGxt7Pw3bj4KTXww8Hhvhpl5QSS4Adf9dlILi0vLK+nVzNr6xuZWdnvnzqhYU1alSihdD4hhgktWBQ6C1SPNSBgIVgv6lyO/9sC04UrewiBizZB0Je9wSsBKrWzRF6qLE1+HGPTQP8SV+yQvC8Nz6dO2AnyT93VPFYrKiq1szi25Y+B54k1JDk1RaWW//LaiccgkUEGMaXhuBM2EaOBUsGHGjw2LCO2TLmtYKknITDMZPzXEB1Zp447StiTgsfp7IiGhMYMwsJ0hgZ6Z9Ubif14jhs5pM+EyioFJOlnUiQUGhUcJ4TbXjIIYWEKo5vZWTHtEEwo2x4wNwZt9eZ5Uj0pnJe/6OFe+mKaRRntoH+WRh05QGV2hCqoiih7RM3pFb86T8+K8Ox+T1pQzndlFf+B8/gBKLJyk</latexit>

S(⇢) = �tr(⇢ log ⇢).
<latexit sha1_base64="rKFysw44385AcXRtDkAWv6QpP78=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoC4cZEXQjFN24rGgf0BlKJs20oZlkSDJCGbp146+4caGIW//AnX9jOp2Fth64cHLOveTeEyaMKu2631ZpaXllda28XtnY3NresXf3WkqkEpMmFkzITogUYZSTpqaakU4iCYpDRtrh6Hrqtx+IVFTwez1OSBCjAacRxUgbqWfDu5ovh+L48iTzZQy1nORvn4lBrjs9u+o6bg64SLyCVEGBRs/+8vsCpzHhGjOkVNdzEx1kSGqKGZlU/FSRBOERGpCuoRzFRAVZfskEHhmlDyMhTXENc/X3RIZipcZxaDpjpIdq3puK/3ndVEcXQUZ5kmrC8eyjKGVQCziNBfapJFizsSEIS2p2hXiIJMLahFcxIXjzJy+S1qnjuY53e1atXxVxlMEBOAQ14IFzUAc3oAGaAINH8AxewZv1ZL1Y79bHrLVkFTP74A+szx/8fJk+</latexit><latexit sha1_base64="rKFysw44385AcXRtDkAWv6QpP78=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoC4cZEXQjFN24rGgf0BlKJs20oZlkSDJCGbp146+4caGIW//AnX9jOp2Fth64cHLOveTeEyaMKu2631ZpaXllda28XtnY3NresXf3WkqkEpMmFkzITogUYZSTpqaakU4iCYpDRtrh6Hrqtx+IVFTwez1OSBCjAacRxUgbqWfDu5ovh+L48iTzZQy1nORvn4lBrjs9u+o6bg64SLyCVEGBRs/+8vsCpzHhGjOkVNdzEx1kSGqKGZlU/FSRBOERGpCuoRzFRAVZfskEHhmlDyMhTXENc/X3RIZipcZxaDpjpIdq3puK/3ndVEcXQUZ5kmrC8eyjKGVQCziNBfapJFizsSEIS2p2hXiIJMLahFcxIXjzJy+S1qnjuY53e1atXxVxlMEBOAQ14IFzUAc3oAGaAINH8AxewZv1ZL1Y79bHrLVkFTP74A+szx/8fJk+</latexit><latexit sha1_base64="rKFysw44385AcXRtDkAWv6QpP78=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoC4cZEXQjFN24rGgf0BlKJs20oZlkSDJCGbp146+4caGIW//AnX9jOp2Fth64cHLOveTeEyaMKu2631ZpaXllda28XtnY3NresXf3WkqkEpMmFkzITogUYZSTpqaakU4iCYpDRtrh6Hrqtx+IVFTwez1OSBCjAacRxUgbqWfDu5ovh+L48iTzZQy1nORvn4lBrjs9u+o6bg64SLyCVEGBRs/+8vsCpzHhGjOkVNdzEx1kSGqKGZlU/FSRBOERGpCuoRzFRAVZfskEHhmlDyMhTXENc/X3RIZipcZxaDpjpIdq3puK/3ndVEcXQUZ5kmrC8eyjKGVQCziNBfapJFizsSEIS2p2hXiIJMLahFcxIXjzJy+S1qnjuY53e1atXxVxlMEBOAQ14IFzUAc3oAGaAINH8AxewZv1ZL1Y79bHrLVkFTP74A+szx/8fJk+</latexit><latexit sha1_base64="rKFysw44385AcXRtDkAWv6QpP78=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoC4cZEXQjFN24rGgf0BlKJs20oZlkSDJCGbp146+4caGIW//AnX9jOp2Fth64cHLOveTeEyaMKu2631ZpaXllda28XtnY3NresXf3WkqkEpMmFkzITogUYZSTpqaakU4iCYpDRtrh6Hrqtx+IVFTwez1OSBCjAacRxUgbqWfDu5ovh+L48iTzZQy1nORvn4lBrjs9u+o6bg64SLyCVEGBRs/+8vsCpzHhGjOkVNdzEx1kSGqKGZlU/FSRBOERGpCuoRzFRAVZfskEHhmlDyMhTXENc/X3RIZipcZxaDpjpIdq3puK/3ndVEcXQUZ5kmrC8eyjKGVQCziNBfapJFizsSEIS2p2hXiIJMLahFcxIXjzJy+S1qnjuY53e1atXxVxlMEBOAQ14IFzUAc3oAGaAINH8AxewZv1ZL1Y79bHrLVkFTP74A+szx/8fJk+</latexit>



Shannon	/	von	Neumann	entropy	and	data	compression

Schumacher	compression:

Given						copies	of	a	quantum	state							we	would	like	to	project	
into	a	smaller	subspace	(with	projecGon										)	such	that

n
<latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit>

⇢,
<latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="7y7c+zEegtXzlfcUz+sc0w7o0UQ=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcCFlxo26E9y4rODYQjuUTHqnDc0kQ5IRhqHP4MaFik/lzrcx/Vlo64HAxzkJuffEmeDG+v63V9nY3Nreqe7W9ur7B4eNo/qTUblmGDIllO7G1KDgEkPLrcBuppGmscBOPLmb5Z1n1IYr+WiLDKOUjiRPOKPWWWFfj9XFoNH0W/5cZB2CJTRhqfag8dUfKpanKC0T1Jhe4Gc2Kqm2nAmc1vq5wYyyCR1hz6GkKZqonA87JWfOGZJEaXekJXP394uSpsYUaexuptSOzWo2M//LerlNrqOSyyy3KNnioyQXxCoy25wMuUZmReGAMs3drISNqabMun5qroRgdeV1CC9bN63gwYcqnMApnEMAV3AL99CGEBhweIE3ePek9+p9LNqqeMvajuGPvM8f01iM+w==</latexit><latexit sha1_base64="7y7c+zEegtXzlfcUz+sc0w7o0UQ=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcCFlxo26E9y4rODYQjuUTHqnDc0kQ5IRhqHP4MaFik/lzrcx/Vlo64HAxzkJuffEmeDG+v63V9nY3Nreqe7W9ur7B4eNo/qTUblmGDIllO7G1KDgEkPLrcBuppGmscBOPLmb5Z1n1IYr+WiLDKOUjiRPOKPWWWFfj9XFoNH0W/5cZB2CJTRhqfag8dUfKpanKC0T1Jhe4Gc2Kqm2nAmc1vq5wYyyCR1hz6GkKZqonA87JWfOGZJEaXekJXP394uSpsYUaexuptSOzWo2M//LerlNrqOSyyy3KNnioyQXxCoy25wMuUZmReGAMs3drISNqabMun5qroRgdeV1CC9bN63gwYcqnMApnEMAV3AL99CGEBhweIE3ePek9+p9LNqqeMvajuGPvM8f01iM+w==</latexit><latexit sha1_base64="VXb/DH2s0yN3h7fb3CoycMNg52g=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhAsJNzZqF3QxjKCZwLJEfY2c8mSvd1jd08IIb/BxkLF1j9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vZXVtfWNzdJWeXtnd2+/cnD4aFSuGYZMCaVbMTUouMTQciuwlWmkaSywGQ9vp37zCbXhSj7YUYZRSvuSJ5xR66SwowfqvFup+jV/BrJMgoJUoUCjW/nq9BTLU5SWCWpMO/AzG42ptpwJnJQ7ucGMsiHtY9tRSVM00Xh27IScOqVHEqVdSUtm6u+JMU2NGaWx60ypHZhFbyr+57Vzm1xFYy6z3KJk80VJLohVZPo56XGNzIqRI5Rp7m4lbEA1ZdblU3YhBIsvL5PwonZdC+79av2mSKMEx3ACZxDAJdThDhoQAgMOz/AKb570Xrx372PeuuIVM0fwB97nD/Sljk0=</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit><latexit sha1_base64="5upJb+Fn9VjI9qO63ulLyP1s4Ro=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquCOqt6MVjBdcW2qVk02wbmk2WJCuUpb/BiwcVr/4hb/4b03YP2vpg4PHeDDPzolRwYz3vG5VWVtfWN8qbla3tnd296v7Bo1GZpiygSijdjohhgksWWG4Fa6eakSQSrBWNbqd+64lpw5V8sOOUhQkZSB5zSqyTgq4eqrNetebVvRnwMvELUoMCzV71q9tXNEuYtFQQYzq+l9owJ9pyKtik0s0MSwkdkQHrOCpJwkyYz46d4BOn9HGstCtp8Uz9PZGTxJhxErnOhNihWfSm4n9eJ7PxVZhzmWaWSTpfFGcCW4Wnn+M+14xaMXaEUM3drZgOiSbUunwqLgR/8eVlEpzXr+v+/UWtcVOkUYYjOIZT8OESGnAHTQiAAodneIU3JNELekcf89YSKmYO4Q/Q5w/15Y5R</latexit>

P (n)
<latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit><latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit><latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit><latexit sha1_base64="DnAA+MCwnP8LOWcmP8EL4f4Pp0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8tmu22XbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmObqZ+84lrI2J1j+OEBxEdKNEXjKKVmo3HrKpOJ91yxa25M5Bl4uWkAjka3fJXpxezNOIKmaTGtD03wSCjGgWTfFLqpIYnlI3ogLctVTTiJshm507IiVV6pB9rWwrJTP09kdHImHEU2s6I4tAselPxP6+dYv8yyIRKUuSKzRf1U0kwJtPfSU9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEz8s9pVzbs7r9Sv8zSKcATHUAUPLqAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AEisY75</latexit>

The	corresponding	(smallest	possible)	#	of	qubits	turns	out	to	be

where	S	is	von	Neumann	entropy,

S	determines	compression	rate	in	the	limit n ! 1.
<latexit sha1_base64="lFhR7gR0K6+s3FFwpO5wwB/kiJU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0hEUG9FLx4rGFtIQtlsN+3SzW7YnQgl9Gd48aDi1X/jzX/jts1Bqw8GHu/NMDMvyQU34HlfTm1ldW19o77Z2Nre2d1r7h88GFVoygKqhNK9hBgmuGQBcBCsl2tGskSwbjK+mfndR6YNV/IeJjmLMzKUPOWUgJVCGYGKuExh4vabLc/15sB/iV+RFqrQ6Tc/o4GiRcYkUEGMCX0vh7gkGjgVbNqICsNyQsdkyEJLJcmYicv5yVN8YpUBTpW2JQHP1Z8TJcmMmWSJ7cwIjMyyNxP/88IC0su45DIvgEm6WJQWAoPCs//xgGtGQUwsIVRzeyumI6IJBZtSw4bgL7/8lwRn7pXr35232tdVGnV0hI7RKfLRBWqjW9RBAaJIoSf0gl4dcJ6dN+d90VpzqplD9AvOxzfGLJEd</latexit><latexit sha1_base64="lFhR7gR0K6+s3FFwpO5wwB/kiJU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0hEUG9FLx4rGFtIQtlsN+3SzW7YnQgl9Gd48aDi1X/jzX/jts1Bqw8GHu/NMDMvyQU34HlfTm1ldW19o77Z2Nre2d1r7h88GFVoygKqhNK9hBgmuGQBcBCsl2tGskSwbjK+mfndR6YNV/IeJjmLMzKUPOWUgJVCGYGKuExh4vabLc/15sB/iV+RFqrQ6Tc/o4GiRcYkUEGMCX0vh7gkGjgVbNqICsNyQsdkyEJLJcmYicv5yVN8YpUBTpW2JQHP1Z8TJcmMmWSJ7cwIjMyyNxP/88IC0su45DIvgEm6WJQWAoPCs//xgGtGQUwsIVRzeyumI6IJBZtSw4bgL7/8lwRn7pXr35232tdVGnV0hI7RKfLRBWqjW9RBAaJIoSf0gl4dcJ6dN+d90VpzqplD9AvOxzfGLJEd</latexit><latexit sha1_base64="lFhR7gR0K6+s3FFwpO5wwB/kiJU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0hEUG9FLx4rGFtIQtlsN+3SzW7YnQgl9Gd48aDi1X/jzX/jts1Bqw8GHu/NMDMvyQU34HlfTm1ldW19o77Z2Nre2d1r7h88GFVoygKqhNK9hBgmuGQBcBCsl2tGskSwbjK+mfndR6YNV/IeJjmLMzKUPOWUgJVCGYGKuExh4vabLc/15sB/iV+RFqrQ6Tc/o4GiRcYkUEGMCX0vh7gkGjgVbNqICsNyQsdkyEJLJcmYicv5yVN8YpUBTpW2JQHP1Z8TJcmMmWSJ7cwIjMyyNxP/88IC0su45DIvgEm6WJQWAoPCs//xgGtGQUwsIVRzeyumI6IJBZtSw4bgL7/8lwRn7pXr35232tdVGnV0hI7RKfLRBWqjW9RBAaJIoSf0gl4dcJ6dN+d90VpzqplD9AvOxzfGLJEd</latexit><latexit sha1_base64="lFhR7gR0K6+s3FFwpO5wwB/kiJU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0hEUG9FLx4rGFtIQtlsN+3SzW7YnQgl9Gd48aDi1X/jzX/jts1Bqw8GHu/NMDMvyQU34HlfTm1ldW19o77Z2Nre2d1r7h88GFVoygKqhNK9hBgmuGQBcBCsl2tGskSwbjK+mfndR6YNV/IeJjmLMzKUPOWUgJVCGYGKuExh4vabLc/15sB/iV+RFqrQ6Tc/o4GiRcYkUEGMCX0vh7gkGjgVbNqICsNyQsdkyEJLJcmYicv5yVN8YpUBTpW2JQHP1Z8TJcmMmWSJ7cwIjMyyNxP/88IC0su45DIvgEm6WJQWAoPCs//xgGtGQUwsIVRzeyumI6IJBZtSw4bgL7/8lwRn7pXr35232tdVGnV0hI7RKfLRBWqjW9RBAaJIoSf0gl4dcJ6dN+d90VpzqplD9AvOxzfGLJEd</latexit>
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ConvenGonally,	F	and	S	a^ain	their	operaGonal	meaning	
only	in	the	limit	of	very	large	ensembles,	due	to	version	

of	the	(staGsGcal)	law	of	large	numbers.	
But	we	would	like	to	say	more	without	this	limit.
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where µB = 1
|B| with |B| ⌘ dim B is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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The second law of thermodynamics places constraints on state
transformations. It applies to systems composed of many particles,
however, we are seeing that one can formulate laws of thermo-
dynamics when only a small number of particles are interacting
with a heat bath. Is there a second law of thermodynamics in this
regime? Here, we find that for processes which are approximately
cyclic, the second law for microscopic systems takes on a different
form compared to the macroscopic scale, imposing not just one
constraint on state transformations, but an entire family of
constraints. We find a family of free energies which generalize
the traditional one, and show that they can never increase. The
ordinary second law relates to one of these, with the remainder
imposing additional constraints on thermodynamic transitions. We
find three regimes which determine which family of second laws
govern state transitions, depending on how cyclic the process is. In
one regime one can cause an apparent violation of the usual
second law, through a process of embezzling work from a large
system which remains arbitrarily close to its original state. These
second laws are relevant for small systems, and also apply to
individual macroscopic systems interacting via long-range inter-
actions. By making precise the definition of thermal operations,
the laws of thermodynamics are unified in this framework, with
the first law defining the class of operations, the zeroth law emerging
as an equivalence relation between thermal states, and the remaining
laws being monotonicity of our generalized free energies.
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The original formulation of the second law, due to Clausius
(1), states that “Heat can never pass from a colder to a

warmer body without some other change, connected therewith,
occurring at the same time.” In attempting to apply Clausius’s
statement of the second law to the microscopic or quantum scale,
we immediately run into a problem because it talks about cyclic
processes in which there is no other change occurring at the same
time, and at this scale it is impossible to design a process in which
there is no change, however slight, in our devices and heat engines.
Interpreted strictly, the Clausius statement of the second law
applies to situations which never occur in nature. The same holds
true for other versions of the second law, such as the Kelvin–
Planck statement, where one also talks about cyclic processes, in
which all other objects beside the system of interest are returned
back to their original state. Here, we derive a quantum version of
the Clausius statement, by looking at processes where a micro-
scopic or quantum system undergoes a transition from one state
to another, whereas the environment and working body or heat
engine is returned back to their original state. Whereas macro-
scopically only a single second law restricts transitions, we find that
there is an entire family of more fundamental restrictions at the
quantum level. At the macroscopic scale, and for systems with
short-range correlations, this entire family of second laws becomes
equal to the ordinary second law, but outside of this regime these
other second laws impose additional restrictions on thermody-
namical transitions. What is more, one needs to be more precise
about what one means by a cyclic process. At the macroscopic
scale, the fact that a process is only approximately cyclic has
generally been assumed to be enough to guarantee the second law.

Here, we show that this is not the case in the microscopic regime,
and we therefore needs to talk about “how cyclic” a process is when
stating the second law. We also derive in this work, a zeroth law of
thermodynamics, which is stronger than the ordinary zeroth law.
For thermodynamics at the macroscopic scale, a system in state

ρ can be transformed into state ρ′ provided that the free energy
goes down, where the free energy for a state ρ is

FðρÞ= hEðρÞi− kTSðρÞ; [1]

with T the temperature of the ambient heat bath that surrounds
the system, k the Boltzmann constant, SðρÞ the entropy of the
system, and hEi its average energy. This is a version of the second
law, where we also use the fact that the total energy of the system
and heat bath must be conserved. This criterion governing state
transitions is valid if the system is composed of many particles,
and there are no long-range correlations. In the case of micro-
scopic, quantum, or highly correlated systems, a criterion for
state transitions of a total system was proven in ref. 2 and named
thermo-majorization. This criterion has been conjectured (3) and
serves as a second law in some cases (see also the reformulation
of ref. 4). However, here we will see that if elevated to such high
status without sufficient care, it can be violated. Namely, we
will give examples where ρ→ ρ′ would violate the thermo-
majorization criterion, but nonetheless, the transition is possible
via a cyclic process in which a working body σ––an ancilla or
catalyst––is returned back into its original state. The criterion
of ref. 2 is thus only relevant when additional systems are not
used to aid in the transition.
This phenomenon is related to entanglement catalysis (5),

where it can be shown that some forbidden transitions are

Significance

In ordinary thermodynamics, transitions are governed by a single
quantity–the free energy. Its monotonicity is a formulation of the
second law. Here, we find that the second law for microscopic or
highly correlated systems takes on a very different form than it
does at the macroscopic scale, imposing not just one constraint
on state transformations, but many. We find a family of quan-
tum free energies which generalize the standard free energy,
and can never increase. The ordinary second law corresponds to
the nonincreasing of one of these free energies, with the re-
mainder imposing additional constraints on thermodynamic
transitions. In the thermodynamic limit, these additional sec-
ond laws become equivalent to the standard one. We also
prove a strengthened version of the zeroth law of thermody-
namics, allowing a definition of temperature.
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govern state transitions, depending on how cyclic the process is. In
one regime one can cause an apparent violation of the usual
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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the Clausius statement, by looking at processes where a micro-
scopic or quantum system undergoes a transition from one state
to another, whereas the environment and working body or heat
engine is returned back to their original state. Whereas macro-
scopically only a single second law restricts transitions, we find that
there is an entire family of more fundamental restrictions at the
quantum level. At the macroscopic scale, and for systems with
short-range correlations, this entire family of second laws becomes
equal to the ordinary second law, but outside of this regime these
other second laws impose additional restrictions on thermody-
namical transitions. What is more, one needs to be more precise
about what one means by a cyclic process. At the macroscopic
scale, the fact that a process is only approximately cyclic has
generally been assumed to be enough to guarantee the second law.

Here, we show that this is not the case in the microscopic regime,
and we therefore needs to talk about “how cyclic” a process is when
stating the second law. We also derive in this work, a zeroth law of
thermodynamics, which is stronger than the ordinary zeroth law.
For thermodynamics at the macroscopic scale, a system in state

ρ can be transformed into state ρ′ provided that the free energy
goes down, where the free energy for a state ρ is

FðρÞ= hEðρÞi− kTSðρÞ; [1]

with T the temperature of the ambient heat bath that surrounds
the system, k the Boltzmann constant, SðρÞ the entropy of the
system, and hEi its average energy. This is a version of the second
law, where we also use the fact that the total energy of the system
and heat bath must be conserved. This criterion governing state
transitions is valid if the system is composed of many particles,
and there are no long-range correlations. In the case of micro-
scopic, quantum, or highly correlated systems, a criterion for
state transitions of a total system was proven in ref. 2 and named
thermo-majorization. This criterion has been conjectured (3) and
serves as a second law in some cases (see also the reformulation
of ref. 4). However, here we will see that if elevated to such high
status without sufficient care, it can be violated. Namely, we
will give examples where ρ→ ρ′ would violate the thermo-
majorization criterion, but nonetheless, the transition is possible
via a cyclic process in which a working body σ––an ancilla or
catalyst––is returned back into its original state. The criterion
of ref. 2 is thus only relevant when additional systems are not
used to aid in the transition.
This phenomenon is related to entanglement catalysis (5),

where it can be shown that some forbidden transitions are

Significance

In ordinary thermodynamics, transitions are governed by a single
quantity–the free energy. Its monotonicity is a formulation of the
second law. Here, we find that the second law for microscopic or
highly correlated systems takes on a very different form than it
does at the macroscopic scale, imposing not just one constraint
on state transformations, but many. We find a family of quan-
tum free energies which generalize the standard free energy,
and can never increase. The ordinary second law corresponds to
the nonincreasing of one of these free energies, with the re-
mainder imposing additional constraints on thermodynamic
transitions. In the thermodynamic limit, these additional sec-
ond laws become equivalent to the standard one. We also
prove a strengthened version of the zeroth law of thermody-
namics, allowing a definition of temperature.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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The second law of thermodynamics places constraints on state
transformations. It applies to systems composed of many particles,
however, we are seeing that one can formulate laws of thermo-
dynamics when only a small number of particles are interacting
with a heat bath. Is there a second law of thermodynamics in this
regime? Here, we find that for processes which are approximately
cyclic, the second law for microscopic systems takes on a different
form compared to the macroscopic scale, imposing not just one
constraint on state transformations, but an entire family of
constraints. We find a family of free energies which generalize
the traditional one, and show that they can never increase. The
ordinary second law relates to one of these, with the remainder
imposing additional constraints on thermodynamic transitions. We
find three regimes which determine which family of second laws
govern state transitions, depending on how cyclic the process is. In
one regime one can cause an apparent violation of the usual
second law, through a process of embezzling work from a large
system which remains arbitrarily close to its original state. These
second laws are relevant for small systems, and also apply to
individual macroscopic systems interacting via long-range inter-
actions. By making precise the definition of thermal operations,
the laws of thermodynamics are unified in this framework, with
the first law defining the class of operations, the zeroth law emerging
as an equivalence relation between thermal states, and the remaining
laws being monotonicity of our generalized free energies.

quantum thermodynamics | quantum information theory |
statistical physics | resource theory | free energy

The original formulation of the second law, due to Clausius
(1), states that “Heat can never pass from a colder to a

warmer body without some other change, connected therewith,
occurring at the same time.” In attempting to apply Clausius’s
statement of the second law to the microscopic or quantum scale,
we immediately run into a problem because it talks about cyclic
processes in which there is no other change occurring at the same
time, and at this scale it is impossible to design a process in which
there is no change, however slight, in our devices and heat engines.
Interpreted strictly, the Clausius statement of the second law
applies to situations which never occur in nature. The same holds
true for other versions of the second law, such as the Kelvin–
Planck statement, where one also talks about cyclic processes, in
which all other objects beside the system of interest are returned
back to their original state. Here, we derive a quantum version of
the Clausius statement, by looking at processes where a micro-
scopic or quantum system undergoes a transition from one state
to another, whereas the environment and working body or heat
engine is returned back to their original state. Whereas macro-
scopically only a single second law restricts transitions, we find that
there is an entire family of more fundamental restrictions at the
quantum level. At the macroscopic scale, and for systems with
short-range correlations, this entire family of second laws becomes
equal to the ordinary second law, but outside of this regime these
other second laws impose additional restrictions on thermody-
namical transitions. What is more, one needs to be more precise
about what one means by a cyclic process. At the macroscopic
scale, the fact that a process is only approximately cyclic has
generally been assumed to be enough to guarantee the second law.

Here, we show that this is not the case in the microscopic regime,
and we therefore needs to talk about “how cyclic” a process is when
stating the second law. We also derive in this work, a zeroth law of
thermodynamics, which is stronger than the ordinary zeroth law.
For thermodynamics at the macroscopic scale, a system in state

ρ can be transformed into state ρ′ provided that the free energy
goes down, where the free energy for a state ρ is

FðρÞ= hEðρÞi− kTSðρÞ; [1]

with T the temperature of the ambient heat bath that surrounds
the system, k the Boltzmann constant, SðρÞ the entropy of the
system, and hEi its average energy. This is a version of the second
law, where we also use the fact that the total energy of the system
and heat bath must be conserved. This criterion governing state
transitions is valid if the system is composed of many particles,
and there are no long-range correlations. In the case of micro-
scopic, quantum, or highly correlated systems, a criterion for
state transitions of a total system was proven in ref. 2 and named
thermo-majorization. This criterion has been conjectured (3) and
serves as a second law in some cases (see also the reformulation
of ref. 4). However, here we will see that if elevated to such high
status without sufficient care, it can be violated. Namely, we
will give examples where ρ→ ρ′ would violate the thermo-
majorization criterion, but nonetheless, the transition is possible
via a cyclic process in which a working body σ––an ancilla or
catalyst––is returned back into its original state. The criterion
of ref. 2 is thus only relevant when additional systems are not
used to aid in the transition.
This phenomenon is related to entanglement catalysis (5),

where it can be shown that some forbidden transitions are

Significance

In ordinary thermodynamics, transitions are governed by a single
quantity–the free energy. Its monotonicity is a formulation of the
second law. Here, we find that the second law for microscopic or
highly correlated systems takes on a very different form than it
does at the macroscopic scale, imposing not just one constraint
on state transformations, but many. We find a family of quan-
tum free energies which generalize the standard free energy,
and can never increase. The ordinary second law corresponds to
the nonincreasing of one of these free energies, with the re-
mainder imposing additional constraints on thermodynamic
transitions. In the thermodynamic limit, these additional sec-
ond laws become equivalent to the standard one. We also
prove a strengthened version of the zeroth law of thermody-
namics, allowing a definition of temperature.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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Thermodynamics	as	a	resource	theory

Thermodynamics	as	a	“game”	played	by	an	agent	against	nature:

• It	is	“free”	to	bring	in	any	system	B	in	its	thermal	
state		

• strictly	energy-preserving	unitary	transformaGons	are	free,	
• and	it	is	free	to	discard	subsystems.

�B = exp(�HB/(kBT )),
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Implicit	Bayesian	interpreta4on	of	the	quantum	states:	
they	subsume	the	agent’s	knowledge	or	beliefs	about	the	system.	
E.g.,	no	assumpGon	that	the	bath	is	somehow	ontologically	exactly	
in	a	thermal	state,	just	that	the	agent	knows	nothing	useful	about	it.
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Implicit	Bayesian	interpreta4on	of	the	quantum	states:	
they	subsume	the	agent’s	knowledge	or	beliefs	about	the	system.	
E.g.,	no	assumpGon	that	the	bath	is	somehow	ontologically	exactly	
in	a	thermal	state,	just	that	the	agent	knows	nothing	useful	about	it.
But	other	interpretaGons	are	possible,	too.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies

Fα
!
ρ; ρβ

"
dkTDα

!
ρkρβ

"
− kT logZ; [2]

with the Rényi divergences DαðρkρβÞ defined as

Dα
!
ρkρβ

"
=
sgnðαÞ
α− 1

log
X

i

pαi q
1−α
i ; [3]

where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies
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with the Rényi divergences DαðρkρβÞ defined as
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where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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possible, if we can use an additional system σ as a catalyst, i.e., we
may have ρ↛ ρ′ and yet ρ⊗ σ→ ρ′⊗ σ. In the case of thermody-
namics, the catalyst σ may be thought of as a working body or
heat engine which undergoes a cyclic process and is returned
back into its original state. In deciding whether one can trans-
form ρ into ρ′, one therefore needs to ask whether there exists
a working body or other ancillas σ for which ρ⊗ σ→ ρ′⊗ σ (Fig.
1). Thus, thermo-majorization (Fig. 2) should only be applied to
total resources including all possible catalysts and working bodies
and not the system of interest itself. In the case of entanglement
theory, and when the catalyst is returned in exactly the same state,
the criteria for when one pure state may be transformed into
another have been found (6, 7) and they are called trumping
conditions. We will generalize and adapt the trumping conditions
to enable their application to the case of thermodynamics.

Family of Second Laws
Here, we consider all possible cyclic thermodynamical processes,
and show that transition laws are affected by using ancillary
systems which are returned back to their initial state. Rather
than a single free energy that determines which transitions are
possible, we find necessary and sufficient conditions for ther-
modynamic transitions which form not just one but a family of
second laws. We define the free energies
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where pi are the eigenvalues of ρ and qi the eigenvalues of the
thermal state of the system ρβ = e−βHS=Z with Hamiltonian HS,
partition function Z=

P
i;ge

−βEi , and β= 1=T.
We can then state quantum second laws, and ones that hold

for states block diagonal in the energy basis. In the latter case, we
find the following set of second laws:
In the presence of a heat bath of single fixed temperature, the

free energies Fαðρ; ρβÞ do not increase for α≥ 0 That is, ∀α≥ 0,
Fαðρ; ρβÞ≥Fαðρ′; ρβÞ, where ρ and ρ′ are the initial and final
state, respectively. Moreover, if Fαðρ; ρβÞ≥Fαðρ′; ρβÞ holds ∀α≥ 0,

then there exists a catalytic thermal operation that transforms
ρ to ρ′.
We say that the Fαðρ; ρβÞ are monotones––the system always

gets closer to the thermal state, thus the function always de-
creases. By including an auxiliary system as described in ref. 2,
the above statement of the second law is equivalent to the case
where one changes the Hamiltonian of the system, in which case
one could write Fαðρ; ρβÞ≥Fαðρ′; ρβ′Þ, where the initial Hamilto-
nian HS has been changed via external control to the final
Hamiltonian HS′ , with ρβ and ρβ′ being the respective thermal
states. This is described in SI Appendix, section I. Note that in
fact Fαðρ; ρβÞ is a monotone for all α∈ ð−∞;∞Þ but because we
are allowed to borrow a pure state and return it in a state arbi-
trarily close to its initial state, only α≥ 0 is relevant, as can be seen
by noting that if any of the probabilities pi in Eq. 3 are zero, then
for α< 0, Fαðρ; ρβÞ diverges and will thus always be monotonic.
This set of limitations is less stringent than thermo-majoriza-

tion. Not only do these second laws provide limitations, but they
are also sufficient––whenever the free energies of some state ρ
are all greater than for another state ρ′, one can transform ρ into
ρ′. We prove this in SI Appendix. Note that the monotonicity of
[2] establishes a continuous family of conditions, one for each
value of α. However, in the case of larger systems, one can per-
form a quick check, namely: we find that for any distribution p we
can construct smoothed distributions that are very close to p, and
in terms of these smoothed distributions, check two conditions in
terms of the two free energies for α= 0;∞ found in ref. 2. If such
conditions are satisfied on the smoothed distribution, it implies
that the infinite set of conditions is satisfied as well.
For α→ 1, Fαðρ; ρβÞ is equal to the ordinary Helmholtz free en-

ergy FðρÞ, hence our conditions include the ordinary second law
(combined with energy conservation), and we thus see that it is
merely one of many constraints on thermodynamical state transitions.
In the macroscopic regime, and for systems which are not

highly correlated, then Fαðρ; ρβÞ≈F1ðρ; ρβÞ for all α (2, 8), which
explains why the single constraint given by the usual second law
is more or less adequate in this limit. It was previously found that
the quantity FminðρÞ, defined in ref. 2, gives the maximal amount
of work extractable from a system in contact with a reservoir
under all thermal operations (2) (by transforming it to a thermal
state in equilibrium with the bath). This is also the relevant
quantity in a model of alternating adiabatic and isothermal
operations (9). We see this in our newly derived second laws as

Fig. 1. In the microregime, when can a state ρS with Hamiltonian HS be transformed to a state ρS′ and Hamiltonian HS′? To do so, one can couple the system to a
heat bath ρβ = e−βHR=Z with Hamiltonian HR and use any devices as long as they are returned back in their original state (thus wemay think of them as a catalyst––σ)
and we are allowed to perform any action as long as we preserve the overall energy (see below for a more detailed description of these operations, which we call
catalytic thermal operations). Loosely speaking, our second law says that ρS can transit to ρS′ if and only if ρS′ is closer to the thermal state ρβ of the system at inverse
temperature β with respect to all Rényi divergences. In the thermodynamic limit, all these quantities converge so that we recover the usual second law.
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M.	Horodecki	and	J.	Oppenheim,	Fundamental	limita9ons	for	quantum	and	
nanoscale	thermodynamics,	Nat.	Comm.	4,	2059	(2013).

…	are	both	in	general	random	variables.

If	we	want	reliability	(success	prob.															),	then� 1� "

• extractable	work:	

• work	cost: F "
1(⇢)� F (�)

F "
0 (⇢)� F (�)

F0 ⌧ F ⌧ F1.

(Only)	in	the	thermodynamic	limit,	(the	rates	of)	extractable	work	
and	work	cost	become	equal.	Emergent	reversibility.

Fundamental	irreversibility.

lim
n!1

1

n
F

"
0/1(⇢⌦n) = F (⇢) ⌘ tr(⇢H)� kB T S(⇢).
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where µB = 1
|B| with |B| ⌘ dim B is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !
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0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢
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have shown, however, that one can avoid the "-approximation
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Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
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A and B are allowed to build up. In this sense, the state ⇢
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verse “background temperature” � � 0, and “thermal opera-
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(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
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where µB = 1
|B| with |B| ⌘ dim B is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
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0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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where µB = 1
|B| with |B| ⌘ dim B is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there
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0
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0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
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0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0
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(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.

thermal bath
�B , HB

⇢A, HA

system

�M

catalyst work bit W

�

machine

energy-
preserving

transformation

controls

system

⇢
0
A, HA

�M

catalyst work bit W

machine

correlation

Preserve	catalyst	
exactly,	but	allow	
correla4ons	to	
build	up.

Okay	for	situaGons	
like	these:

stream	of	parGcles
Can this help?


Yes!

thermal	machine,	
acGng	on	one	system	at	a	Gme,	
not	encountering	systems	again	
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tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W

|ei
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

Two-level	system	A	with	energy	gap	
Goal:	heat	it	up	from	temperature	T	to	infinite	temperature.

EA = kBT log 2.
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CreaGng	correlaGons	can	help:	example
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tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W

|ei
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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<latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit>�

<latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit>
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<latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit>
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<latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit>
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<latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit>
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<latexit sha1_base64="pUGcnBO9gz+Nu703n9RiCBE2zjU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiKJ4KXjxWsK3ShrLZTtKlu5uwuxFK7K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwpQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRbFFE56o+5Bo5ExiyzDD8T5VSETIsROOrqd+5xGVZom8M+MUA0FiySJGibHSw1PcU0TGHPvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCR2RGLuWSiJQB/ns4Il7YpWBGyXKljTuTP09kROh9ViEtlMQM9SL3lT8z+tmJroMcibTzKCk80VRxl2TuNPv3QFTSA0fW0KoYvZWlw6JItTYjCo2BH/x5WXSPqv7Xt2/Pa81roo4ynAEx3AKPlxAA26gCS2gIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AB62QhA==</latexit><latexit sha1_base64="pUGcnBO9gz+Nu703n9RiCBE2zjU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiKJ4KXjxWsK3ShrLZTtKlu5uwuxFK7K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwpQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRbFFE56o+5Bo5ExiyzDD8T5VSETIsROOrqd+5xGVZom8M+MUA0FiySJGibHSw1PcU0TGHPvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCR2RGLuWSiJQB/ns4Il7YpWBGyXKljTuTP09kROh9ViEtlMQM9SL3lT8z+tmJroMcibTzKCk80VRxl2TuNPv3QFTSA0fW0KoYvZWlw6JItTYjCo2BH/x5WXSPqv7Xt2/Pa81roo4ynAEx3AKPlxAA26gCS2gIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AB62QhA==</latexit><latexit sha1_base64="pUGcnBO9gz+Nu703n9RiCBE2zjU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiKJ4KXjxWsK3ShrLZTtKlu5uwuxFK7K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwpQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRbFFE56o+5Bo5ExiyzDD8T5VSETIsROOrqd+5xGVZom8M+MUA0FiySJGibHSw1PcU0TGHPvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCR2RGLuWSiJQB/ns4Il7YpWBGyXKljTuTP09kROh9ViEtlMQM9SL3lT8z+tmJroMcibTzKCk80VRxl2TuNPv3QFTSA0fW0KoYvZWlw6JItTYjCo2BH/x5WXSPqv7Xt2/Pa81roo4ynAEx3AKPlxAA26gCS2gIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AB62QhA==</latexit><latexit sha1_base64="pUGcnBO9gz+Nu703n9RiCBE2zjU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiKJ4KXjxWsK3ShrLZTtKlu5uwuxFK7K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwpQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRbFFE56o+5Bo5ExiyzDD8T5VSETIsROOrqd+5xGVZom8M+MUA0FiySJGibHSw1PcU0TGHPvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCR2RGLuWSiJQB/ns4Il7YpWBGyXKljTuTP09kROh9ViEtlMQM9SL3lT8z+tmJroMcibTzKCk80VRxl2TuNPv3QFTSA0fW0KoYvZWlw6JItTYjCo2BH/x5WXSPqv7Xt2/Pa81roo4ynAEx3AKPlxAA26gCS2gIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AB62QhA==</latexit>

Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

CreaGng	correlaGons	can	help:	example

MM,	Correla9ng	thermal	machines	and	the	second	law	at	the	nanoscale,	PRX	8	(2018).

Two-level	system	A	with	energy	gap	
Goal:	heat	it	up	from	temperature	T	to	infinite	temperature.

EA = kBT log 2.
<latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit><latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit><latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit><latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit>



3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W

|ei
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

CreaGng	correlaGons	can	help:	example

MM,	Correla9ng	thermal	machines	and	the	second	law	at	the	nanoscale,	PRX	8	(2018).

Two-level	system	A	with	energy	gap	
Goal:	heat	it	up	from	temperature	T	to	infinite	temperature.

EA = kBT log 2.
<latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit><latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit><latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit><latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit>



3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W

|ei
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition
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then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

CreaGng	correlaGons	can	help:	example

MM,	Correla9ng	thermal	machines	and	the	second	law	at	the	nanoscale,	PRX	8	(2018).

Two-level	system	A	with	energy	gap	
Goal:	heat	it	up	from	temperature	T	to	infinite	temperature.

EA = kBT log 2.
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tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W

|ei
<latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit>�

<latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit>

M

? ⌦
<latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit>

A W

�
<latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit>

M

? ⌦
<latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit>

|gi
<latexit sha1_base64="pUGcnBO9gz+Nu703n9RiCBE2zjU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiKJ4KXjxWsK3ShrLZTtKlu5uwuxFK7K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwpQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRbFFE56o+5Bo5ExiyzDD8T5VSETIsROOrqd+5xGVZom8M+MUA0FiySJGibHSw1PcU0TGHPvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCR2RGLuWSiJQB/ns4Il7YpWBGyXKljTuTP09kROh9ViEtlMQM9SL3lT8z+tmJroMcibTzKCk80VRxl2TuNPv3QFTSA0fW0KoYvZWlw6JItTYjCo2BH/x5WXSPqv7Xt2/Pa81roo4ynAEx3AKPlxAA26gCS2gIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AB62QhA==</latexit><latexit sha1_base64="pUGcnBO9gz+Nu703n9RiCBE2zjU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiKJ4KXjxWsK3ShrLZTtKlu5uwuxFK7K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwpQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRbFFE56o+5Bo5ExiyzDD8T5VSETIsROOrqd+5xGVZom8M+MUA0FiySJGibHSw1PcU0TGHPvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCR2RGLuWSiJQB/ns4Il7YpWBGyXKljTuTP09kROh9ViEtlMQM9SL3lT8z+tmJroMcibTzKCk80VRxl2TuNPv3QFTSA0fW0KoYvZWlw6JItTYjCo2BH/x5WXSPqv7Xt2/Pa81roo4ynAEx3AKPlxAA26gCS2gIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AB62QhA==</latexit><latexit sha1_base64="pUGcnBO9gz+Nu703n9RiCBE2zjU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiKJ4KXjxWsK3ShrLZTtKlu5uwuxFK7K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwpQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRbFFE56o+5Bo5ExiyzDD8T5VSETIsROOrqd+5xGVZom8M+MUA0FiySJGibHSw1PcU0TGHPvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCR2RGLuWSiJQB/ns4Il7YpWBGyXKljTuTP09kROh9ViEtlMQM9SL3lT8z+tmJroMcibTzKCk80VRxl2TuNPv3QFTSA0fW0KoYvZWlw6JItTYjCo2BH/x5WXSPqv7Xt2/Pa81roo4ynAEx3AKPlxAA26gCS2gIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AB62QhA==</latexit><latexit sha1_base64="pUGcnBO9gz+Nu703n9RiCBE2zjU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiKJ4KXjxWsK3ShrLZTtKlu5uwuxFK7K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwpQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRbFFE56o+5Bo5ExiyzDD8T5VSETIsROOrqd+5xGVZom8M+MUA0FiySJGibHSw1PcU0TGHPvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCR2RGLuWSiJQB/ns4Il7YpWBGyXKljTuTP09kROh9ViEtlMQM9SL3lT8z+tmJroMcibTzKCk80VRxl2TuNPv3QFTSA0fW0KoYvZWlw6JItTYjCo2BH/x5WXSPqv7Xt2/Pa81roo4ynAEx3AKPlxAA26gCS2gIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AB62QhA==</latexit>

Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

CreaGng	correlaGons	can	help:	example

MM,	Correla9ng	thermal	machines	and	the	second	law	at	the	nanoscale,	PRX	8	(2018).

Two-level	system	A	with	energy	gap	
Goal:	heat	it	up	from	temperature	T	to	infinite	temperature.

EA = kBT log 2.
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tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W

|ei
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition
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then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

F↵(�A) + F↵(|eihe|W )

� F↵(⇢
0
A) + F↵(|gihg|W )
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implies
� � .4kBT
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CreaGng	correlaGons	can	help:	example

MM,	Correla9ng	thermal	machines	and	the	second	law	at	the	nanoscale,	PRX	8	(2018).

Two-level	system	A	with	energy	gap	
Goal:	heat	it	up	from	temperature	T	to	infinite	temperature.

EA = kBT log 2.
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tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

F↵(�A) + F↵(|eihe|W )

� F↵(⇢
0
A) + F↵(|gihg|W )
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implies
� � .4kBT
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despite F (⇢0A)� F (�A) ⇡ .06kBT.
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CreaGng	correlaGons	can	help:	example

MM,	Correla9ng	thermal	machines	and	the	second	law	at	the	nanoscale,	PRX	8	(2018).

Two-level	system	A	with	energy	gap	
Goal:	heat	it	up	from	temperature	T	to	infinite	temperature.

EA = kBT log 2.
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tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W

|ei
<latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit>�
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<latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit>
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

CreaGng	correlaGons	can	help:	example

MM,	Correla9ng	thermal	machines	and	the	second	law	at	the	nanoscale,	PRX	8	(2018).

Two-level	system	A	with	energy	gap	
Goal:	heat	it	up	from	temperature	T	to	infinite	temperature.

EA = kBT log 2.
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tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W

|ei
<latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit>�

<latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit>

M

? ⌦
<latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit>

A W

�
<latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit>

M

? ⌦
<latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit>

|gi
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to
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Figure 3: Example work cost if correlations between M and A are
allowed to build up. Since M is locally exactly preserved, it can
be reused on further states (just not on those ones on which it has
already acted before). This transition is possible at work cost of only
� ' .26kBT (about 1/3 less than in Figure 2), even though the
catalyst M consists only of a single qubit.

act on each particle separately. This phenomenon is again re-
lated to versions of the law of large numbers, which results in
quantities becoming sharply peaked around their averages in
large ensembles.

This is bad news for the biological machine — what if it
is essential for the survival of the organism that the specific
single instance of A is being heated, and that very little work
is spent in this process? A glance at Figure 2 can guide us
towards a solution: whatever transition we have there, it must
come from a thermal operation that is being performed glob-
ally on the MAW system. While doing so, the thermal ma-
chine better takes care of preserving the state of M so that it
can be reused in the future. But the way we have formulated
catalytic thermal operations so far introduces yet another com-
plication for the working of the machine: it must keep M un-
correlated from AW . This seems hard and overly constrain-
ing, given that interaction typically creates correlation.

We thus have two independent motivations to allow correla-
tions between M and AW : the difficulty to avoid correlations
on interaction, and the desire to achieve higher efficiency. We
will now show that the latter goal can indeed be achieved by
allowing correlations to build up, even if the catalyst M is as
small as a single qubit. Suppose that M has a trivial Hamil-
tonian, HM = 0, and two basis states |0i and |1i (both of
energy zero). Denote ground and excited state of A by |gAi

and |eAi, and consider the correlated state

⇢
0
AM

:=
1

10
|gA0ihgA0| +

4

10
|gA1ihgA1|

+
2

10
|eA0iheA0| +

3

10
|eA1iheA1|.

By computing the partial trace, we find that ⇢
0
A

is indeed the

infinite-temperature state, and

⇢
0
M

=
3

10
|0ih0| +

7

10
|1ih1| =: �M

which will also be our local qubit catalyst state �M . Thus, if
we enforce thermal transitions of the form

�A ⌦ �M ⌦ |eihe|W �! ⇢
0
AM

⌦ |gihg|W ,

then A will be heated up, the local reduced state of M will
be preserved, and correlations will build up between A and
M (note that there cannot be any correlations with W since it
is in a pure state). Now, as we show in Appendix IV E, this
transition can be achieved by a thermal operation (without the
need for any additional “standard” catalysts), investing only

� ' .26kBT

of work. That is, the single qubit catalyst allows to save about
1/3 of the total work cost as compared to (4). One can easily
imagine that this represents a decisive biological advantage
for the machine.

In the remainder of the paper, we will explore the ulti-
mate limitations of this kind of “correlating” catalysis. We
will show that these limitations are uniquely determined by
Helmholtz free energy. That is, by using other suitable cata-
lysts in the example above, one can get as close to � = �F ⇡

.06kBT as one wishes (but not below), at the prize of having a
possibly large catalyst at hand (which can however be reused).

C. Correlating state transformations in general

Under what conditions can a state transition as in the exam-
ple above be achieved? For the moment, let us assume that
there is no work bit W (we will reintroduce W in the next
subsection). In order to achieve the transition (2) with a ther-
mal operation, it is still necessary that �F↵  0 on the joint
system AM for all ↵, since this is a necessary condition for all
thermal operations. In the uncorrelated case, eq. (1), the same
inequalities follow for system A alone, since F↵(⇢A ⌦�M ) is
simply the sum F↵(⇢A)+F↵(�M ). But in the correlated case,
the situation is different. In this case, it turns out that there are
two special values of ↵, namely ↵ = 0 and ↵ = 1, for which
F↵ has the important property of superadditivity: that is,

F↵(�AM ) � F↵(�A) + F↵(�M ), ↵ = 0, 1.

This allows us to obtain two conditions on the state of A alone,
starting with the non-increase of F↵ on AM :

0 � F↵(�AM ) � F↵(⇢A ⌦ �M )

� F↵(⇢0
A
) + F↵(�M ) � F↵(⇢A) � F↵(�M ).

Thus, we conclude that

F↵(⇢0
A
) � F↵(⇢A)  0, ↵ = 0, 1.

But the other F↵ are not in general superadditive, as empha-
sized in [31, 32, 60], see also [64, 67]. Hence we cannot draw
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EA = kBT log 2.
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tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W

|ei
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to
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Figure 3: Example work cost if correlations between M and A are
allowed to build up. Since M is locally exactly preserved, it can
be reused on further states (just not on those ones on which it has
already acted before). This transition is possible at work cost of only
� ' .26kBT (about 1/3 less than in Figure 2), even though the
catalyst M consists only of a single qubit.

act on each particle separately. This phenomenon is again re-
lated to versions of the law of large numbers, which results in
quantities becoming sharply peaked around their averages in
large ensembles.

This is bad news for the biological machine — what if it
is essential for the survival of the organism that the specific
single instance of A is being heated, and that very little work
is spent in this process? A glance at Figure 2 can guide us
towards a solution: whatever transition we have there, it must
come from a thermal operation that is being performed glob-
ally on the MAW system. While doing so, the thermal ma-
chine better takes care of preserving the state of M so that it
can be reused in the future. But the way we have formulated
catalytic thermal operations so far introduces yet another com-
plication for the working of the machine: it must keep M un-
correlated from AW . This seems hard and overly constrain-
ing, given that interaction typically creates correlation.

We thus have two independent motivations to allow correla-
tions between M and AW : the difficulty to avoid correlations
on interaction, and the desire to achieve higher efficiency. We
will now show that the latter goal can indeed be achieved by
allowing correlations to build up, even if the catalyst M is as
small as a single qubit. Suppose that M has a trivial Hamil-
tonian, HM = 0, and two basis states |0i and |1i (both of
energy zero). Denote ground and excited state of A by |gAi

and |eAi, and consider the correlated state

⇢
0
AM

:=
1

10
|gA0ihgA0| +

4

10
|gA1ihgA1|

+
2

10
|eA0iheA0| +

3

10
|eA1iheA1|.

By computing the partial trace, we find that ⇢
0
A

is indeed the

infinite-temperature state, and

⇢
0
M

=
3

10
|0ih0| +

7

10
|1ih1| =: �M

which will also be our local qubit catalyst state �M . Thus, if
we enforce thermal transitions of the form

�A ⌦ �M ⌦ |eihe|W �! ⇢
0
AM

⌦ |gihg|W ,

then A will be heated up, the local reduced state of M will
be preserved, and correlations will build up between A and
M (note that there cannot be any correlations with W since it
is in a pure state). Now, as we show in Appendix IV E, this
transition can be achieved by a thermal operation (without the
need for any additional “standard” catalysts), investing only

� ' .26kBT

of work. That is, the single qubit catalyst allows to save about
1/3 of the total work cost as compared to (4). One can easily
imagine that this represents a decisive biological advantage
for the machine.

In the remainder of the paper, we will explore the ulti-
mate limitations of this kind of “correlating” catalysis. We
will show that these limitations are uniquely determined by
Helmholtz free energy. That is, by using other suitable cata-
lysts in the example above, one can get as close to � = �F ⇡

.06kBT as one wishes (but not below), at the prize of having a
possibly large catalyst at hand (which can however be reused).

C. Correlating state transformations in general

Under what conditions can a state transition as in the exam-
ple above be achieved? For the moment, let us assume that
there is no work bit W (we will reintroduce W in the next
subsection). In order to achieve the transition (2) with a ther-
mal operation, it is still necessary that �F↵  0 on the joint
system AM for all ↵, since this is a necessary condition for all
thermal operations. In the uncorrelated case, eq. (1), the same
inequalities follow for system A alone, since F↵(⇢A ⌦�M ) is
simply the sum F↵(⇢A)+F↵(�M ). But in the correlated case,
the situation is different. In this case, it turns out that there are
two special values of ↵, namely ↵ = 0 and ↵ = 1, for which
F↵ has the important property of superadditivity: that is,

F↵(�AM ) � F↵(�A) + F↵(�M ), ↵ = 0, 1.

This allows us to obtain two conditions on the state of A alone,
starting with the non-increase of F↵ on AM :

0 � F↵(�AM ) � F↵(⇢A ⌦ �M )

� F↵(⇢0
A
) + F↵(�M ) � F↵(⇢A) � F↵(�M ).

Thus, we conclude that

F↵(⇢0
A
) � F↵(⇢A)  0, ↵ = 0, 1.

But the other F↵ are not in general superadditive, as empha-
sized in [31, 32, 60], see also [64, 67]. Hence we cannot draw
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Figure 3: Example work cost if correlations between M and A are
allowed to build up. Since M is locally exactly preserved, it can
be reused on further states (just not on those ones on which it has
already acted before). This transition is possible at work cost of only
� ' .26kBT (about 1/3 less than in Figure 2), even though the
catalyst M consists only of a single qubit.

act on each particle separately. This phenomenon is again re-
lated to versions of the law of large numbers, which results in
quantities becoming sharply peaked around their averages in
large ensembles.

This is bad news for the biological machine — what if it
is essential for the survival of the organism that the specific
single instance of A is being heated, and that very little work
is spent in this process? A glance at Figure 2 can guide us
towards a solution: whatever transition we have there, it must
come from a thermal operation that is being performed glob-
ally on the MAW system. While doing so, the thermal ma-
chine better takes care of preserving the state of M so that it
can be reused in the future. But the way we have formulated
catalytic thermal operations so far introduces yet another com-
plication for the working of the machine: it must keep M un-
correlated from AW . This seems hard and overly constrain-
ing, given that interaction typically creates correlation.

We thus have two independent motivations to allow correla-
tions between M and AW : the difficulty to avoid correlations
on interaction, and the desire to achieve higher efficiency. We
will now show that the latter goal can indeed be achieved by
allowing correlations to build up, even if the catalyst M is as
small as a single qubit. Suppose that M has a trivial Hamil-
tonian, HM = 0, and two basis states |0i and |1i (both of
energy zero). Denote ground and excited state of A by |gAi

and |eAi, and consider the correlated state

⇢
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|gA0ihgA0| +
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|gA1ihgA1|

+
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|eA0iheA0| +
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By computing the partial trace, we find that ⇢
0
A

is indeed the

infinite-temperature state, and

⇢
0
M

=
3

10
|0ih0| +

7

10
|1ih1| =: �M

which will also be our local qubit catalyst state �M . Thus, if
we enforce thermal transitions of the form

�A ⌦ �M ⌦ |eihe|W �! ⇢
0
AM

⌦ |gihg|W ,

then A will be heated up, the local reduced state of M will
be preserved, and correlations will build up between A and
M (note that there cannot be any correlations with W since it
is in a pure state). Now, as we show in Appendix IV E, this
transition can be achieved by a thermal operation (without the
need for any additional “standard” catalysts), investing only

� ' .26kBT

of work. That is, the single qubit catalyst allows to save about
1/3 of the total work cost as compared to (4). One can easily
imagine that this represents a decisive biological advantage
for the machine.

In the remainder of the paper, we will explore the ulti-
mate limitations of this kind of “correlating” catalysis. We
will show that these limitations are uniquely determined by
Helmholtz free energy. That is, by using other suitable cata-
lysts in the example above, one can get as close to � = �F ⇡

.06kBT as one wishes (but not below), at the prize of having a
possibly large catalyst at hand (which can however be reused).

C. Correlating state transformations in general

Under what conditions can a state transition as in the exam-
ple above be achieved? For the moment, let us assume that
there is no work bit W (we will reintroduce W in the next
subsection). In order to achieve the transition (2) with a ther-
mal operation, it is still necessary that �F↵  0 on the joint
system AM for all ↵, since this is a necessary condition for all
thermal operations. In the uncorrelated case, eq. (1), the same
inequalities follow for system A alone, since F↵(⇢A ⌦�M ) is
simply the sum F↵(⇢A)+F↵(�M ). But in the correlated case,
the situation is different. In this case, it turns out that there are
two special values of ↵, namely ↵ = 0 and ↵ = 1, for which
F↵ has the important property of superadditivity: that is,

F↵(�AM ) � F↵(�A) + F↵(�M ), ↵ = 0, 1.

This allows us to obtain two conditions on the state of A alone,
starting with the non-increase of F↵ on AM :

0 � F↵(�AM ) � F↵(⇢A ⌦ �M )

� F↵(⇢0
A
) + F↵(�M ) � F↵(⇢A) � F↵(�M ).

Thus, we conclude that

F↵(⇢0
A
) � F↵(⇢A)  0, ↵ = 0, 1.

But the other F↵ are not in general superadditive, as empha-
sized in [31, 32, 60], see also [64, 67]. Hence we cannot draw

CreaGng	correlaGons	can	help:	example
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EA = kBT log 2.
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tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W

|ei
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to
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Figure 3: Example work cost if correlations between M and A are
allowed to build up. Since M is locally exactly preserved, it can
be reused on further states (just not on those ones on which it has
already acted before). This transition is possible at work cost of only
� ' .26kBT (about 1/3 less than in Figure 2), even though the
catalyst M consists only of a single qubit.

act on each particle separately. This phenomenon is again re-
lated to versions of the law of large numbers, which results in
quantities becoming sharply peaked around their averages in
large ensembles.

This is bad news for the biological machine — what if it
is essential for the survival of the organism that the specific
single instance of A is being heated, and that very little work
is spent in this process? A glance at Figure 2 can guide us
towards a solution: whatever transition we have there, it must
come from a thermal operation that is being performed glob-
ally on the MAW system. While doing so, the thermal ma-
chine better takes care of preserving the state of M so that it
can be reused in the future. But the way we have formulated
catalytic thermal operations so far introduces yet another com-
plication for the working of the machine: it must keep M un-
correlated from AW . This seems hard and overly constrain-
ing, given that interaction typically creates correlation.

We thus have two independent motivations to allow correla-
tions between M and AW : the difficulty to avoid correlations
on interaction, and the desire to achieve higher efficiency. We
will now show that the latter goal can indeed be achieved by
allowing correlations to build up, even if the catalyst M is as
small as a single qubit. Suppose that M has a trivial Hamil-
tonian, HM = 0, and two basis states |0i and |1i (both of
energy zero). Denote ground and excited state of A by |gAi

and |eAi, and consider the correlated state

⇢
0
AM

:=
1

10
|gA0ihgA0| +

4

10
|gA1ihgA1|

+
2

10
|eA0iheA0| +

3

10
|eA1iheA1|.

By computing the partial trace, we find that ⇢
0
A

is indeed the

infinite-temperature state, and

⇢
0
M

=
3

10
|0ih0| +

7

10
|1ih1| =: �M

which will also be our local qubit catalyst state �M . Thus, if
we enforce thermal transitions of the form

�A ⌦ �M ⌦ |eihe|W �! ⇢
0
AM

⌦ |gihg|W ,

then A will be heated up, the local reduced state of M will
be preserved, and correlations will build up between A and
M (note that there cannot be any correlations with W since it
is in a pure state). Now, as we show in Appendix IV E, this
transition can be achieved by a thermal operation (without the
need for any additional “standard” catalysts), investing only

� ' .26kBT

of work. That is, the single qubit catalyst allows to save about
1/3 of the total work cost as compared to (4). One can easily
imagine that this represents a decisive biological advantage
for the machine.

In the remainder of the paper, we will explore the ulti-
mate limitations of this kind of “correlating” catalysis. We
will show that these limitations are uniquely determined by
Helmholtz free energy. That is, by using other suitable cata-
lysts in the example above, one can get as close to � = �F ⇡

.06kBT as one wishes (but not below), at the prize of having a
possibly large catalyst at hand (which can however be reused).

C. Correlating state transformations in general

Under what conditions can a state transition as in the exam-
ple above be achieved? For the moment, let us assume that
there is no work bit W (we will reintroduce W in the next
subsection). In order to achieve the transition (2) with a ther-
mal operation, it is still necessary that �F↵  0 on the joint
system AM for all ↵, since this is a necessary condition for all
thermal operations. In the uncorrelated case, eq. (1), the same
inequalities follow for system A alone, since F↵(⇢A ⌦�M ) is
simply the sum F↵(⇢A)+F↵(�M ). But in the correlated case,
the situation is different. In this case, it turns out that there are
two special values of ↵, namely ↵ = 0 and ↵ = 1, for which
F↵ has the important property of superadditivity: that is,

F↵(�AM ) � F↵(�A) + F↵(�M ), ↵ = 0, 1.

This allows us to obtain two conditions on the state of A alone,
starting with the non-increase of F↵ on AM :

0 � F↵(�AM ) � F↵(⇢A ⌦ �M )

� F↵(⇢0
A
) + F↵(�M ) � F↵(⇢A) � F↵(�M ).

Thus, we conclude that

F↵(⇢0
A
) � F↵(⇢A)  0, ↵ = 0, 1.

But the other F↵ are not in general superadditive, as empha-
sized in [31, 32, 60], see also [64, 67]. Hence we cannot draw

4

A W

|ei
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Figure 3: Example work cost if correlations between M and A are
allowed to build up. Since M is locally exactly preserved, it can
be reused on further states (just not on those ones on which it has
already acted before). This transition is possible at work cost of only
� ' .26kBT (about 1/3 less than in Figure 2), even though the
catalyst M consists only of a single qubit.

act on each particle separately. This phenomenon is again re-
lated to versions of the law of large numbers, which results in
quantities becoming sharply peaked around their averages in
large ensembles.

This is bad news for the biological machine — what if it
is essential for the survival of the organism that the specific
single instance of A is being heated, and that very little work
is spent in this process? A glance at Figure 2 can guide us
towards a solution: whatever transition we have there, it must
come from a thermal operation that is being performed glob-
ally on the MAW system. While doing so, the thermal ma-
chine better takes care of preserving the state of M so that it
can be reused in the future. But the way we have formulated
catalytic thermal operations so far introduces yet another com-
plication for the working of the machine: it must keep M un-
correlated from AW . This seems hard and overly constrain-
ing, given that interaction typically creates correlation.

We thus have two independent motivations to allow correla-
tions between M and AW : the difficulty to avoid correlations
on interaction, and the desire to achieve higher efficiency. We
will now show that the latter goal can indeed be achieved by
allowing correlations to build up, even if the catalyst M is as
small as a single qubit. Suppose that M has a trivial Hamil-
tonian, HM = 0, and two basis states |0i and |1i (both of
energy zero). Denote ground and excited state of A by |gAi

and |eAi, and consider the correlated state

⇢
0
AM

:=
1

10
|gA0ihgA0| +

4

10
|gA1ihgA1|

+
2

10
|eA0iheA0| +

3

10
|eA1iheA1|.

By computing the partial trace, we find that ⇢
0
A

is indeed the

infinite-temperature state, and

⇢
0
M

=
3

10
|0ih0| +

7

10
|1ih1| =: �M

which will also be our local qubit catalyst state �M . Thus, if
we enforce thermal transitions of the form

�A ⌦ �M ⌦ |eihe|W �! ⇢
0
AM

⌦ |gihg|W ,

then A will be heated up, the local reduced state of M will
be preserved, and correlations will build up between A and
M (note that there cannot be any correlations with W since it
is in a pure state). Now, as we show in Appendix IV E, this
transition can be achieved by a thermal operation (without the
need for any additional “standard” catalysts), investing only

� ' .26kBT

of work. That is, the single qubit catalyst allows to save about
1/3 of the total work cost as compared to (4). One can easily
imagine that this represents a decisive biological advantage
for the machine.

In the remainder of the paper, we will explore the ulti-
mate limitations of this kind of “correlating” catalysis. We
will show that these limitations are uniquely determined by
Helmholtz free energy. That is, by using other suitable cata-
lysts in the example above, one can get as close to � = �F ⇡

.06kBT as one wishes (but not below), at the prize of having a
possibly large catalyst at hand (which can however be reused).

C. Correlating state transformations in general

Under what conditions can a state transition as in the exam-
ple above be achieved? For the moment, let us assume that
there is no work bit W (we will reintroduce W in the next
subsection). In order to achieve the transition (2) with a ther-
mal operation, it is still necessary that �F↵  0 on the joint
system AM for all ↵, since this is a necessary condition for all
thermal operations. In the uncorrelated case, eq. (1), the same
inequalities follow for system A alone, since F↵(⇢A ⌦�M ) is
simply the sum F↵(⇢A)+F↵(�M ). But in the correlated case,
the situation is different. In this case, it turns out that there are
two special values of ↵, namely ↵ = 0 and ↵ = 1, for which
F↵ has the important property of superadditivity: that is,

F↵(�AM ) � F↵(�A) + F↵(�M ), ↵ = 0, 1.

This allows us to obtain two conditions on the state of A alone,
starting with the non-increase of F↵ on AM :

0 � F↵(�AM ) � F↵(⇢A ⌦ �M )

� F↵(⇢0
A
) + F↵(�M ) � F↵(⇢A) � F↵(�M ).

Thus, we conclude that

F↵(⇢0
A
) � F↵(⇢A)  0, ↵ = 0, 1.

But the other F↵ are not in general superadditive, as empha-
sized in [31, 32, 60], see also [64, 67]. Hence we cannot draw

4
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Figure 3: Example work cost if correlations between M and A are
allowed to build up. Since M is locally exactly preserved, it can
be reused on further states (just not on those ones on which it has
already acted before). This transition is possible at work cost of only
� ' .26kBT (about 1/3 less than in Figure 2), even though the
catalyst M consists only of a single qubit.

act on each particle separately. This phenomenon is again re-
lated to versions of the law of large numbers, which results in
quantities becoming sharply peaked around their averages in
large ensembles.

This is bad news for the biological machine — what if it
is essential for the survival of the organism that the specific
single instance of A is being heated, and that very little work
is spent in this process? A glance at Figure 2 can guide us
towards a solution: whatever transition we have there, it must
come from a thermal operation that is being performed glob-
ally on the MAW system. While doing so, the thermal ma-
chine better takes care of preserving the state of M so that it
can be reused in the future. But the way we have formulated
catalytic thermal operations so far introduces yet another com-
plication for the working of the machine: it must keep M un-
correlated from AW . This seems hard and overly constrain-
ing, given that interaction typically creates correlation.

We thus have two independent motivations to allow correla-
tions between M and AW : the difficulty to avoid correlations
on interaction, and the desire to achieve higher efficiency. We
will now show that the latter goal can indeed be achieved by
allowing correlations to build up, even if the catalyst M is as
small as a single qubit. Suppose that M has a trivial Hamil-
tonian, HM = 0, and two basis states |0i and |1i (both of
energy zero). Denote ground and excited state of A by |gAi

and |eAi, and consider the correlated state

⇢
0
AM

:=
1

10
|gA0ihgA0| +

4

10
|gA1ihgA1|

+
2

10
|eA0iheA0| +

3

10
|eA1iheA1|.

By computing the partial trace, we find that ⇢
0
A

is indeed the

infinite-temperature state, and

⇢
0
M

=
3

10
|0ih0| +

7

10
|1ih1| =: �M

which will also be our local qubit catalyst state �M . Thus, if
we enforce thermal transitions of the form

�A ⌦ �M ⌦ |eihe|W �! ⇢
0
AM

⌦ |gihg|W ,

then A will be heated up, the local reduced state of M will
be preserved, and correlations will build up between A and
M (note that there cannot be any correlations with W since it
is in a pure state). Now, as we show in Appendix IV E, this
transition can be achieved by a thermal operation (without the
need for any additional “standard” catalysts), investing only

� ' .26kBT

of work. That is, the single qubit catalyst allows to save about
1/3 of the total work cost as compared to (4). One can easily
imagine that this represents a decisive biological advantage
for the machine.

In the remainder of the paper, we will explore the ulti-
mate limitations of this kind of “correlating” catalysis. We
will show that these limitations are uniquely determined by
Helmholtz free energy. That is, by using other suitable cata-
lysts in the example above, one can get as close to � = �F ⇡

.06kBT as one wishes (but not below), at the prize of having a
possibly large catalyst at hand (which can however be reused).

C. Correlating state transformations in general

Under what conditions can a state transition as in the exam-
ple above be achieved? For the moment, let us assume that
there is no work bit W (we will reintroduce W in the next
subsection). In order to achieve the transition (2) with a ther-
mal operation, it is still necessary that �F↵  0 on the joint
system AM for all ↵, since this is a necessary condition for all
thermal operations. In the uncorrelated case, eq. (1), the same
inequalities follow for system A alone, since F↵(⇢A ⌦�M ) is
simply the sum F↵(⇢A)+F↵(�M ). But in the correlated case,
the situation is different. In this case, it turns out that there are
two special values of ↵, namely ↵ = 0 and ↵ = 1, for which
F↵ has the important property of superadditivity: that is,

F↵(�AM ) � F↵(�A) + F↵(�M ), ↵ = 0, 1.

This allows us to obtain two conditions on the state of A alone,
starting with the non-increase of F↵ on AM :

0 � F↵(�AM ) � F↵(⇢A ⌦ �M )

� F↵(⇢0
A
) + F↵(�M ) � F↵(⇢A) � F↵(�M ).

Thus, we conclude that

F↵(⇢0
A
) � F↵(⇢A)  0, ↵ = 0, 1.

But the other F↵ are not in general superadditive, as empha-
sized in [31, 32, 60], see also [64, 67]. Hence we cannot draw

�M = 3
10 |0ih0|+

7
10 |1ih1|
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CreaGng	correlaGons	can	help:	example

MM,	Correla9ng	thermal	machines	and	the	second	law	at	the	nanoscale,	PRX	8	(2018).

Two-level	system	A	with	energy	gap	
Goal:	heat	it	up	from	temperature	T	to	infinite	temperature.

EA = kBT log 2.
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tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
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cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to
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Figure 3: Example work cost if correlations between M and A are
allowed to build up. Since M is locally exactly preserved, it can
be reused on further states (just not on those ones on which it has
already acted before). This transition is possible at work cost of only
� ' .26kBT (about 1/3 less than in Figure 2), even though the
catalyst M consists only of a single qubit.

act on each particle separately. This phenomenon is again re-
lated to versions of the law of large numbers, which results in
quantities becoming sharply peaked around their averages in
large ensembles.

This is bad news for the biological machine — what if it
is essential for the survival of the organism that the specific
single instance of A is being heated, and that very little work
is spent in this process? A glance at Figure 2 can guide us
towards a solution: whatever transition we have there, it must
come from a thermal operation that is being performed glob-
ally on the MAW system. While doing so, the thermal ma-
chine better takes care of preserving the state of M so that it
can be reused in the future. But the way we have formulated
catalytic thermal operations so far introduces yet another com-
plication for the working of the machine: it must keep M un-
correlated from AW . This seems hard and overly constrain-
ing, given that interaction typically creates correlation.

We thus have two independent motivations to allow correla-
tions between M and AW : the difficulty to avoid correlations
on interaction, and the desire to achieve higher efficiency. We
will now show that the latter goal can indeed be achieved by
allowing correlations to build up, even if the catalyst M is as
small as a single qubit. Suppose that M has a trivial Hamil-
tonian, HM = 0, and two basis states |0i and |1i (both of
energy zero). Denote ground and excited state of A by |gAi

and |eAi, and consider the correlated state

⇢
0
AM

:=
1

10
|gA0ihgA0| +

4

10
|gA1ihgA1|

+
2

10
|eA0iheA0| +

3

10
|eA1iheA1|.

By computing the partial trace, we find that ⇢
0
A

is indeed the

infinite-temperature state, and

⇢
0
M

=
3

10
|0ih0| +

7

10
|1ih1| =: �M

which will also be our local qubit catalyst state �M . Thus, if
we enforce thermal transitions of the form

�A ⌦ �M ⌦ |eihe|W �! ⇢
0
AM

⌦ |gihg|W ,

then A will be heated up, the local reduced state of M will
be preserved, and correlations will build up between A and
M (note that there cannot be any correlations with W since it
is in a pure state). Now, as we show in Appendix IV E, this
transition can be achieved by a thermal operation (without the
need for any additional “standard” catalysts), investing only

� ' .26kBT

of work. That is, the single qubit catalyst allows to save about
1/3 of the total work cost as compared to (4). One can easily
imagine that this represents a decisive biological advantage
for the machine.

In the remainder of the paper, we will explore the ulti-
mate limitations of this kind of “correlating” catalysis. We
will show that these limitations are uniquely determined by
Helmholtz free energy. That is, by using other suitable cata-
lysts in the example above, one can get as close to � = �F ⇡

.06kBT as one wishes (but not below), at the prize of having a
possibly large catalyst at hand (which can however be reused).

C. Correlating state transformations in general

Under what conditions can a state transition as in the exam-
ple above be achieved? For the moment, let us assume that
there is no work bit W (we will reintroduce W in the next
subsection). In order to achieve the transition (2) with a ther-
mal operation, it is still necessary that �F↵  0 on the joint
system AM for all ↵, since this is a necessary condition for all
thermal operations. In the uncorrelated case, eq. (1), the same
inequalities follow for system A alone, since F↵(⇢A ⌦�M ) is
simply the sum F↵(⇢A)+F↵(�M ). But in the correlated case,
the situation is different. In this case, it turns out that there are
two special values of ↵, namely ↵ = 0 and ↵ = 1, for which
F↵ has the important property of superadditivity: that is,

F↵(�AM ) � F↵(�A) + F↵(�M ), ↵ = 0, 1.

This allows us to obtain two conditions on the state of A alone,
starting with the non-increase of F↵ on AM :

0 � F↵(�AM ) � F↵(⇢A ⌦ �M )

� F↵(⇢0
A
) + F↵(�M ) � F↵(⇢A) � F↵(�M ).

Thus, we conclude that

F↵(⇢0
A
) � F↵(⇢A)  0, ↵ = 0, 1.

But the other F↵ are not in general superadditive, as empha-
sized in [31, 32, 60], see also [64, 67]. Hence we cannot draw

4
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Figure 3: Example work cost if correlations between M and A are
allowed to build up. Since M is locally exactly preserved, it can
be reused on further states (just not on those ones on which it has
already acted before). This transition is possible at work cost of only
� ' .26kBT (about 1/3 less than in Figure 2), even though the
catalyst M consists only of a single qubit.

act on each particle separately. This phenomenon is again re-
lated to versions of the law of large numbers, which results in
quantities becoming sharply peaked around their averages in
large ensembles.

This is bad news for the biological machine — what if it
is essential for the survival of the organism that the specific
single instance of A is being heated, and that very little work
is spent in this process? A glance at Figure 2 can guide us
towards a solution: whatever transition we have there, it must
come from a thermal operation that is being performed glob-
ally on the MAW system. While doing so, the thermal ma-
chine better takes care of preserving the state of M so that it
can be reused in the future. But the way we have formulated
catalytic thermal operations so far introduces yet another com-
plication for the working of the machine: it must keep M un-
correlated from AW . This seems hard and overly constrain-
ing, given that interaction typically creates correlation.

We thus have two independent motivations to allow correla-
tions between M and AW : the difficulty to avoid correlations
on interaction, and the desire to achieve higher efficiency. We
will now show that the latter goal can indeed be achieved by
allowing correlations to build up, even if the catalyst M is as
small as a single qubit. Suppose that M has a trivial Hamil-
tonian, HM = 0, and two basis states |0i and |1i (both of
energy zero). Denote ground and excited state of A by |gAi

and |eAi, and consider the correlated state

⇢
0
AM

:=
1

10
|gA0ihgA0| +

4

10
|gA1ihgA1|

+
2

10
|eA0iheA0| +

3

10
|eA1iheA1|.

By computing the partial trace, we find that ⇢
0
A

is indeed the

infinite-temperature state, and

⇢
0
M

=
3

10
|0ih0| +

7

10
|1ih1| =: �M

which will also be our local qubit catalyst state �M . Thus, if
we enforce thermal transitions of the form

�A ⌦ �M ⌦ |eihe|W �! ⇢
0
AM

⌦ |gihg|W ,

then A will be heated up, the local reduced state of M will
be preserved, and correlations will build up between A and
M (note that there cannot be any correlations with W since it
is in a pure state). Now, as we show in Appendix IV E, this
transition can be achieved by a thermal operation (without the
need for any additional “standard” catalysts), investing only

� ' .26kBT

of work. That is, the single qubit catalyst allows to save about
1/3 of the total work cost as compared to (4). One can easily
imagine that this represents a decisive biological advantage
for the machine.

In the remainder of the paper, we will explore the ulti-
mate limitations of this kind of “correlating” catalysis. We
will show that these limitations are uniquely determined by
Helmholtz free energy. That is, by using other suitable cata-
lysts in the example above, one can get as close to � = �F ⇡

.06kBT as one wishes (but not below), at the prize of having a
possibly large catalyst at hand (which can however be reused).

C. Correlating state transformations in general

Under what conditions can a state transition as in the exam-
ple above be achieved? For the moment, let us assume that
there is no work bit W (we will reintroduce W in the next
subsection). In order to achieve the transition (2) with a ther-
mal operation, it is still necessary that �F↵  0 on the joint
system AM for all ↵, since this is a necessary condition for all
thermal operations. In the uncorrelated case, eq. (1), the same
inequalities follow for system A alone, since F↵(⇢A ⌦�M ) is
simply the sum F↵(⇢A)+F↵(�M ). But in the correlated case,
the situation is different. In this case, it turns out that there are
two special values of ↵, namely ↵ = 0 and ↵ = 1, for which
F↵ has the important property of superadditivity: that is,

F↵(�AM ) � F↵(�A) + F↵(�M ), ↵ = 0, 1.

This allows us to obtain two conditions on the state of A alone,
starting with the non-increase of F↵ on AM :

0 � F↵(�AM ) � F↵(⇢A ⌦ �M )

� F↵(⇢0
A
) + F↵(�M ) � F↵(⇢A) � F↵(�M ).

Thus, we conclude that

F↵(⇢0
A
) � F↵(⇢A)  0, ↵ = 0, 1.

But the other F↵ are not in general superadditive, as empha-
sized in [31, 32, 60], see also [64, 67]. Hence we cannot draw

�M = 3
10 |0ih0|+

7
10 |1ih1|
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⇢0M = �M
<latexit sha1_base64="Hc7sAdaTaYYXfaeC544z39LpPyU=">AAAB+XicbVDLSsNAFL2pr1pfUZduokV0VRI3uhECbtwUKtgHtCFMppN26GQmzEwKJfRPdOFCEbf+gN/gzt/wC5w+Ftp64MLhnHu5954oZVRp1/2yCiura+sbxc3S1vbO7p69f9BQIpOY1LFgQrYipAijnNQ11Yy0UklQEjHSjAY3E785JFJRwe/1KCVBgnqcxhQjbaTQtjuyL87C6nVH0V6Cwmpol92KO4WzTLw5KfvH348fAFAL7c9OV+AsIVxjhpRqe26qgxxJTTEj41InUyRFeIB6pG0oRwlRQT69fOycGqXrxEKa4tqZqr8ncpQoNUoi05kg3VeL3kT8z2tnOr4KcsrTTBOOZ4vijDlaOJMYnC6VBGs2MgRhSc2tDu4jibA2YZVMCN7iy8ukcVHx3Ip355V9H2YowhGcwDl4cAk+3EIN6oBhCA/wDC9Wbj1Zr9bbrLVgzWcO4Q+s9x9psZXE</latexit><latexit sha1_base64="7dgGHKjPeXSgtd3YQn+42rSKST8=">AAAB+XicbVC7SgNBFJ31GeNr1dJmNQStwq6NNsKCjU0ggnlAdllmJ7PJkHksM7OBsORPtLBQxNZPsLC3s/If/AInj0ITD1w4nHMv994Tp5Qo7bqf1tLyyuraemGjuLm1vbNr7+03lMgkwnUkqJCtGCpMCcd1TTTFrVRiyGKKm3H/auw3B1gqIvitHqY4ZLDLSUIQ1EaKbDuQPXESVS8DRboMRtXILrkVdwJnkXgzUvKPvu/fy29ftcj+CDoCZQxzjShUqu25qQ5zKDVBFI+KQaZwClEfdnHbUA4ZVmE+uXzklI3ScRIhTXHtTNTfEzlkSg1ZbDoZ1D01743F/7x2ppOLMCc8zTTmaLooyaijhTOOwekQiZGmQ0MgksTc6qAelBBpE1bRhODNv7xIGmcVz614N17J98EUBXAIjsEp8MA58ME1qIE6QGAA7sAjeLJy68F6tl6mrUvWbOYA/IH1+gPSV5eS</latexit><latexit sha1_base64="7dgGHKjPeXSgtd3YQn+42rSKST8=">AAAB+XicbVC7SgNBFJ31GeNr1dJmNQStwq6NNsKCjU0ggnlAdllmJ7PJkHksM7OBsORPtLBQxNZPsLC3s/If/AInj0ITD1w4nHMv994Tp5Qo7bqf1tLyyuraemGjuLm1vbNr7+03lMgkwnUkqJCtGCpMCcd1TTTFrVRiyGKKm3H/auw3B1gqIvitHqY4ZLDLSUIQ1EaKbDuQPXESVS8DRboMRtXILrkVdwJnkXgzUvKPvu/fy29ftcj+CDoCZQxzjShUqu25qQ5zKDVBFI+KQaZwClEfdnHbUA4ZVmE+uXzklI3ScRIhTXHtTNTfEzlkSg1ZbDoZ1D01743F/7x2ppOLMCc8zTTmaLooyaijhTOOwekQiZGmQ0MgksTc6qAelBBpE1bRhODNv7xIGmcVz614N17J98EUBXAIjsEp8MA58ME1qIE6QGAA7sAjeLJy68F6tl6mrUvWbOYA/IH1+gPSV5eS</latexit><latexit sha1_base64="pLRsGNIe/CxvJ7dOM0bu6rwvFXg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbRU0m86EUoePFSqGA/oAlhs922S3c3YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzItTzrTxvG+ntLG5tb1T3q3s7R8cHrnHJ22dZIrQFkl4orox1pQzSVuGGU67qaJYxJx24vH93O9MqNIskU9mmtJQ4KFkA0awsVLkuoEaJZdR4y7QbChw1IjcqlfzFkDrxC9IFQo0I/cr6CckE1QawrHWPd9LTZhjZRjhdFYJMk1TTMZ4SHuWSiyoDvPF5TN0YZU+GiTKljRoof6eyLHQeipi2ymwGelVby7+5/UyM7gNcybTzFBJlosGGUcmQfMYUJ8pSgyfWoKJYvZWREZYYWJsWBUbgr/68jppX9d8r+Y/+tV6vYijDGdwDlfgww3U4QGa0AICE3iGV3hzcufFeXc+lq0lp5g5hT9wPn8AyRGTFA==</latexit>

Turns	out:	there	is	a	thermal	operaGon	that	achieves	this	transiGon,	
and	it	only	needs																															(before	it	was															).� � .26kBT

<latexit sha1_base64="RdK+tP1Plefy5BAd5dMlllRGKVc=">AAAB/XicbVDJSgNBEK2JW4xbNN68NAbB0zCTg3oM6sFjhGyQDKGnU0ma9Cx29wgxBP0ULx4U8ep/eBD8FU92loMmPih4vFdFVT0/Flxpx/myUkvLK6tr6fXMxubW9k52d6+qokQyrLBIRLLuU4WCh1jRXAusxxJp4Aus+f2LsV+7Ral4FJb1IEYvoN2Qdzij2kit7H7zEoWmzS7eELtwQvqtc1JuZfOO7UxAFok7I/li7vP7AQBKrexHsx2xJMBQM0GVarhOrL0hlZozgaNMM1EYU9anXWwYGtIAlTecXD8iR0Zpk04kTYWaTNTfE0MaKDUIfNMZUN1T895Y/M9rJLpz5g15GCcaQzZd1EkE0REZR0HaXCLTYmAIZZKbWwnrUUmZNoFlTAju/MuLpFqwXcd2r918sQhTpOEADuEYXDiFIlxBCSrA4A4e4RlerHvryXq13qatKWs2k4M/sN5/AJ43lkY=</latexit><latexit sha1_base64="LB0WhJZ+ORt+u/JLGTfvgTWAGi8=">AAAB/XicbVC7SgNBFJ2Nrxhfq7GzGQyChYTdFGoZ1MIyQl6QLGF2cjcZMju7zswKMQTBL7GxUMTW/7AQ/AO/wcrJo9DEAxcO59zLvff4MWdKO86nlVpYXFpeSa9m1tY3Nrfs7Z2qihJJoUIjHsm6TxRwJqCimeZQjyWQ0OdQ83vnI792A1KxSJR1PwYvJB3BAkaJNlLL3m1eANek2YFrnC8c417rDJdbds7JO2PgeeJOSa6Y/fi+/xoelVr2e7Md0SQEoSknSjVcJ9begEjNKIdhppkoiAntkQ40DBUkBOUNxtcP8YFR2jiIpCmh8Vj9PTEgoVL90DedIdFdNeuNxP+8RqKDU2/ARJxoEHSyKEg41hEeRYHbTALVvG8IoZKZWzHtEkmoNoFlTAju7MvzpFrIu07evXJzxSKaII320D46RC46QUV0iUqogii6RQ/oCT1bd9aj9WK9TlpT1nQmi/7AevsBuXeX2Q==</latexit><latexit sha1_base64="LB0WhJZ+ORt+u/JLGTfvgTWAGi8=">AAAB/XicbVC7SgNBFJ2Nrxhfq7GzGQyChYTdFGoZ1MIyQl6QLGF2cjcZMju7zswKMQTBL7GxUMTW/7AQ/AO/wcrJo9DEAxcO59zLvff4MWdKO86nlVpYXFpeSa9m1tY3Nrfs7Z2qihJJoUIjHsm6TxRwJqCimeZQjyWQ0OdQ83vnI792A1KxSJR1PwYvJB3BAkaJNlLL3m1eANek2YFrnC8c417rDJdbds7JO2PgeeJOSa6Y/fi+/xoelVr2e7Md0SQEoSknSjVcJ9begEjNKIdhppkoiAntkQ40DBUkBOUNxtcP8YFR2jiIpCmh8Vj9PTEgoVL90DedIdFdNeuNxP+8RqKDU2/ARJxoEHSyKEg41hEeRYHbTALVvG8IoZKZWzHtEkmoNoFlTAju7MvzpFrIu07evXJzxSKaII320D46RC46QUV0iUqogii6RQ/oCT1bd9aj9WK9TlpT1nQmi/7AevsBuXeX2Q==</latexit><latexit sha1_base64="XUmI5R5CVkZjsaCEJl1nXa7WiOk=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5B0oS6LunBZoS9oQphMb9qhk4czE6GG4q+4caGIW//DnX/jtM1CWw9cOJxzL/feE6ScSWXb30ZpZXVtfaO8Wdna3tndM/cP2jLJBIUWTXgiugGRwFkMLcUUh24qgEQBh04wup76nQcQkiVxU41T8CIyiFnIKFFa8s0j9wa4Iu4A7rFVO8cj/wo3fbNqW/YMeJk4BamiAg3f/HL7Cc0iiBXlRMqeY6fKy4lQjHKYVNxMQkroiAygp2lMIpBePrt+gk+10sdhInTFCs/U3xM5iaQcR4HujIgaykVvKv7n9TIVXno5i9NMQUzni8KMY5XgaRS4zwRQxceaECqYvhXTIRGEKh1YRYfgLL68TNo1y7Et586p1utFHGV0jE7QGXLQBaqjW9RALUTRI3pGr+jNeDJejHfjY95aMoqZQ/QHxucPDyOTow==</latexit>

.4kBT
<latexit sha1_base64="O7zVm8qTOU8sfP/44e8bbqQKQFY=">AAAB73icbZDLSgMxFIbPeK31Vu3STbAIroaJCLocdOOyQm/QDiWTZtrQTGZMMkIZCj6DGxeKuPV1XAi+iivTy0Jbfwh8/P855JwTpoJr43lfzsrq2vrGZmGruL2zu7dfOjhs6CRTlNVpIhLVColmgktWN9wI1koVI3EoWDMcXk/y5j1TmieyZkYpC2LSlzzilBhrtdxzNOxeoVq3VPFcbyq0DHgOFb/8+f0AANVu6aPTS2gWM2moIFq3sZeaICfKcCrYuNjJNEsJHZI+a1uUJGY6yKfzjtGJdXooSpR90qCp+7sjJ7HWozi0lTExA72YTcz/snZmossg5zLNDJN09lGUCWQSNFke9bhi1IiRBUIVt7MiOiCKUGNPVLRHwIsrL0PjzMWei29xxfdhpgIcwTGcAoYL8OEGqlAHCgIe4RlenDvnyXl13malK868pwx/5Lz/ANIUkWo=</latexit><latexit sha1_base64="ZEa5daz4dgkxc78i43EyhoDDahE=">AAAB73icbZC7SgNBFIbPxluMt2hKm8EgWMiyK4KWizaWEXKDZAmzk9lkyOzsZmZWCEsaH8HGQhFbX8dC8A18Bisnl0ITfxj4+P9zmHNOkHCmtON8WrmV1bX1jfxmYWt7Z3evuH9QV3EqCa2RmMeyGWBFORO0ppnmtJlIiqOA00YwuJ7kjTsqFYtFVY8S6ke4J1jICNbGatrnaNC5QtVOsezYzlRoGdw5lL3Sx/f91/i00im+t7sxSSMqNOFYqZbrJNrPsNSMcDoutFNFE0wGuEdbBgWOqPKz6bxjdGycLgpjaZ7QaOr+7shwpNQoCkxlhHVfLWYT87+slerw0s+YSFJNBZl9FKYc6RhNlkddJinRfGQAE8nMrIj0scREmxMVzBHcxZWXoX5mu47t3rplz4OZ8nAIR3ACLlyABzdQgRoQ4PAAT/BsDa1H68V6nZXmrHlPCf7IevsB7VSS/Q==</latexit><latexit sha1_base64="ZEa5daz4dgkxc78i43EyhoDDahE=">AAAB73icbZC7SgNBFIbPxluMt2hKm8EgWMiyK4KWizaWEXKDZAmzk9lkyOzsZmZWCEsaH8HGQhFbX8dC8A18Bisnl0ITfxj4+P9zmHNOkHCmtON8WrmV1bX1jfxmYWt7Z3evuH9QV3EqCa2RmMeyGWBFORO0ppnmtJlIiqOA00YwuJ7kjTsqFYtFVY8S6ke4J1jICNbGatrnaNC5QtVOsezYzlRoGdw5lL3Sx/f91/i00im+t7sxSSMqNOFYqZbrJNrPsNSMcDoutFNFE0wGuEdbBgWOqPKz6bxjdGycLgpjaZ7QaOr+7shwpNQoCkxlhHVfLWYT87+slerw0s+YSFJNBZl9FKYc6RhNlkddJinRfGQAE8nMrIj0scREmxMVzBHcxZWXoX5mu47t3rplz4OZ8nAIR3ACLlyABzdQgRoQ4PAAT/BsDa1H68V6nZXmrHlPCf7IevsB7VSS/Q==</latexit><latexit sha1_base64="WgZJ73DL94pCZLsgqRef7Xf53Zs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4CokIeix68VihX9CGstlu2qWbTdydCCX0T3jxoIhX/443/43bNgdtfTDweG+GmXlhKoVBz/t21tY3Nre2Szvl3b39g8PK0XHLJJlmvMkSmehOSA2XQvEmCpS8k2pO41Dydji+m/ntJ66NSFQDJykPYjpUIhKMopU67hUZ929Jo1+peq43B1klfkGqUKDer3z1BgnLYq6QSWpM1/dSDHKqUTDJp+VeZnhK2ZgOeddSRWNugnx+75ScW2VAokTbUkjm6u+JnMbGTOLQdsYUR2bZm4n/ed0Mo5sgFyrNkCu2WBRlkmBCZs+TgdCcoZxYQpkW9lbCRlRThjaisg3BX355lbQuXd9z/Qe/WqsVcZTgFM7gAny4hhrcQx2awEDCM7zCm/PovDjvzseidc0pZk7gD5zPH0MAjsc=</latexit>

CreaGng	correlaGons	can	help:	example

MM,	Correla9ng	thermal	machines	and	the	second	law	at	the	nanoscale,	PRX	8	(2018).

Two-level	system	A	with	energy	gap	
Goal:	heat	it	up	from	temperature	T	to	infinite	temperature.

EA = kBT log 2.
<latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit><latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit><latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit><latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit>



Two-level	system	A	with	energy	gap	
Goal:	heat	it	up	from	temperature	T	to	infinite	temperature.

EA = kBT log 2.
<latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit><latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit><latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit><latexit sha1_base64="XG22MnorvQh8aBnyh4k4iGTFaiU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiRF0I1QK4LLCn1BG8JkOmmHTmbCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5gwqrTrfluFtfWNza3idmlnd2//wC4ftpVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC8c3M7zwQqajgTT1JiB+jIacRxUgbKbDLt8H11TiowybsMzGEVSewK67jzgFXiZeTCsjRCOyv/kDgNCZcY4aU6nluov0MSU0xI9NSP1UkQXiMhqRnKEcxUX42P30KT40ygJGQpriGc/X3RIZipSZxaDpjpEdq2ZuJ/3m9VEeXfkZ5kmrC8WJRlDKoBZzlAAdUEqzZxBCEJTW3QjxCEmFt0iqZELzll1dJu+p4ruPdn1dq9TyOIjgGJ+AMeOAC1MAdaIAWwOARPINX8GY9WS/Wu/WxaC1Y+cwR+APr8weEDpI1</latexit>
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tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W

|ei
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to
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Figure 3: Example work cost if correlations between M and A are
allowed to build up. Since M is locally exactly preserved, it can
be reused on further states (just not on those ones on which it has
already acted before). This transition is possible at work cost of only
� ' .26kBT (about 1/3 less than in Figure 2), even though the
catalyst M consists only of a single qubit.

act on each particle separately. This phenomenon is again re-
lated to versions of the law of large numbers, which results in
quantities becoming sharply peaked around their averages in
large ensembles.

This is bad news for the biological machine — what if it
is essential for the survival of the organism that the specific
single instance of A is being heated, and that very little work
is spent in this process? A glance at Figure 2 can guide us
towards a solution: whatever transition we have there, it must
come from a thermal operation that is being performed glob-
ally on the MAW system. While doing so, the thermal ma-
chine better takes care of preserving the state of M so that it
can be reused in the future. But the way we have formulated
catalytic thermal operations so far introduces yet another com-
plication for the working of the machine: it must keep M un-
correlated from AW . This seems hard and overly constrain-
ing, given that interaction typically creates correlation.

We thus have two independent motivations to allow correla-
tions between M and AW : the difficulty to avoid correlations
on interaction, and the desire to achieve higher efficiency. We
will now show that the latter goal can indeed be achieved by
allowing correlations to build up, even if the catalyst M is as
small as a single qubit. Suppose that M has a trivial Hamil-
tonian, HM = 0, and two basis states |0i and |1i (both of
energy zero). Denote ground and excited state of A by |gAi

and |eAi, and consider the correlated state

⇢
0
AM

:=
1

10
|gA0ihgA0| +

4

10
|gA1ihgA1|

+
2

10
|eA0iheA0| +

3

10
|eA1iheA1|.

By computing the partial trace, we find that ⇢
0
A

is indeed the

infinite-temperature state, and

⇢
0
M

=
3

10
|0ih0| +

7

10
|1ih1| =: �M

which will also be our local qubit catalyst state �M . Thus, if
we enforce thermal transitions of the form

�A ⌦ �M ⌦ |eihe|W �! ⇢
0
AM

⌦ |gihg|W ,

then A will be heated up, the local reduced state of M will
be preserved, and correlations will build up between A and
M (note that there cannot be any correlations with W since it
is in a pure state). Now, as we show in Appendix IV E, this
transition can be achieved by a thermal operation (without the
need for any additional “standard” catalysts), investing only

� ' .26kBT

of work. That is, the single qubit catalyst allows to save about
1/3 of the total work cost as compared to (4). One can easily
imagine that this represents a decisive biological advantage
for the machine.

In the remainder of the paper, we will explore the ulti-
mate limitations of this kind of “correlating” catalysis. We
will show that these limitations are uniquely determined by
Helmholtz free energy. That is, by using other suitable cata-
lysts in the example above, one can get as close to � = �F ⇡

.06kBT as one wishes (but not below), at the prize of having a
possibly large catalyst at hand (which can however be reused).

C. Correlating state transformations in general

Under what conditions can a state transition as in the exam-
ple above be achieved? For the moment, let us assume that
there is no work bit W (we will reintroduce W in the next
subsection). In order to achieve the transition (2) with a ther-
mal operation, it is still necessary that �F↵  0 on the joint
system AM for all ↵, since this is a necessary condition for all
thermal operations. In the uncorrelated case, eq. (1), the same
inequalities follow for system A alone, since F↵(⇢A ⌦�M ) is
simply the sum F↵(⇢A)+F↵(�M ). But in the correlated case,
the situation is different. In this case, it turns out that there are
two special values of ↵, namely ↵ = 0 and ↵ = 1, for which
F↵ has the important property of superadditivity: that is,

F↵(�AM ) � F↵(�A) + F↵(�M ), ↵ = 0, 1.

This allows us to obtain two conditions on the state of A alone,
starting with the non-increase of F↵ on AM :

0 � F↵(�AM ) � F↵(⇢A ⌦ �M )

� F↵(⇢0
A
) + F↵(�M ) � F↵(⇢A) � F↵(�M ).

Thus, we conclude that

F↵(⇢0
A
) � F↵(⇢A)  0, ↵ = 0, 1.

But the other F↵ are not in general superadditive, as empha-
sized in [31, 32, 60], see also [64, 67]. Hence we cannot draw

4

A W

|ei
<latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit>�

<latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit>

M

⌦
<latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit><latexit sha1_base64="J47j205Jh63rIsiJgg/4Z5xZYNE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BLx4jmAckS5idzCZDZmeWmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJXCou9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmGG8yLbXpRNRyKRRvokDJO6nhNIkkb0fju5nffuLGCq0ecZLyMKFDJWLBKDqp3dMoEm77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVXULQnz+blTcu6UAYm1caWQzNXfEzlNrJ0kketMKI7ssjcT//O6GcY3YS5UmiFXbLEoziRBTWa/k4EwnKGcOEKZEe5WwkbUUIYuobILIVh+eZW0LmuBXwserqr12yKOEpzCGVxAANdQh3toQBMYjOEZXuHNS70X7937WLSuecXMCfyB9/kDg4OPpQ==</latexit>

A W

�
<latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit><latexit sha1_base64="0pGNstNzLnhWXZzg5eBU0HPNRfA=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadk1r42ngB48RjAxkCxhdjKbjJndWWZmhRDyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmZXVtfSO7mdva3tndy+8ftJRIJaFNIriQ7QAryllMm5ppTtuJpDgKOL0NRhcz//aeSsVEfKPHCfUjPIhZyAjWRmp1LynXuJcvOLZbLpeKNeTYxWqt6HmGVEplr1JDru3MUYAlGr38e7cvSBrRWBOOleq4TqL9CZaaEU6nuW6qaILJCA9ox9AYR1T5k/m1U3RilD4KhTQVazRXv09McKTUOApMZ4T1UP32ZuJfXifVoedPWJykmsZksShMOdICzV5HfSYp0XxsCCaSmVsRGWKJiTYB5UwIX5+i/0nrzHZNVtelQv18GUcWjuAYTsGFKtThChrQBAJ38ABP8GwJ69F6sV4XrRlrOXMIP2C9fQLyq49b</latexit>

M
|gi

<latexit sha1_base64="pUGcnBO9gz+Nu703n9RiCBE2zjU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiKJ4KXjxWsK3ShrLZTtKlu5uwuxFK7K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwpQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRbFFE56o+5Bo5ExiyzDD8T5VSETIsROOrqd+5xGVZom8M+MUA0FiySJGibHSw1PcU0TGHPvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCR2RGLuWSiJQB/ns4Il7YpWBGyXKljTuTP09kROh9ViEtlMQM9SL3lT8z+tmJroMcibTzKCk80VRxl2TuNPv3QFTSA0fW0KoYvZWlw6JItTYjCo2BH/x5WXSPqv7Xt2/Pa81roo4ynAEx3AKPlxAA26gCS2gIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AB62QhA==</latexit><latexit sha1_base64="pUGcnBO9gz+Nu703n9RiCBE2zjU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiKJ4KXjxWsK3ShrLZTtKlu5uwuxFK7K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwpQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRbFFE56o+5Bo5ExiyzDD8T5VSETIsROOrqd+5xGVZom8M+MUA0FiySJGibHSw1PcU0TGHPvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCR2RGLuWSiJQB/ns4Il7YpWBGyXKljTuTP09kROh9ViEtlMQM9SL3lT8z+tmJroMcibTzKCk80VRxl2TuNPv3QFTSA0fW0KoYvZWlw6JItTYjCo2BH/x5WXSPqv7Xt2/Pa81roo4ynAEx3AKPlxAA26gCS2gIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AB62QhA==</latexit><latexit sha1_base64="pUGcnBO9gz+Nu703n9RiCBE2zjU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiKJ4KXjxWsK3ShrLZTtKlu5uwuxFK7K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwpQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRbFFE56o+5Bo5ExiyzDD8T5VSETIsROOrqd+5xGVZom8M+MUA0FiySJGibHSw1PcU0TGHPvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCR2RGLuWSiJQB/ns4Il7YpWBGyXKljTuTP09kROh9ViEtlMQM9SL3lT8z+tmJroMcibTzKCk80VRxl2TuNPv3QFTSA0fW0KoYvZWlw6JItTYjCo2BH/x5WXSPqv7Xt2/Pa81roo4ynAEx3AKPlxAA26gCS2gIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AB62QhA==</latexit><latexit sha1_base64="pUGcnBO9gz+Nu703n9RiCBE2zjU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiKJ4KXjxWsK3ShrLZTtKlu5uwuxFK7K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwpQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRbFFE56o+5Bo5ExiyzDD8T5VSETIsROOrqd+5xGVZom8M+MUA0FiySJGibHSw1PcU0TGHPvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCR2RGLuWSiJQB/ns4Il7YpWBGyXKljTuTP09kROh9ViEtlMQM9SL3lT8z+tmJroMcibTzKCk80VRxl2TuNPv3QFTSA0fW0KoYvZWlw6JItTYjCo2BH/x5WXSPqv7Xt2/Pa81roo4ynAEx3AKPlxAA26gCS2gIOAZXuHNUc6L8+58zFtLTjFzCH/gfP4AB62QhA==</latexit>

Figure 3: Example work cost if correlations between M and A are
allowed to build up. Since M is locally exactly preserved, it can
be reused on further states (just not on those ones on which it has
already acted before). This transition is possible at work cost of only
� ' .26kBT (about 1/3 less than in Figure 2), even though the
catalyst M consists only of a single qubit.

act on each particle separately. This phenomenon is again re-
lated to versions of the law of large numbers, which results in
quantities becoming sharply peaked around their averages in
large ensembles.

This is bad news for the biological machine — what if it
is essential for the survival of the organism that the specific
single instance of A is being heated, and that very little work
is spent in this process? A glance at Figure 2 can guide us
towards a solution: whatever transition we have there, it must
come from a thermal operation that is being performed glob-
ally on the MAW system. While doing so, the thermal ma-
chine better takes care of preserving the state of M so that it
can be reused in the future. But the way we have formulated
catalytic thermal operations so far introduces yet another com-
plication for the working of the machine: it must keep M un-
correlated from AW . This seems hard and overly constrain-
ing, given that interaction typically creates correlation.

We thus have two independent motivations to allow correla-
tions between M and AW : the difficulty to avoid correlations
on interaction, and the desire to achieve higher efficiency. We
will now show that the latter goal can indeed be achieved by
allowing correlations to build up, even if the catalyst M is as
small as a single qubit. Suppose that M has a trivial Hamil-
tonian, HM = 0, and two basis states |0i and |1i (both of
energy zero). Denote ground and excited state of A by |gAi

and |eAi, and consider the correlated state

⇢
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By computing the partial trace, we find that ⇢
0
A

is indeed the

infinite-temperature state, and

⇢
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=
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|1ih1| =: �M

which will also be our local qubit catalyst state �M . Thus, if
we enforce thermal transitions of the form

�A ⌦ �M ⌦ |eihe|W �! ⇢
0
AM

⌦ |gihg|W ,

then A will be heated up, the local reduced state of M will
be preserved, and correlations will build up between A and
M (note that there cannot be any correlations with W since it
is in a pure state). Now, as we show in Appendix IV E, this
transition can be achieved by a thermal operation (without the
need for any additional “standard” catalysts), investing only

� ' .26kBT

of work. That is, the single qubit catalyst allows to save about
1/3 of the total work cost as compared to (4). One can easily
imagine that this represents a decisive biological advantage
for the machine.

In the remainder of the paper, we will explore the ulti-
mate limitations of this kind of “correlating” catalysis. We
will show that these limitations are uniquely determined by
Helmholtz free energy. That is, by using other suitable cata-
lysts in the example above, one can get as close to � = �F ⇡

.06kBT as one wishes (but not below), at the prize of having a
possibly large catalyst at hand (which can however be reused).

C. Correlating state transformations in general

Under what conditions can a state transition as in the exam-
ple above be achieved? For the moment, let us assume that
there is no work bit W (we will reintroduce W in the next
subsection). In order to achieve the transition (2) with a ther-
mal operation, it is still necessary that �F↵  0 on the joint
system AM for all ↵, since this is a necessary condition for all
thermal operations. In the uncorrelated case, eq. (1), the same
inequalities follow for system A alone, since F↵(⇢A ⌦�M ) is
simply the sum F↵(⇢A)+F↵(�M ). But in the correlated case,
the situation is different. In this case, it turns out that there are
two special values of ↵, namely ↵ = 0 and ↵ = 1, for which
F↵ has the important property of superadditivity: that is,

F↵(�AM ) � F↵(�A) + F↵(�M ), ↵ = 0, 1.

This allows us to obtain two conditions on the state of A alone,
starting with the non-increase of F↵ on AM :

0 � F↵(�AM ) � F↵(⇢A ⌦ �M )

� F↵(⇢0
A
) + F↵(�M ) � F↵(⇢A) � F↵(�M ).

Thus, we conclude that

F↵(⇢0
A
) � F↵(⇢A)  0, ↵ = 0, 1.

But the other F↵ are not in general superadditive, as empha-
sized in [31, 32, 60], see also [64, 67]. Hence we cannot draw

�M = 3
10 |0ih0|+
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Two-level	system	A	with	energy	gap	
Goal:	heat	it	up	from	temperature	T	to	infinite	temperature.

EA = kBT log 2.
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tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W

|ei
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

EA = kBT log 2.
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tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W

|ei
<latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit><latexit sha1_base64="uLu6iI+MD0RzXC53Zpauqo3bUQg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKwCNpYRTKIkR9jbzCVLdveO3T0hxPwKGwtFbP05dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DpkkyzbDBEpHo+4gaFFxhw3Ir8D7VSGUksBUNr6d+6xG14Ym6s6MUQ0n7isecUeukhyfsaKr6Arvlil/1ZyDLJMhJBXLUu+WvTi9hmURlmaDGtAM/teGYasuZwEmpkxlMKRvSPrYdVVSiCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Mx1ylmUXF5oviTBCbkOn3pMc1MitGjlCmubuVsAHVlFmXUcmFECy+vEyaZ9XArwa355XaVR5HEY7gGE4hgAuowQ3UoQEMJDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8El5CC</latexit>�
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to

3

tribution. It has recently been shown that coherence signifi-
cantly complicates the picture [34, 37–39]; studying the semi-
classical regime is therefore a crucial first step even if one is
interested in the more general situation with coherence. We
thus defer the treatment of quantum coherence to future work,
but discuss some evidence that our main result could still hold
in the presence of coherence in Subsection II E.

In order to account very carefully for all contributions of
energy and entropy, we assume that the machine can strictly
only perform the following operations: energy-preserving
unitaries; accessing thermal states from the bath; and ignor-
ing heat bath degrees of freedom by tracing over them. This
results in a class of transformations called thermal operations
which have the form stated in the caption of Figure 1. If we
assume for the moment that there is no work reservoir W , and
demand that these operations preserve the local state of the
machine M and also its independence from A, then they de-
scribe transitions ⇢A ! ⇢

0
A

as in equation (1). It has recently
been shown [10] that a thermal transformation can achieve this
transition (up to an arbitrarily small error on A) if and only if
all ↵-free energies decrease in the process:

�F↵ = F↵(⇢0
A
) � F↵(⇢A)  0 for all ↵ � 0. (3)

Here F↵(⇢A) = kBTS↵(⇢Ak�A)�kBT log ZA, with ZA the
partition function of A, T the background temperature, kB

Boltzmann’s constant, and S↵ the Rényi divergence [59] of
order ↵ (see Methods and Appendix). For ↵ = 1, this reduces
to the well-known Helmholtz free energy F1 = F .

B. Example: smaller work cost with a single qubit catalyst

To see that the ↵-free energies impose severe constraints
on the workings of a thermal machine, let us look at a simple
example. Suppose that a biological thermal machine is sup-
posed to heat up a system A from its thermal state (of ambient
temperature T ) to infinite temperature. If A is some (say, in-
tracellular) two-level system with energies 0 and EA, and the
temperature is such that EA/(kBT ) = log 2, then the initial

thermal state is �A =

✓
2/3 0
0 1/3

◆
. The desired target state

is ⇢
0
A

=

✓
1/2 0
0 1/2

◆
. The associated work cost will be de-

livered by an additional work bit W with energy gap � > 0. It
starts in its excited state |ei and will end up in its ground state
|gi. The biological machine tries to achieve the transition

�A ⌦ |eihe|W 7! ⇢
0
A

⌦ |gihg|W

with a work cost � that is as small as possible. As before, this
is achieved by a catalytic thermal operation of the form

�A ⌦ �M ⌦ |eihe|W 7! ⇢
0
A

⌦ �M ⌦ |gihg|W ,

cf. (1) and Figure 2.
What is the minimal amount of work needed, i.e. the small-

est possible �? The ↵-free energy difference (see Appendix

A W
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Figure 2: Example of work cost scenario without allowing correla-
tions to build up. A qubit A, initially in equilibrium, is supposed
to be heated up to infinite temperature by spending some energy �
and by using a (potentially large) catalytic system M that remains
uncorrelated with AW (and unchanged by the process). A transition
of this form is only possible at work cost of at least � ' .4kBT .

or [10] for the definition) between initial and final state of AW

turns out to be

�F↵

kBT
=

log(21�↵ + 1) � ↵ log 2 + (↵ � 1) log 3

↵ � 1
�

�

kBT

which is increasing in ↵. Thus, this is  0 for all ↵ if and only
if �F1  0, which becomes

� � kBT log(3/2) ⇡ .4 kBT. (4)

This is the ultimate limit for a transition as shown in Fig-
ure 2 to be successfully implementable. On the other hand,
the standard free energy difference is �F/(kBT ) = log 3 �

3/2 log 2 � �/(kBT ), and for this to be  0 we must have

� � kBT (log 3 � 3/2 log 2) ⇡ .06 kBT.

Thus, textbook thermodynamic reasoning would suggest that
.06 kBT of energy should be sufficient for the state transition;
however, our analysis has shown that the machine needs to
spend considerably more work, namely .4 kBT . As explained
above, one reason for this is that we are dealing with the case
of a single system only. The standard thermodynamic equa-
tions apply to large numbers of (independent, or weakly cor-
related) identical systems and their averages. That is, if �(n)

is the energy (for example, energy gap of the work bit) that is
needed to approximately achieve the transition

�A ⌦ . . . ⌦ �A| {z }
n

⌦|eihe|W 7! ⇢
0
A

⌦ . . . ⌦ ⇢
0
A| {z }

n

⌦|gihg|W ,

then �(n)
⇡ n�F (here .06 nkBT ) as n becomes large (up

to corrections that are sublinear in n), as shown, for example,
in [27, 42]. Intuitively, by acting collectively on a large num-
ber of particles, a machine can achieve more than if it had to
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Figure 3: Example work cost if correlations between M and A are
allowed to build up. Since M is locally exactly preserved, it can
be reused on further states (just not on those ones on which it has
already acted before). This transition is possible at work cost of only
� ' .26kBT (about 1/3 less than in Figure 2), even though the
catalyst M consists only of a single qubit.

act on each particle separately. This phenomenon is again re-
lated to versions of the law of large numbers, which results in
quantities becoming sharply peaked around their averages in
large ensembles.

This is bad news for the biological machine — what if it
is essential for the survival of the organism that the specific
single instance of A is being heated, and that very little work
is spent in this process? A glance at Figure 2 can guide us
towards a solution: whatever transition we have there, it must
come from a thermal operation that is being performed glob-
ally on the MAW system. While doing so, the thermal ma-
chine better takes care of preserving the state of M so that it
can be reused in the future. But the way we have formulated
catalytic thermal operations so far introduces yet another com-
plication for the working of the machine: it must keep M un-
correlated from AW . This seems hard and overly constrain-
ing, given that interaction typically creates correlation.

We thus have two independent motivations to allow correla-
tions between M and AW : the difficulty to avoid correlations
on interaction, and the desire to achieve higher efficiency. We
will now show that the latter goal can indeed be achieved by
allowing correlations to build up, even if the catalyst M is as
small as a single qubit. Suppose that M has a trivial Hamil-
tonian, HM = 0, and two basis states |0i and |1i (both of
energy zero). Denote ground and excited state of A by |gAi

and |eAi, and consider the correlated state

⇢
0
AM

:=
1

10
|gA0ihgA0| +

4

10
|gA1ihgA1|

+
2

10
|eA0iheA0| +

3

10
|eA1iheA1|.

By computing the partial trace, we find that ⇢
0
A

is indeed the

infinite-temperature state, and

⇢
0
M

=
3

10
|0ih0| +

7

10
|1ih1| =: �M

which will also be our local qubit catalyst state �M . Thus, if
we enforce thermal transitions of the form

�A ⌦ �M ⌦ |eihe|W �! ⇢
0
AM

⌦ |gihg|W ,

then A will be heated up, the local reduced state of M will
be preserved, and correlations will build up between A and
M (note that there cannot be any correlations with W since it
is in a pure state). Now, as we show in Appendix IV E, this
transition can be achieved by a thermal operation (without the
need for any additional “standard” catalysts), investing only

� ' .26kBT

of work. That is, the single qubit catalyst allows to save about
1/3 of the total work cost as compared to (4). One can easily
imagine that this represents a decisive biological advantage
for the machine.

In the remainder of the paper, we will explore the ulti-
mate limitations of this kind of “correlating” catalysis. We
will show that these limitations are uniquely determined by
Helmholtz free energy. That is, by using other suitable cata-
lysts in the example above, one can get as close to � = �F ⇡

.06kBT as one wishes (but not below), at the prize of having a
possibly large catalyst at hand (which can however be reused).

C. Correlating state transformations in general

Under what conditions can a state transition as in the exam-
ple above be achieved? For the moment, let us assume that
there is no work bit W (we will reintroduce W in the next
subsection). In order to achieve the transition (2) with a ther-
mal operation, it is still necessary that �F↵  0 on the joint
system AM for all ↵, since this is a necessary condition for all
thermal operations. In the uncorrelated case, eq. (1), the same
inequalities follow for system A alone, since F↵(⇢A ⌦�M ) is
simply the sum F↵(⇢A)+F↵(�M ). But in the correlated case,
the situation is different. In this case, it turns out that there are
two special values of ↵, namely ↵ = 0 and ↵ = 1, for which
F↵ has the important property of superadditivity: that is,

F↵(�AM ) � F↵(�A) + F↵(�M ), ↵ = 0, 1.

This allows us to obtain two conditions on the state of A alone,
starting with the non-increase of F↵ on AM :

0 � F↵(�AM ) � F↵(⇢A ⌦ �M )

� F↵(⇢0
A
) + F↵(�M ) � F↵(⇢A) � F↵(�M ).

Thus, we conclude that

F↵(⇢0
A
) � F↵(⇢A)  0, ↵ = 0, 1.

But the other F↵ are not in general superadditive, as empha-
sized in [31, 32, 60], see also [64, 67]. Hence we cannot draw

4

A W

|ei
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Figure 3: Example work cost if correlations between M and A are
allowed to build up. Since M is locally exactly preserved, it can
be reused on further states (just not on those ones on which it has
already acted before). This transition is possible at work cost of only
� ' .26kBT (about 1/3 less than in Figure 2), even though the
catalyst M consists only of a single qubit.

act on each particle separately. This phenomenon is again re-
lated to versions of the law of large numbers, which results in
quantities becoming sharply peaked around their averages in
large ensembles.

This is bad news for the biological machine — what if it
is essential for the survival of the organism that the specific
single instance of A is being heated, and that very little work
is spent in this process? A glance at Figure 2 can guide us
towards a solution: whatever transition we have there, it must
come from a thermal operation that is being performed glob-
ally on the MAW system. While doing so, the thermal ma-
chine better takes care of preserving the state of M so that it
can be reused in the future. But the way we have formulated
catalytic thermal operations so far introduces yet another com-
plication for the working of the machine: it must keep M un-
correlated from AW . This seems hard and overly constrain-
ing, given that interaction typically creates correlation.

We thus have two independent motivations to allow correla-
tions between M and AW : the difficulty to avoid correlations
on interaction, and the desire to achieve higher efficiency. We
will now show that the latter goal can indeed be achieved by
allowing correlations to build up, even if the catalyst M is as
small as a single qubit. Suppose that M has a trivial Hamil-
tonian, HM = 0, and two basis states |0i and |1i (both of
energy zero). Denote ground and excited state of A by |gAi

and |eAi, and consider the correlated state

⇢
0
AM

:=
1

10
|gA0ihgA0| +

4

10
|gA1ihgA1|

+
2

10
|eA0iheA0| +

3

10
|eA1iheA1|.

By computing the partial trace, we find that ⇢
0
A

is indeed the

infinite-temperature state, and

⇢
0
M

=
3

10
|0ih0| +

7

10
|1ih1| =: �M

which will also be our local qubit catalyst state �M . Thus, if
we enforce thermal transitions of the form

�A ⌦ �M ⌦ |eihe|W �! ⇢
0
AM

⌦ |gihg|W ,

then A will be heated up, the local reduced state of M will
be preserved, and correlations will build up between A and
M (note that there cannot be any correlations with W since it
is in a pure state). Now, as we show in Appendix IV E, this
transition can be achieved by a thermal operation (without the
need for any additional “standard” catalysts), investing only

� ' .26kBT

of work. That is, the single qubit catalyst allows to save about
1/3 of the total work cost as compared to (4). One can easily
imagine that this represents a decisive biological advantage
for the machine.

In the remainder of the paper, we will explore the ulti-
mate limitations of this kind of “correlating” catalysis. We
will show that these limitations are uniquely determined by
Helmholtz free energy. That is, by using other suitable cata-
lysts in the example above, one can get as close to � = �F ⇡

.06kBT as one wishes (but not below), at the prize of having a
possibly large catalyst at hand (which can however be reused).

C. Correlating state transformations in general

Under what conditions can a state transition as in the exam-
ple above be achieved? For the moment, let us assume that
there is no work bit W (we will reintroduce W in the next
subsection). In order to achieve the transition (2) with a ther-
mal operation, it is still necessary that �F↵  0 on the joint
system AM for all ↵, since this is a necessary condition for all
thermal operations. In the uncorrelated case, eq. (1), the same
inequalities follow for system A alone, since F↵(⇢A ⌦�M ) is
simply the sum F↵(⇢A)+F↵(�M ). But in the correlated case,
the situation is different. In this case, it turns out that there are
two special values of ↵, namely ↵ = 0 and ↵ = 1, for which
F↵ has the important property of superadditivity: that is,

F↵(�AM ) � F↵(�A) + F↵(�M ), ↵ = 0, 1.

This allows us to obtain two conditions on the state of A alone,
starting with the non-increase of F↵ on AM :

0 � F↵(�AM ) � F↵(⇢A ⌦ �M )

� F↵(⇢0
A
) + F↵(�M ) � F↵(⇢A) � F↵(�M ).

Thus, we conclude that

F↵(⇢0
A
) � F↵(⇢A)  0, ↵ = 0, 1.

But the other F↵ are not in general superadditive, as empha-
sized in [31, 32, 60], see also [64, 67]. Hence we cannot draw

�M = 3
10 |0ih0|+

7
10 |1ih1|
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Q:	Given	arbitrary	(larger)	catalysts	M,	
					how	far	can	we	go?	
A:	Down	to																													but	not	further!�F = .06kBT,
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Figure 5: The thermal Lorenz curves signify the possibility of state transition (24) by a thermal operation.
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where µB = 1
|B| with |B| ⌘ dim B is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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where µB = 1
|B| with |B| ⌘ dim B is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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�B , HB
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system

�M

catalyst work bit W

�

machine

energy-
preserving

transformation

controls

system

⇢
0
A, HA

�M

catalyst work bit W

machine

correlation

Preserve	catalyst	
exactly,	but	allow	
correla4ons	to	
build	up.

Theorem:	If	the	desired	final	state	is	block-diagonal	in	energy,	then	
																																	is	possible	(without	the	work	bit)	if	and	only	if	
																																																													.

⇢ ! ⇢0

Exact	characterizaGon	of	the	Helmholtz	free	energy	F	without	
thermodynamic	limit	or	averaging.

F (⇢) � F (⇢0)

MM,	Correla9ng	thermal	machines	and	the	second	law	at	the	nanoscale,	PRX	8	(2018).
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if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
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obtains analogues of the results described in Section II.
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where F↵ is a Rényi generalization of the Helmholtz free en-
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be interpreted as an infinite set of “second laws of quantum
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↵ = 1 yielding the standard formulation of the second law.
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where p
# = (p#

1, . . . , p
#
m) denotes the reordering of p in non-

increasing order, i.e. p
#
i = p⇡(i) for some permutation ⇡ such that

p
#
1 � p

#
2 � . . . � p

#
m. This prescription does not yet take into

account the possibility of having an additional catalyst cM as in Fig-
ure 1. Demanding, as in Subsections II A and II B, that the catalyst
remains uncorrelated with the system, we are led to the question un-
der what conditions there exists some probability vector cM such that

pX ⌦ cM � p
0
X ⌦ cM . (5)

This question has been answered in [45] and [46]: suppose that p#
X 6=

p
0#
X and at least one of them does not contain zeros. Then there exists

some state cM such that (5) holds if and only if H↵(p) < H↵(p0)
for all ↵ 2 R \ {0}, and HBurg(p) < HBurg(p

0), where the Rényi
entropies H↵ [65] and the Burg entropy HBurg [66] are defined as

H↵(p) =
sgn(↵)
1 � ↵

log
mX

i=1

p
↵
i (↵ 2 R \ {0, 1}),

H(p) ⌘ H1(p) = �
mX

i=1

pi log pi, HBurg(p) =
1
m

mX

i=1

log pi

with m = dim X and sgn(↵) = +1 if ↵ > 0 and �1 if ↵ < 0.
Inverting the embedding �, allowing arbitrarily small errors in the
production of the target state, and investing a tiny amount of ex-
tra work [10] leads to condition (3) for thermal transitions of the
form (1), i.e. �F↵  0 for all ↵-free energies with ↵ > 0.

The crucial step for establishing Main Results 1–3 is the following
theorem that we prove in detail in the Appendix:

Main Theorem. Let p, p
0 2 Rm be probability distributions

with p
# 6= p

0#. Then there exists an extension p
0
XY of p

0 ⌘ p
0
X

such that

pX ⌦ p
0
Y � p

0
XY (6)

if and only if H0(p)  H0(p
0) and H(p) < H(p0). More-

over, for every " > 0, we can choose Y and p
0
XY such that

the mutual information is I(X : Y ) ⌘ S(p0
XY kp

0
X ⌦p

0
Y ) < ".

The statement of this theorem uses the max entropy (or Hartley
entropy)

H0(p) = log #{i | pi 6= 0},

with its quantum version (also used in the main text)

S0(⇢) = log rank(⇢),

and it uses the notion of an “extension” of a probability distribution
p

0. To this end, we label the system on which p
0 lives by X , and

introduce another (discrete) system Y . An extension of p
0 is then a

joint probability distribution p
0
XY on the composite system XY such

that its marginal on X equals p
0
X . The mutual information I(• :

•) and relative entropy S(•k•) are defined in the Appendix. An
interesting consequence is that, due to the Pinsker inequality [47],

kp
0
XY � p

0
X ⌦ p

0
Y k 

p
I(X : Y )/2 <

p
"/2,

where kp�qk := 1
2

Pm
i=1 |pi �qi| is the trace distance, or variation

distance, which quantifies the distinguishability of p and q [48]. This
means that p

0
XY can be as indistinguishable from a product state as

we like, which is arguably the operationally strongest possible form
of “containing almost no correlations”.

Using the subadditivity [64] of H0 and H = H1, it is very easy to
see that Hi(p)  Hi(p

0) for i = 0, 1 is necessary for the existence

of some p
0
XY which satisfies (6). The hard part is to show that it is

sufficient. To show this, we construct an explicit extension p
0
XY of

p
0
X that satisfies (6). This is done in two steps. First, we introduce

an auxiliary system Y1 and an extension p
0
XY1

of p
0
X such that

H↵(pX ⌦ p
0
Y1

) < H↵(p0
XY1

) for all ↵ 2 R \ {0},

HBurg(pX ⌦ p
0
Y1

) < HBurg(p
0
XY1

). (7)

The results of [45, 46] explained above will then guarantee that there
is yet another auxiliary system Y2 with a probability distribution cY2

such that

pX ⌦ p
0
Y1

⌦ cY2 � p
0
XY1

⌦ cY2 ,

and we can simply define Y := Y1Y2 and p
0
XY := p

0
XY1

⌦ cY2 .
The extension p

0
XY1

is explicitly defined in Figure 2. While we
can represent probability distributions pX on a system X as vectors
p = (p1, . . . , pm) 2 Rm, we can similarly represent bipartite prob-
ability distributions pXY1 as matrices pij , like we do for p

0
XY1

in
Figure 2. Summing over the rows resp. columns gives the marginals
p

0
X = (p0

1, . . . , p
0
m) and p

0
Y1

, which shows in particular that p
0
XY1

is indeed an extension of p
0
X . We choose Y1 to be (n2 + n + 1)-

dimensional, whereas X is m-dimensional.

↵
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an auxiliary system Y1 and an extension p
0
XY1

of p
0
X such that

H↵(pX ⌦ p
0
Y1

) < H↵(p0
XY1

) for all ↵ 2 R \ {0},

HBurg(pX ⌦ p
0
Y1

) < HBurg(p
0
XY1

).

The results of [15, 16] explained above will then guarantee that there
is yet another auxiliary system Y2 with a probability distribution cY2

such that

pX ⌦ p
0
Y1

⌦ cY2 � p
0
XY1

⌦ cY2 ,

and we can simply define Y := Y1Y2 and p
0
XY := p

0
XY1

⌦ cY2 .

The construction of p
0
XY1

is done via a combination of educated
guesswork (based on well-known properties of the H↵) and brute-
force numerical searches. In the end, we have found the simple dis-
tribution in Figure ??, which has some remarkable properties that are
explained in the figure caption.

Acknowledgments

V. SUPPLEMENTARY INFORMATION

A. Mathematical preliminaries

We use the trace norm

kak :=
1

2

nX

i=1

|ai|, a = (a1, . . . , an) 2 Rn
.

B. Results for trivial Hamiltonian

As explained in the main text, we will in the following consider a particular family of bipartite probability distributions. For
any given probability distribution q ⌘ qA = (q1, . . . , qm) 2 Rm with qi 6= 0 for all i, we define the extension

p
0
XY1

=

0

BBBBB@

�/n
2

· · · �/n
2 (p0

1 � 2�)/n · · · (p0
1 � 2�)/n �

�/n
2

· · · �/n
2 (p0

2 � 2�)/n · · · (p0
2 � 2�)/n �

...
...

...
...

...
�/n

2
· · ·| {z }
n2

�/n
2 (p0

m
� 2�)/n · · ·| {z }

n

(p0
m

� 2�)/n �

1

CCCCCA
(6)

where n 2 N and 0 < � <
1
2 mini qi. This is an m ⇥ (n2 + n + 1)-matrix with strictly positive entries which defines a joint

probability distribution on AB. By summing over the rows, it is easy to see that it has q as its marginal on A. Its marginal on B

is

qB =

0

BB@m�,
m�

n2
, . . . ,

m�

n2
| {z }

n2

,
1 � 2m�

n
, . . . ,

1 � 2m�

n| {z }
n

1

CCA .

By direct computation, it turns out that the mutual information in qAB is independent of n:

I(A : B) = S(qABkqA ⌦ qB) =
mX

i=1

(qi � 2�) log(qi � 2�) �

mX

i=1

qi log qi � 2m� log m � (1 � 2m�) log(1 � 2m�), (7)

and we have in particular lim�&0 I(A : B) = 0.

Lemma 1. Let p, q 2 Rm be probability distributions with full rank such that H(p) < H(q). Then, for every " > 0, there exist
� > 0 with � <

1
2 mini qi and n 2 N such that qAB as defined in (6) satisfies

pA ⌦ qB �T qAB

as well as I(A : B) ⌘ S(qABkqA ⌦ qB) < ".

Proof. For ↵ 2 R [ {�1, +1}, define the entropy difference

�(↵)
n

:= H↵(qAB) � H↵(pA) � H↵(qB).

1 2 3 4

0.2

0.4

0.6

0.8

1.0

log m � H↵(pX)

H↵(p0
XY1

) � H↵(pX)

�H↵(p0
Y1

)

Figure 2: The extension p
0
XY1

of p
0
X that is used in the main text to

establish sufficiency of the entropy conditions in the Main Theorem.
According to (7), the goal is to build an extension such that the blue
curve (that is, the ↵-Rényi entropy balance) attains only positive val-
ues. The plot is for m = 3, � = 10�3, p = pX = ( 91

100 ,
1
20 ,

1
25 ),

Y1 = Rn2+n+1 with n = 1015 and p
0 = p

0
X = ( 17

20 ,
7
50 ,

1
100 ).

Since H↵(p) > H↵(p0) for 0 < ↵  1
3 , there does not exist cM

such that (5) holds true, i.e. no standard catalytic thermal operation
can transform p into p

0. Nevertheless, the transition can be achieved
by a correlating catalytic thermal operation. The shaded colors show
how different entries of p

0
XY1

are responsible for (the positivity of)
different parts of the curve, as explained in the main text. In the limit
n ! 1, only positivity at ↵ = 1, i.e. positive balance of Shannon
entropy, remains as a necessary condition.

Let us consider the special case that p
0
X does not contain zeros

(implying H0(p)  H0(p
0)) and that pX 6= ( 1

m , . . . ,
1
m ). Suppose

that H(p) < H(p0). We claim that for all ↵ 6= 1,

lim
n!1

H↵(p0
XY1

) � H↵(pX ⌦ p
0
Y1

) = log m � H↵(pX),

which can be seen in Figure 2 by the fact that the left-hand side (the
blue curve) approaches the right-hand side (the black dashed curve)
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account the possibility of having an additional catalyst cM as in Fig-
ure 1. Demanding, as in Subsections II A and II B, that the catalyst
remains uncorrelated with the system, we are led to the question un-
der what conditions there exists some probability vector cM such that

pX ⌦ cM � p
0
X ⌦ cM . (5)

This question has been answered in [45] and [46]: suppose that p#
X 6=

p
0#
X and at least one of them does not contain zeros. Then there exists

some state cM such that (5) holds if and only if H↵(p) < H↵(p0)
for all ↵ 2 R \ {0}, and HBurg(p) < HBurg(p

0), where the Rényi
entropies H↵ [65] and the Burg entropy HBurg [66] are defined as

H↵(p) =
sgn(↵)
1 � ↵

log
mX

i=1

p
↵
i (↵ 2 R \ {0, 1}),

H(p) ⌘ H1(p) = �
mX

i=1

pi log pi, HBurg(p) =
1
m

mX

i=1

log pi

with m = dim X and sgn(↵) = +1 if ↵ > 0 and �1 if ↵ < 0.
Inverting the embedding �, allowing arbitrarily small errors in the
production of the target state, and investing a tiny amount of ex-
tra work [10] leads to condition (3) for thermal transitions of the
form (1), i.e. �F↵  0 for all ↵-free energies with ↵ > 0.

The crucial step for establishing Main Results 1–3 is the following
theorem that we prove in detail in the Appendix:

Main Theorem. Let p, p
0 2 Rm be probability distributions

with p
# 6= p

0#. Then there exists an extension p
0
XY of p

0 ⌘ p
0
X

such that

pX ⌦ p
0
Y � p

0
XY (6)

if and only if H0(p)  H0(p
0) and H(p) < H(p0). More-

over, for every " > 0, we can choose Y and p
0
XY such that

the mutual information is I(X : Y ) ⌘ S(p0
XY kp

0
X ⌦p

0
Y ) < ".

The statement of this theorem uses the max entropy (or Hartley
entropy)

H0(p) = log #{i | pi 6= 0},

with its quantum version (also used in the main text)

S0(⇢) = log rank(⇢),

and it uses the notion of an “extension” of a probability distribution
p

0. To this end, we label the system on which p
0 lives by X , and

introduce another (discrete) system Y . An extension of p
0 is then a

joint probability distribution p
0
XY on the composite system XY such

that its marginal on X equals p
0
X . The mutual information I(• :

•) and relative entropy S(•k•) are defined in the Appendix. An
interesting consequence is that, due to the Pinsker inequality [47],

kp
0
XY � p

0
X ⌦ p

0
Y k 

p
I(X : Y )/2 <

p
"/2,

where kp�qk := 1
2

Pm
i=1 |pi �qi| is the trace distance, or variation

distance, which quantifies the distinguishability of p and q [48]. This
means that p

0
XY can be as indistinguishable from a product state as

we like, which is arguably the operationally strongest possible form
of “containing almost no correlations”.

Using the subadditivity [64] of H0 and H = H1, it is very easy to
see that Hi(p)  Hi(p

0) for i = 0, 1 is necessary for the existence

of some p
0
XY which satisfies (6). The hard part is to show that it is

sufficient. To show this, we construct an explicit extension p
0
XY of

p
0
X that satisfies (6). This is done in two steps. First, we introduce

an auxiliary system Y1 and an extension p
0
XY1

of p
0
X such that

H↵(pX ⌦ p
0
Y1

) < H↵(p0
XY1

) for all ↵ 2 R \ {0},

HBurg(pX ⌦ p
0
Y1

) < HBurg(p
0
XY1

). (7)

The results of [45, 46] explained above will then guarantee that there
is yet another auxiliary system Y2 with a probability distribution cY2

such that

pX ⌦ p
0
Y1

⌦ cY2 � p
0
XY1

⌦ cY2 ,

and we can simply define Y := Y1Y2 and p
0
XY := p

0
XY1

⌦ cY2 .
The extension p

0
XY1

is explicitly defined in Figure 2. While we
can represent probability distributions pX on a system X as vectors
p = (p1, . . . , pm) 2 Rm, we can similarly represent bipartite prob-
ability distributions pXY1 as matrices pij , like we do for p

0
XY1

in
Figure 2. Summing over the rows resp. columns gives the marginals
p

0
X = (p0

1, . . . , p
0
m) and p

0
Y1

, which shows in particular that p
0
XY1

is indeed an extension of p
0
X . We choose Y1 to be (n2 + n + 1)-

dimensional, whereas X is m-dimensional.

↵
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an auxiliary system Y1 and an extension p
0
XY1

of p
0
X such that

H↵(pX ⌦ p
0
Y1

) < H↵(p0
XY1

) for all ↵ 2 R \ {0},

HBurg(pX ⌦ p
0
Y1

) < HBurg(p
0
XY1

).

The results of [15, 16] explained above will then guarantee that there
is yet another auxiliary system Y2 with a probability distribution cY2

such that

pX ⌦ p
0
Y1

⌦ cY2 � p
0
XY1

⌦ cY2 ,

and we can simply define Y := Y1Y2 and p
0
XY := p

0
XY1

⌦ cY2 .

The construction of p
0
XY1

is done via a combination of educated
guesswork (based on well-known properties of the H↵) and brute-
force numerical searches. In the end, we have found the simple dis-
tribution in Figure ??, which has some remarkable properties that are
explained in the figure caption.
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V. SUPPLEMENTARY INFORMATION

A. Mathematical preliminaries

We use the trace norm

kak :=
1

2

nX

i=1

|ai|, a = (a1, . . . , an) 2 Rn
.

B. Results for trivial Hamiltonian

As explained in the main text, we will in the following consider a particular family of bipartite probability distributions. For
any given probability distribution q ⌘ qA = (q1, . . . , qm) 2 Rm with qi 6= 0 for all i, we define the extension

p
0
XY1

=

0

BBBBB@

�/n
2

· · · �/n
2 (p0

1 � 2�)/n · · · (p0
1 � 2�)/n �

�/n
2

· · · �/n
2 (p0

2 � 2�)/n · · · (p0
2 � 2�)/n �

...
...

...
...

...
�/n

2
· · ·| {z }
n2

�/n
2 (p0

m
� 2�)/n · · ·| {z }

n

(p0
m

� 2�)/n �

1

CCCCCA
(6)

where n 2 N and 0 < � <
1
2 mini qi. This is an m ⇥ (n2 + n + 1)-matrix with strictly positive entries which defines a joint

probability distribution on AB. By summing over the rows, it is easy to see that it has q as its marginal on A. Its marginal on B

is

qB =

0

BB@m�,
m�

n2
, . . . ,

m�

n2
| {z }

n2

,
1 � 2m�

n
, . . . ,

1 � 2m�

n| {z }
n

1

CCA .

By direct computation, it turns out that the mutual information in qAB is independent of n:

I(A : B) = S(qABkqA ⌦ qB) =
mX

i=1

(qi � 2�) log(qi � 2�) �

mX

i=1

qi log qi � 2m� log m � (1 � 2m�) log(1 � 2m�), (7)

and we have in particular lim�&0 I(A : B) = 0.

Lemma 1. Let p, q 2 Rm be probability distributions with full rank such that H(p) < H(q). Then, for every " > 0, there exist
� > 0 with � <

1
2 mini qi and n 2 N such that qAB as defined in (6) satisfies

pA ⌦ qB �T qAB

as well as I(A : B) ⌘ S(qABkqA ⌦ qB) < ".

Proof. For ↵ 2 R [ {�1, +1}, define the entropy difference

�(↵)
n

:= H↵(qAB) � H↵(pA) � H↵(qB).

1 2 3 4

0.2

0.4

0.6

0.8

1.0

log m � H↵(pX)

H↵(p0
XY1

) � H↵(pX)

�H↵(p0
Y1

)

Figure 2: The extension p
0
XY1

of p
0
X that is used in the main text to

establish sufficiency of the entropy conditions in the Main Theorem.
According to (7), the goal is to build an extension such that the blue
curve (that is, the ↵-Rényi entropy balance) attains only positive val-
ues. The plot is for m = 3, � = 10�3, p = pX = ( 91

100 ,
1
20 ,

1
25 ),

Y1 = Rn2+n+1 with n = 1015 and p
0 = p

0
X = ( 17

20 ,
7
50 ,

1
100 ).

Since H↵(p) > H↵(p0) for 0 < ↵  1
3 , there does not exist cM

such that (5) holds true, i.e. no standard catalytic thermal operation
can transform p into p

0. Nevertheless, the transition can be achieved
by a correlating catalytic thermal operation. The shaded colors show
how different entries of p

0
XY1

are responsible for (the positivity of)
different parts of the curve, as explained in the main text. In the limit
n ! 1, only positivity at ↵ = 1, i.e. positive balance of Shannon
entropy, remains as a necessary condition.

Let us consider the special case that p
0
X does not contain zeros

(implying H0(p)  H0(p
0)) and that pX 6= ( 1

m , . . . ,
1
m ). Suppose

that H(p) < H(p0). We claim that for all ↵ 6= 1,

lim
n!1

H↵(p0
XY1

) � H↵(pX ⌦ p
0
Y1

) = log m � H↵(pX),

which can be seen in Figure 2 by the fact that the left-hand side (the
blue curve) approaches the right-hand side (the black dashed curve)

Majoriza4on:	prob.	vectors	 p = (p1, . . . , pn), q = (q1, . . . , qn)

p � q ,
kX

i=1

p#i �
kX

i=1

q#i (k = 1, . . . , n).
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2

where µB = 1
|B| with |B| ⌘ dim B is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that
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if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
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those other systems do not interact with A in the future.
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The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
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tions” as the allowed state transitions. These are operations of
the form
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(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
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What	if	we	have	coherence	between	energy	levels?

Theorem. Let ⇢A, ⇢0A be block-diagonal states. Then, for every " > 0, there
is a thermal operation T", a state ⇢0A(") with k⇢0A � ⇢0A(")k < " and a finite-
dimensional catalyst �C such that

T"(⇢A ⌦ �C) = ⇢0A(")�C

if and only if F (⇢A) � F (⇢0A).
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What	if	we	have	coherence	between	energy	levels?

Suppose																											but	final	state	not	block-diagonal:[⇢A, HA] = 0,
<latexit sha1_base64="++ITUqctMUyhJzDW0nO1Fb4LwP8=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwUUpiQi6EVrcdFnBXqANYTKdtEMnkzAzEWrok7hxoYhbH8Wdb+O0zUJbfxj4+M85nDN/kHCmtON8W4WNza3tneJuaW//4LBsHx13VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7ub17iOVisXiQU8T6kV4JFjICNbG8u1yfyDHsd+oNv2Gd+tUfbvi1JyF0Dq4OVQgV8u3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzyifYMCR1R52eLwGTo3zhCFsTRPaLRwf09kOFJqGgWmM8J6rFZrc/O/Wj/V4Y2XMZGkmgqyXBSmHOkYzVNAQyYp0XxqABPJzK2IjLHERJusSiYEd/XL69C5rLmG768q9XoeRxFO4QwuwIVrqEMTWtAGAik8wyu8WU/Wi/VufSxbC1Y+cwJ/ZH3+AOOCkek=</latexit><latexit sha1_base64="++ITUqctMUyhJzDW0nO1Fb4LwP8=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwUUpiQi6EVrcdFnBXqANYTKdtEMnkzAzEWrok7hxoYhbH8Wdb+O0zUJbfxj4+M85nDN/kHCmtON8W4WNza3tneJuaW//4LBsHx13VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7ub17iOVisXiQU8T6kV4JFjICNbG8u1yfyDHsd+oNv2Gd+tUfbvi1JyF0Dq4OVQgV8u3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzyifYMCR1R52eLwGTo3zhCFsTRPaLRwf09kOFJqGgWmM8J6rFZrc/O/Wj/V4Y2XMZGkmgqyXBSmHOkYzVNAQyYp0XxqABPJzK2IjLHERJusSiYEd/XL69C5rLmG768q9XoeRxFO4QwuwIVrqEMTWtAGAik8wyu8WU/Wi/VufSxbC1Y+cwJ/ZH3+AOOCkek=</latexit><latexit sha1_base64="++ITUqctMUyhJzDW0nO1Fb4LwP8=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwUUpiQi6EVrcdFnBXqANYTKdtEMnkzAzEWrok7hxoYhbH8Wdb+O0zUJbfxj4+M85nDN/kHCmtON8W4WNza3tneJuaW//4LBsHx13VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7ub17iOVisXiQU8T6kV4JFjICNbG8u1yfyDHsd+oNv2Gd+tUfbvi1JyF0Dq4OVQgV8u3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzyifYMCR1R52eLwGTo3zhCFsTRPaLRwf09kOFJqGgWmM8J6rFZrc/O/Wj/V4Y2XMZGkmgqyXBSmHOkYzVNAQyYp0XxqABPJzK2IjLHERJusSiYEd/XL69C5rLmG768q9XoeRxFO4QwuwIVrqEMTWtAGAik8wyu8WU/Wi/VufSxbC1Y+cwJ/ZH3+AOOCkek=</latexit><latexit sha1_base64="++ITUqctMUyhJzDW0nO1Fb4LwP8=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwUUpiQi6EVrcdFnBXqANYTKdtEMnkzAzEWrok7hxoYhbH8Wdb+O0zUJbfxj4+M85nDN/kHCmtON8W4WNza3tneJuaW//4LBsHx13VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7ub17iOVisXiQU8T6kV4JFjICNbG8u1yfyDHsd+oNv2Gd+tUfbvi1JyF0Dq4OVQgV8u3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzyifYMCR1R52eLwGTo3zhCFsTRPaLRwf09kOFJqGgWmM8J6rFZrc/O/Wj/V4Y2XMZGkmgqyXBSmHOkYzVNAQyYp0XxqABPJzK2IjLHERJusSiYEd/XL69C5rLmG768q9XoeRxFO4QwuwIVrqEMTWtAGAik8wyu8WU/Wi/VufSxbC1Y+cwJ/ZH3+AOOCkek=</latexit>

[⇢0A, HA] 6= 0.
<latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit><latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit><latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit><latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit>

Is	the	above	sGll	possible	if																												?

Theorem. Let ⇢A, ⇢0A be block-diagonal states. Then, for every " > 0, there
is a thermal operation T", a state ⇢0A(") with k⇢0A � ⇢0A(")k < " and a finite-
dimensional catalyst �C such that

T"(⇢A ⌦ �C) = ⇢0A(")�C

if and only if F (⇢A) � F (⇢0A).
<latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit><latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit><latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit><latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit>

F (⇢A) > F (⇢0A).
<latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit><latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit><latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit><latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit>



What	if	we	have	coherence	between	energy	levels?

Suppose																											but	final	state	not	block-diagonal:[⇢A, HA] = 0,
<latexit sha1_base64="++ITUqctMUyhJzDW0nO1Fb4LwP8=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwUUpiQi6EVrcdFnBXqANYTKdtEMnkzAzEWrok7hxoYhbH8Wdb+O0zUJbfxj4+M85nDN/kHCmtON8W4WNza3tneJuaW//4LBsHx13VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7ub17iOVisXiQU8T6kV4JFjICNbG8u1yfyDHsd+oNv2Gd+tUfbvi1JyF0Dq4OVQgV8u3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzyifYMCR1R52eLwGTo3zhCFsTRPaLRwf09kOFJqGgWmM8J6rFZrc/O/Wj/V4Y2XMZGkmgqyXBSmHOkYzVNAQyYp0XxqABPJzK2IjLHERJusSiYEd/XL69C5rLmG768q9XoeRxFO4QwuwIVrqEMTWtAGAik8wyu8WU/Wi/VufSxbC1Y+cwJ/ZH3+AOOCkek=</latexit><latexit sha1_base64="++ITUqctMUyhJzDW0nO1Fb4LwP8=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwUUpiQi6EVrcdFnBXqANYTKdtEMnkzAzEWrok7hxoYhbH8Wdb+O0zUJbfxj4+M85nDN/kHCmtON8W4WNza3tneJuaW//4LBsHx13VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7ub17iOVisXiQU8T6kV4JFjICNbG8u1yfyDHsd+oNv2Gd+tUfbvi1JyF0Dq4OVQgV8u3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzyifYMCR1R52eLwGTo3zhCFsTRPaLRwf09kOFJqGgWmM8J6rFZrc/O/Wj/V4Y2XMZGkmgqyXBSmHOkYzVNAQyYp0XxqABPJzK2IjLHERJusSiYEd/XL69C5rLmG768q9XoeRxFO4QwuwIVrqEMTWtAGAik8wyu8WU/Wi/VufSxbC1Y+cwJ/ZH3+AOOCkek=</latexit><latexit sha1_base64="++ITUqctMUyhJzDW0nO1Fb4LwP8=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwUUpiQi6EVrcdFnBXqANYTKdtEMnkzAzEWrok7hxoYhbH8Wdb+O0zUJbfxj4+M85nDN/kHCmtON8W4WNza3tneJuaW//4LBsHx13VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7ub17iOVisXiQU8T6kV4JFjICNbG8u1yfyDHsd+oNv2Gd+tUfbvi1JyF0Dq4OVQgV8u3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzyifYMCR1R52eLwGTo3zhCFsTRPaLRwf09kOFJqGgWmM8J6rFZrc/O/Wj/V4Y2XMZGkmgqyXBSmHOkYzVNAQyYp0XxqABPJzK2IjLHERJusSiYEd/XL69C5rLmG768q9XoeRxFO4QwuwIVrqEMTWtAGAik8wyu8WU/Wi/VufSxbC1Y+cwJ/ZH3+AOOCkek=</latexit><latexit sha1_base64="++ITUqctMUyhJzDW0nO1Fb4LwP8=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwUUpiQi6EVrcdFnBXqANYTKdtEMnkzAzEWrok7hxoYhbH8Wdb+O0zUJbfxj4+M85nDN/kHCmtON8W4WNza3tneJuaW//4LBsHx13VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7ub17iOVisXiQU8T6kV4JFjICNbG8u1yfyDHsd+oNv2Gd+tUfbvi1JyF0Dq4OVQgV8u3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzyifYMCR1R52eLwGTo3zhCFsTRPaLRwf09kOFJqGgWmM8J6rFZrc/O/Wj/V4Y2XMZGkmgqyXBSmHOkYzVNAQyYp0XxqABPJzK2IjLHERJusSiYEd/XL69C5rLmG768q9XoeRxFO4QwuwIVrqEMTWtAGAik8wyu8WU/Wi/VufSxbC1Y+cwJ/ZH3+AOOCkek=</latexit>

[⇢0A, HA] 6= 0.
<latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit><latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit><latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit><latexit sha1_base64="6V18Nksp7tscELNs6PKKlIACsVw=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL6EJKIoIuW9x0WcFeIAlhMp20QyczcWYi1FB8FTcuFHHre7jzbZy2WWj1h4GP/5zDOfNHKaNKO86XVVpaXlldK69XNja3tnfs3b2OEpnEpI0FE7IXIUUY5aStqWakl0qCkoiRbjS6nta790QqKvitHqckSNCA05hipI0V2geeL4fiJGycNcNG4HNyB51aaFedmjMT/AtuAVVQqBXan35f4CwhXGOGlPJcJ9VBjqSmmJFJxc8USREeoQHxDHKUEBXks+sn8Ng4fRgLaR7XcOb+nMhRotQ4iUxngvRQLdam5n81L9PxVZBTnmaacDxfFGcMagGnUcA+lQRrNjaAsKTmVoiHSCKsTWAVE4K7+OW/0DmvuYZvLqr1ehFHGRyCI3AKXHAJ6qAJWqANMHgAT+AFvFqP1rP1Zr3PW0tWMbMPfsn6+AZBfpPH</latexit>

Is	the	above	sGll	possible	if																												?

Note	that	thermal	operaGons	are	4me-transla4on-symmetric:
T"(Ut(⇢AC)) = Ut(T"(⇢AC)), where Ut = e�itH • eitH .

<latexit sha1_base64="7q9HBCVvv4SlPnvQQ9vKQlZgwZ4=">AAACfnicdVFNT9tAEF0bCjQtEODYy9KkKNASbC5wQQriwpFKBJDiYK03E7JivWvtjkGR5Z/BH+PGb+ml6xDxEdqRVnrz3jzN7EySSWExCJ48f27+08Li0ufal6/LK6v1tfULq3PDocu11OYqYRakUNBFgRKuMgMsTSRcJrcnlX55B8YKrc5xnEE/ZTdKDAVn6Ki4/tCMUoYjzmRxXsbRHTOQWSG1ar3w3TLGVmRGOi6OT8rt7a MZ5X/+V0fzF70fgQHafGc9gutiV+BpGSW5lIDU5VXabMf1RtAOJkE/gnAKGmQaZ3H9MRponqegkEtmbS8MMuwXzKDgEspalFvIGL9lN9BzULEUbL+YrK+kPxwzoENt3FNIJ+xbR8FSa8dp4iqr8e2sVpH/0no5Dg/7hVBZjqD4c6NhLilqWt2CDoQBjnLsAONGuFkpHzHDOLqL1dwSwtkvfwQX++3Q4d/7jU5nuo4l8o18Jy0SkgPSIafkjHQJJ3+8TW/H++kTf8vf9feeS31v6tkg78I//AuVWMJ3</latexit><latexit sha1_base64="7q9HBCVvv4SlPnvQQ9vKQlZgwZ4=">AAACfnicdVFNT9tAEF0bCjQtEODYy9KkKNASbC5wQQriwpFKBJDiYK03E7JivWvtjkGR5Z/BH+PGb+ml6xDxEdqRVnrz3jzN7EySSWExCJ48f27+08Li0ufal6/LK6v1tfULq3PDocu11OYqYRakUNBFgRKuMgMsTSRcJrcnlX55B8YKrc5xnEE/ZTdKDAVn6Ki4/tCMUoYjzmRxXsbRHTOQWSG1ar3w3TLGVmRGOi6OT8rt7a MZ5X/+V0fzF70fgQHafGc9gutiV+BpGSW5lIDU5VXabMf1RtAOJkE/gnAKGmQaZ3H9MRponqegkEtmbS8MMuwXzKDgEspalFvIGL9lN9BzULEUbL+YrK+kPxwzoENt3FNIJ+xbR8FSa8dp4iqr8e2sVpH/0no5Dg/7hVBZjqD4c6NhLilqWt2CDoQBjnLsAONGuFkpHzHDOLqL1dwSwtkvfwQX++3Q4d/7jU5nuo4l8o18Jy0SkgPSIafkjHQJJ3+8TW/H++kTf8vf9feeS31v6tkg78I//AuVWMJ3</latexit><latexit sha1_base64="7q9HBCVvv4SlPnvQQ9vKQlZgwZ4=">AAACfnicdVFNT9tAEF0bCjQtEODYy9KkKNASbC5wQQriwpFKBJDiYK03E7JivWvtjkGR5Z/BH+PGb+ml6xDxEdqRVnrz3jzN7EySSWExCJ48f27+08Li0ufal6/LK6v1tfULq3PDocu11OYqYRakUNBFgRKuMgMsTSRcJrcnlX55B8YKrc5xnEE/ZTdKDAVn6Ki4/tCMUoYjzmRxXsbRHTOQWSG1ar3w3TLGVmRGOi6OT8rt7a MZ5X/+V0fzF70fgQHafGc9gutiV+BpGSW5lIDU5VXabMf1RtAOJkE/gnAKGmQaZ3H9MRponqegkEtmbS8MMuwXzKDgEspalFvIGL9lN9BzULEUbL+YrK+kPxwzoENt3FNIJ+xbR8FSa8dp4iqr8e2sVpH/0no5Dg/7hVBZjqD4c6NhLilqWt2CDoQBjnLsAONGuFkpHzHDOLqL1dwSwtkvfwQX++3Q4d/7jU5nuo4l8o18Jy0SkgPSIafkjHQJJ3+8TW/H++kTf8vf9feeS31v6tkg78I//AuVWMJ3</latexit><latexit sha1_base64="7q9HBCVvv4SlPnvQQ9vKQlZgwZ4=">AAACfnicdVFNT9tAEF0bCjQtEODYy9KkKNASbC5wQQriwpFKBJDiYK03E7JivWvtjkGR5Z/BH+PGb+ml6xDxEdqRVnrz3jzN7EySSWExCJ48f27+08Li0ufal6/LK6v1tfULq3PDocu11OYqYRakUNBFgRKuMgMsTSRcJrcnlX55B8YKrc5xnEE/ZTdKDAVn6Ki4/tCMUoYjzmRxXsbRHTOQWSG1ar3w3TLGVmRGOi6OT8rt7a MZ5X/+V0fzF70fgQHafGc9gutiV+BpGSW5lIDU5VXabMf1RtAOJkE/gnAKGmQaZ3H9MRponqegkEtmbS8MMuwXzKDgEspalFvIGL9lN9BzULEUbL+YrK+kPxwzoENt3FNIJ+xbR8FSa8dp4iqr8e2sVpH/0no5Dg/7hVBZjqD4c6NhLilqWt2CDoQBjnLsAONGuFkpHzHDOLqL1dwSwtkvfwQX++3Q4d/7jU5nuo4l8o18Jy0SkgPSIafkjHQJJ3+8TW/H++kTf8vf9feeS31v6tkg78I//AuVWMJ3</latexit>

Theorem. Let ⇢A, ⇢0A be block-diagonal states. Then, for every " > 0, there
is a thermal operation T", a state ⇢0A(") with k⇢0A � ⇢0A(")k < " and a finite-
dimensional catalyst �C such that

T"(⇢A ⌦ �C) = ⇢0A(")�C

if and only if F (⇢A) � F (⇢0A).
<latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit><latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit><latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit><latexit sha1_base64="xdKa3azOOJMUpCSOt7BfJCTz2BE="></latexit>

F (⇢A) > F (⇢0A).
<latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit><latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit><latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit><latexit sha1_base64="FwUY1TmKRxzvbc9KrItSkxZGtws=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWsW5KIoKupCKIywr2Am0Ik+mkHTqZCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78YcKo0q77bRWWlldW14rrpY3Nre0de3evqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObyb11iORigr+oEcJ8WPU5zSiGGljBfbBbaUrByK4Pr2a0YnBamCX3ao7lbMIXg5lyFUP7K9uT+A0JlxjhpTqeG6i/QxJTTEj41I3VSRBeIj6pGOQo5goP5ueP3aOjdNzIiHN49qZur8nMhQrNYpD0xkjPVDztYn5X62T6ujSzyhPUk04ni2KUuZo4UyycHpUEqzZyADCkppbHTxAEmFtEiuZELz5Ly9C86zqGb4/L9dqeRxFOIQjqIAHF1CDO6hDAzBk8Ayv8GY9WS/Wu/Uxay1Y+cw+/JH1+QNXnJPG</latexit>



What	if	we	have	coherence	between	energy	levels?

Is	it	possible	to	have T (⇢A ⌦ �C) = ⇢0A�C ,
<latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit>

where						is	4me-transla4on-symmetric,	and	also	
						is	Gme-translaGon	symmetric,	but								isn’t?

T
<latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit>

⇢A
<latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit>

⇢0A
<latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit>



What	if	we	have	coherence	between	energy	levels?

Is	it	possible	to	have T (⇢A ⌦ �C) = ⇢0A�C ,
<latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit>

where						is	4me-transla4on-symmetric,	and	also	
						is	Gme-translaGon	symmetric,	but								isn’t?

T
<latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit>

⇢A
<latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit>

⇢0A
<latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit>

A C

coherentincoherent
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coherent coherent
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correlation

C	identical	
to	before.



What	if	we	have	coherence	between	energy	levels?

Is	it	possible	to	have T (⇢A ⌦ �C) = ⇢0A�C ,
<latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit>

where						is	4me-transla4on-symmetric,	and	also	
						is	Gme-translaGon	symmetric,	but								isn’t?

T
<latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit>

⇢A
<latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit>

⇢0A
<latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit>

A C

coherentincoherent

A C

coherent coherent

incoherent

operation

correlation

C	identical	
to	before.

M.	Lostaglio	and	MM,	Coherence	and	Asymmetry	Cannot	be	Broadcast,	
Phys.	Rev.	Le^.	123,	020402	(2019).



What	if	we	have	coherence	between	energy	levels?

Is	it	possible	to	have T (⇢A ⌦ �C) = ⇢0A�C ,
<latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit>

where						is	4me-transla4on-symmetric,	and	also	
						is	Gme-translaGon	symmetric,	but								isn’t?

T
<latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit>

⇢A
<latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit>

⇢0A
<latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit>

A C

coherentincoherent

A C

coherent coherent

incoherent

operation

correlation

C	identical	
to	before.

M.	Lostaglio	and	MM,	Coherence	and	Asymmetry	Cannot	be	Broadcast,	
Phys.	Rev.	Le^.	123,	020402	(2019).

Theorem:	This	is	impossible.
Special	case	of	a	general	no-broadcasGng	theorem	for	asymmetry.



What	if	we	have	coherence	between	energy	levels?

Is	it	possible	to	have T (⇢A ⌦ �C) = ⇢0A�C ,
<latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit><latexit sha1_base64="A5VlE7U9ykBfTpG/62eL50rLRLE=">AAACHHicbZDLSsNAFIYn9VbrLerSTbCIFaQkKuhGqHTjskJv0IQwmU7boXMJMxOhhD6IG1/FjQtF3LgQfBsnbRZa/WHg5zvncOb8UUyJ0q77ZRWWlldW14rrpY3Nre0de3evrUQiEW4hQYXsRlBhSjhuaaIp7sYSQxZR3InG9azeucdSEcGbehLjgMEhJwOCoDYotM99BvUIQZo2pxVfjkR44wtNGFa+IkMGw/rJdYaPDc/BaWiX3ao7k/PXeLkpg1yN0P7w+wIlDHONKFSq57mxDlIoNUEUT0t+onAM0RgOcc9YDs36IJ0dN3WODOk7AyHN49qZ0Z8TKWRKTVhkOrNT1GItg//VeokeXAUp4XGiMUfzRYOEOlo4WVJOn0iMNJ0YA5Ek5q8OGkEJkTZ5lkwI3uLJf037rOoZf3dRrtXyOIrgAByCCvDAJaiBW9AALYDAA3gCL+DVerSerTfrfd5asPKZffBL1uc3lxmhnw==</latexit>

where						is	4me-transla4on-symmetric,	and	also	
						is	Gme-translaGon	symmetric,	but								isn’t?

T
<latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit><latexit sha1_base64="ijtwV1w4ZdHQOdulII23AJnUjXs=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbcuKzQF6ShTKaTduhkEmZuhBL6GW5cKOLWr3Hn3zhps9DWAwOHc+5lzj1hKoVB1/12Nja3tnd2K3vV/YPDo+PayWnXJJlmvMMSmeh+SA2XQvEOCpS8n2pO41DyXji9L/zeE9dGJKqNs5QHMR0rEQlG0Ur+IKY4YVTm7fmwVncb7gJknXglqUOJ1rD2NRglLIu5QiapMb7nphjkVKNgks+rg8zwlLIpHXPfUkVjboJ8EXlOLq0yIlGi7VNIFurvjZzGxszi0E4WEc2qV4j/eX6G0V2QC5VmyBVbfhRlkmBCivvJSGjOUM4soUwLm5WwCdWUoW2pakvwVk9eJ93rhmf540292SzrqMA5XMAVeHALTXiAFnSAQQLP8ApvDjovzrvzsRzdcMqdM/gD5/MHjJWRaA==</latexit>

⇢A
<latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit><latexit sha1_base64="4a1fRBALg8Lg1Q8J/UWfW8GwoiM=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanbNSPdueuWKX/XnIqsQ5FCBXPVe+avb1yyNuUImqbWdwE8wzKhBwSSflrqp5QllYzrkHYeKxtyG2XzbKTlzTp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcB1mQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUciEEyyevQvOiGji+v6zUankcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyR9/kDXyKO+Q==</latexit>

⇢0A
<latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit><latexit sha1_base64="M3YvOUVfd9dW6uGAjUu15YU04Ao=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF9FR2RdBjxYvHCvYD2qVk02wbmk2WZFYopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0upvVW0/cWKHVI45THiZ0oEQsGEVntbpmqM97t71yxa/6c5FVCHKoQK56r/zV7WuWJVwhk9TaTuCnGE6oQcEkn5a6meUpZSM64B2HiibchpP5ulNy5pw+ibVxTyGZu78nJjSxdpxErjOhOLTLtZn5X62TYXwTToRKM+SKLT6KM0lQk9ntpC8MZyjHDigzwu1K2JAaytAlVHIhBMsnr0Lzsho4friq1Gp5HEU4gVO4gACuoQb3UIcGMBjBM7zCm5d6L96797FoLXj5zDH8kff5A8Efjyo=</latexit>

A C

coherentincoherent

A C

coherent coherent

incoherent

operation

correlation

C	identical	
to	before.

M.	Lostaglio	and	MM,	Coherence	and	Asymmetry	Cannot	be	Broadcast,	
Phys.	Rev.	Le^.	123,	020402	(2019).

Theorem:	This	is	impossible.
Special	case	of	a	general	no-broadcasGng	theorem	for	asymmetry.

Consequence:	The	characterizaGon	of	F	that	I’ve	
presented	cannot	remain	valid	in	the	presence	
of	coherences	between	energy	levels.	😕	



What	if	we	have	coherence	between	energy	levels?

Åberg	(2014)	has	shown:	a	weak	version	of	coherence	broadcas4ng	
is	possible	with	an	infinite-dimensional	“catalyst”.
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where µB = 1
|B| with |B| ⌘ dim B is the maximally mixed

state on B. Let us write ⇢ ! ⇢
0 if for every " > 0 there

exists some ⇢
0
" with k⇢0 � ⇢

0
"k < " and a noisy operation �"

with �"(⇢) = ⇢". In a nutshell, ⇢ ! ⇢
0 means that ⇢ can be

mapped arbitrarily close to ⇢
0 by noisy operations. Intuitively,

this means that ⇢ is a “less noisy” state than ⇢
0, since all that

a noisy operation does is to mix a given state with white noise
on some auxiliary system. A main result in [9] was that ⇢ !
⇢

0 is equivalent to p � p
0, where p and p

0 are the vectors of
eigenvalues of ⇢ and ⇢

0 respectively. The latter statement is
sometimes [4] simply denoted ⇢ � ⇢

0.
The reason for the somewhat clumsy “"-definition” of ⇢ !

⇢
0 is that [9] (and also several related later works) have used

a “quasiclassical” approach to prove results like the one just
mentioned (equivalence to p � p

0): namely, diagonalize ⇢ and
⇢

0, and construct a suitable unitary UAB as a permutation in
the computational basis. The present author and a coauthor
have shown, however, that one can avoid the "-approximation
if one goes beyond these semiclassical unitaries:

Theorem 3 (Ref. [2]). Let ⇢ and ⇢
0 be quantum states

on A such that ⇢ � ⇢
0, and let B be a copy of A. Then

there exists a unitary UAB such that

⇢
0
A = TrB

h
UAB(⇢A ⌦ µB)U†

AB

i
,

that is, the noisy transition from ⇢ to ⇢
0 can be achieved

exactly with an auxiliary system that is of the same
size as A. Moreover, UAB can be chosen to leave the
maximally mixed state µB on B invariant.

This result answers an open problem by Bengtsson and
Życzkowski [10]: it proves a conjecture that they called
“Quantum Horn’s Lemma”. It also simplifies the following
statements significantly by avoiding the "-approximation, and
it will become important in Section IV below.

In the context of the resource theory of purity, Lemma 1
attains an immediate operational interpretation: it says that

⇢
cat! ⇢

0

if and only if all ↵-Rényi entropies and the Burg entropy are
larger for ⇢

0 than for ⇢ (unless the two states are unitarily
equivalent in the first place). Here, we write ⇢

cat! ⇢
0 if and

only if there exists another finite-dimensional quantum state
� such that ⇢A ⌦ �B ! ⇢

0
A ⌦ �B . That is, exactly as in

entanglement theory, �B attains the role of a catalyst.
It is now clear how to interpret Theorem 2 in the resource

theory of purity: namely, for two states ⇢, ⇢
0 that are not uni-

tarily equivalent, it says that there is a “correlating-catalytic
noisy transformation” from ⇢ to ⇢

0, denoted

⇢
corrcat�! ⇢

0
,

if and only if S(⇢) < S(⇢0) for the von Neumann entropy.
Here, we write ⇢

corrcat�! ⇢
0 if and only if there exists another

finite-dimensional quantum system B and an extension ⇢
0
AB

of ⇢
0
A (i.e. TrB⇢

0
AB = ⇢

0
A) such that

⇢A ⌦ ⇢
0
B ! ⇢

0
AB .

That is, the marginal on A changes from the initial state ⇢A to
the desired target state ⇢

0
A, and the marginal on B is exactly

preserved — it is only that correlations between the systems
A and B are allowed to build up. In this sense, the state ⇢

0
B

is a catalyst: it can be “reused” on other systems, as long as
those other systems do not interact with A in the future.

III. IMPLICATIONS FOR SINGLE-SHOT QUANTUM
THERMODYNAMICS

The most direct application (and generalization) of the
above results is in the context of single-shot quantum ther-
modynamics — see e.g. [11] for the general setup and for-
malism. In a nutshell, thermodynamics is formulated as a
resource theory, involving quantum states on Hilbert spaces
(say, A) with associated Hamiltonians (say, HA), a fixed in-
verse “background temperature” � � 0, and “thermal opera-
tions” as the allowed state transitions. These are operations of
the form

⇢
0
A = TrB

h
UAB(⇢A ⌦ �B)U †

AB

i
,

where B is an arbitrarily chosen finite-dimensional system
(“heat bath”) with thermal state �B = exp(��HB)/Z, and
UAB some unitary such that [UAB , HA + HB ] = 0. In the
case that all Hamiltonians of all systems are trivial, i.e. pro-
portional to the identity, one recovers the resource theory of
purity. In general, the question of (im)possibility of state tran-
sitions becomes somewhat more involved than in purity the-
ory. Yet, the results of the latter can be lifted with some tech-
nical tricks to the resource theory of thermodynamics, and one
obtains analogues of the results described in Section II.

First, one obtains a notion of “thermomajorization” (gener-
alization of majorization) as a criterion for the possibility of
a transition ⇢A ! ⇢

0
A by a thermal operation. Then, there

is an obvious generalization to the case with catalysts, simi-
larly as in Section II. In analogy to Lemma 1 (which is in fact
heavily used in the proof), one obtains the following state-
ment: a catalytic thermal transition from a given state ⇢ to
another state ⇢

0 is possible if and only if F↵(⇢) � F↵(⇢0),
where F↵ is a Rényi generalization of the Helmholtz free en-
ergy, F (⇢A) = F1(⇢A) = tr(⇢AHA) � S(⇢A)/�. This can
be interpreted as an infinite set of “second laws of quantum
thermodynamics” (see Brandão et al. [11]), �F↵  0, with
↵ = 1 yielding the standard formulation of the second law.

The main result of Ref. [1] by the present author is the gen-
eralization of Theorem 2 to the resource theory of thermody-
namics. It is formulated in a setting as depicted in the figure.
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has	been	a	flurry	of	follow-up	work	outside	of	thermodynamics.
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Theorem.	Let								and										be	two	
quantum	states	with	non-identical	spectra	
on	a	finite-dimensional	Hilbert	space	A.	
Then	the	following	are	equivalent:
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• There	exists	another	finite-dimensional	system	B,	a	
unitary												and	a	state									such	that	
		

• 																																												and	
where																																										is	von	Neumann	entropy.

UAB
<latexit sha1_base64="mkktqJ6bboGpO5NlnAivf2P1no0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiieyiiR4RLx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+f3TSm/XLFrbpzoFXi5aQCOZr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6RVq3oX1dr9ZaXeyOMowgmcwjl4cAV1uIMm+EDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w8/AY7p</latexit>

�B
<latexit sha1_base64="A0mKeF71FQI8FORfs1hhDaEQ414=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHUi8cK9gPapWTTbBuaZNckK5Slf8KLB0W8+ne8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bJk41ZU0ai1h3QmKY4Io1LbeCdRLNiAwFa4fj25nffmLa8Fg92EnCAkmGikecEuukTs/woST9er9U9ireHHiV+DkpQ45Gv/TVG8Q0lUxZKogxXd9LbJARbTkVbFrspYYlhI7JkHUdVUQyE2Tze6f43CkDHMXalbJ4rv6eyIg0ZiJD1ymJHZllbyb+53VTG90EGVdJapmii0VRKrCN8ex5POCaUSsmjhCqubsV0xHRhFoXUdGF4C+/vEpa1Yp/WaneX5Vr9TyOApzCGVyAD9dQgztoQBMoCHiGV3hDj+gFvaOPResaymdO4A/Q5w/g14/c</latexit>

UAB(⇢A ⌦ �B)U
†
AB = ⇢0A�B .

<latexit sha1_base64="zNthgSw6yR6Xeo0jRjBbPPI3sXo="></latexit>

rank(⇢A)  rank(⇢0A)
<latexit sha1_base64="+n9z6A5ooQf8uPbFl7cC4uHDbCo=">AAACE3icbZC7TsMwFIadcivlFmBksagQhaFKChKMBRbGItGL1ESR4zqtVdsJtoNURX0HFl6FhQGEWFnYeBvcNgMUfsnSr++co+PzhwmjSjvOl1VYWFxaXimultbWNza37O2dlopTiUkTxyyWnRApwqggTU01I51EEsRDRtrh8GpSb98TqWgsbvUoIT5HfUEjipE2KLCPM09yKJEYjiueHMTBxZHHyB2cw4eGB3bZqTpTwb/GzU0Z5GoE9qfXi3HKidCYIaW6rpNoP0NSU8zIuOSliiQID1GfdI0ViBPlZ9ObxvDAkB6MYmme0HBKf05kiCs14qHp5EgP1HxtAv+rdVMdnfsZFUmqicCzRVHKoI7hJCDYo5JgzUbGICyp+SvEAyQR1ibGkgnBnT/5r2nVqu5JtXZzWq5f5nEUwR7YBxXggjNQB9egAZoAgwfwBF7Aq/VoPVtv1vustWDlM7vgl6yPb69rnWI=</latexit>

S(⇢A) < S(⇢0A),
<latexit sha1_base64="i4z5dBCuJ2vSjXalTTrMrS5V3F0=">AAAB/nicdZDLSsNAFIYn9VbrLSqu3AwWsYKEpFZawUXVjcuK9gJtCJPppB06uTAzEUoo+CpuXCji1udw59s4TSOo6A8DH/85h3PmdyNGhTTNDy03N7+wuJRfLqysrq1v6JtbLRHGHJMmDlnIOy4ShNGANCWVjHQiTpDvMtJ2R5fTevuOcEHD4FaOI2L7aBBQj2IkleXoOzelHh+Gzvnh2YwOFB45etE0TkyzXLOgaZipUjitVKvQypwiyNRw9PdeP8SxTwKJGRKia5mRtBPEJcWMTAq9WJAI4REakK7CAPlE2El6/gTuK6cPvZCrF0iYut8nEuQLMfZd1ekjORS/a1Pzr1o3ll7NTmgQxZIEeLbIixmUIZxmAfuUEyzZWAHCnKpbIR4ijrBUiRVUCF8/hf9Dq2xYx0b5ulKsX2Rx5MEu2AMlYIEqqIMr0ABNgEECHsATeNbutUftRXudtea0bGYb/JD29gm6BpQN</latexit>

S(⇢) = �tr(⇢ log ⇢)
<latexit sha1_base64="d3SjIDSPcpyPCzKyJYSr0xdT2Q0=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahLiwzVdCNUHTjsqJ9QGcomTTThmaSIckIZejSjb/ixoUibv0Ed/6N6XQWWj1w4eSce8m9J4gZVdpxvqzCwuLS8kpxtbS2vrG5ZW/vtJRIJCZNLJiQnQApwignTU01I51YEhQFjLSD0dXUb98Tqajgd3ocEz9CA05DipE2Us/ev614ciiOLo5TT0ZQy0n29pgYZHrPLjtVJwP8S9yclEGORs/+9PoCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPlpdsgEHhqlD0MhTXENM/XnRIoipcZRYDojpIdq3puK/3ndRIfnfkp5nGjC8eyjMGFQCzhNBfapJFizsSEIS2p2hXiIJMLaZFcyIbjzJ/8lrVrVPanWbk7L9cs8jiLYAwegAlxwBurgGjRAE2DwAJ7AC3i1Hq1n6816n7UWrHxmF/yC9fENh66ZCg==</latexit>

H.	Wilming,	Entropy	and	Reversible	Catalysis,	Phys.	Rev.	Le^.	127,	260402	(2021).



Consequences	for	quantum	informaGon	theory

This	is	perhaps	relevant	in	contexts	like	holographic	duality,	
where	entropy	has	a	dual	space4me	interpreta4on:



Consequences	for	quantum	informaGon	theory

This	is	perhaps	relevant	in	contexts	like	holographic	duality,	
where	entropy	has	a	dual	space4me	interpreta4on:

S.	Ryu	and	T.	Takayanagi,	Holographic	Deriva9on	of	Entanglement	
Entropy	from	AdS/CFT,	Phys.	Rev.	Le^.	96,	181602	(2006).ar

X
iv

:h
ep

-th
/0

60
30

01
v2

  7
 M

ar
 2

00
6

Holographic Derivation of Entanglement Entropy from AdS/CFT

Shinsei Ryu and Tadashi Takayanagi
Kavli Institute for Theoretical Physics, University of California, Santa Barbara, CA 93106, USA

(Dated: February 1, 2008)

A holographic derivation of the entanglement entropy in quantum (conformal) field theories is
proposed from AdS/CFT correspondence. We argue that the entanglement entropy in d +1 dimen-
sional conformal field theories can be obtained from the area of d dimensional minimal surfaces in
AdSd+2, analogous to the Bekenstein-Hawking formula for black hole entropy. We show that our
proposal perfectly reproduces the correct entanglement entropy in 2D CFT when applied to AdS3.
We also compare the entropy computed in AdS5×S5 with that of the free N = 4 super Yang-Mills.

I. INTRODUCTION

One of the most remarkable successes in gravitational
aspects of string theory is the microscopic derivation of
the Bekenstein-Hawking entropy SBH

SBH =
Area of horizon

4GN
, (1.1)

for BPS black holes [1]. This idea relates the gravi-
tational entropy with the degeneracy of quantum field
theory as its microscopic description. Taking near hori-
zon limit, we can regard this as a special example of
AdS/CFT correspondence [2, 3, 4]. It claims that the
d + 1 dimensional conformal field theories (CFTd+1) are
equivalent to the (super)gravity on d+2 dimensional anti-
deSitter space AdSd+2. We expect that each CFT is sit-
ting at the boundary of AdS space.

On the other hand, there is a different kind of entropy
called entanglement entropy (von-Neumann entropy) in
quantum mechanical systems. The entanglement entropy

SA = −trA ρA log ρA, ρA = trB |Ψ⟩⟨Ψ|, (1.2)

provides us with a convenient way to measure how closely
entangled (or how “quantum”) a given wave function |Ψ⟩
is. Here, the total system is divided into two subsystems
A and B and ρA is the reduced density matrix for the
subsystem A obtained by taking a partial trace over the
subsystem B of the total density matrix ρ = |Ψ⟩⟨Ψ|. In-
tuitively, we can think SA as the entropy for an observer
who is only accessible to the subsystem A and cannot
receive any signals from B. In this sense, the subsystem
B is analogous to the inside of a black hole horizon for an
observer sitting in A, i.e., outside of the horizon. Indeed,
an original motivation of the entanglement entropy was
its similarity to the Bekenstein-Hawking entropy [5, 6].

The entanglement entropy is of growing importance
in many fields of physics in our exploration for better
understanding of quantum systems. For example, in a
modern trend of condensed matter physics it has been
becoming clear that quantum phases of matter need to be
characterized by their pattern of entanglement encoded
in many-body wave functions of ground states, rather
than conventional order parameters [7, 8, 9]. Recently,
the entanglement entropy has been extensively studied in
low-dimensional quantum many-body systems as a new

tool to investigate the nature of quantum criticality (refer
to [10] and references therein for example).

For one-dimensional (1D) quantum many-body sys-
tems at criticality (i.e. 2D CFT), it is known that the
entanglement entropy is given by [10, 11]

SA =
c

3
· log

(

L

πa
sin

(

πl

L

))

, (1.3)

where l and L are the length of the subsystem A and
the total system A ∪ B (both ends of A ∪ B are peri-
odically identified), respectively; a is a ultra violet (UV)
cutoff (lattice spacing); c is the central charge of the CFT.
When we are away from criticality, Eq. (1.3) is replaced
by [7, 10]

SA =
c

6
· A · log

ξ

a
, (1.4)

where ξ is the correlation length and A is the number of
boundary points of A (e.g. A = 2 in the setup of (1.3)).

In spite of these recent developments, and its simi-
larity to the black hole entropy, a comprehensive gravi-
tational interpretation of the entanglement entropy has
been lacking so far. Here, we present a simple proposal
on this issue in the light of AdS/CFT duality. Earlier
discussions from different viewpoints can be found in e.g.
papers [12, 13]. Define the entanglement entropy SA in
a CFT on R1,d (or R×Sd) for a subsystem A that has an
arbitrary d − 1 dimensional boundary ∂A ∈ Rd (or Sd).
In this setup we propose the following ‘area law’

SA =
Area of γA

4G(d+2)
N

, (1.5)

where γA is the d dimensional static minimal surface in

AdSd+2 whose boundary is given by ∂A, and G(d+2)
N is

the d + 2 dimensional Newton constant. Intuitively, this
suggests that the minimal surface γA plays the role of a
holographic screen for an observer who is only accessible
to the subsystem A. We show explicitly the relation (1.5)
in the lowest dimensional case d = 1, where γA is given
by a geodesic line in AdS3. We also compute SA from the
gravity side for general d and compare it with field theory
results, which is successful at least qualitatively. From
(1.5), it is readily seen that the basic properties of the
entanglement entropy (i) SA = SB (B is the complement

2

t

θ

2πl/L

B

A
γA ρ

(a)

B

A

γA

(b)

FIG. 1: (a) AdS3 space and CFT2 living on its boundary
and (b) a geodesics γA as a holographic screen.

of A) and (ii) SA1
+ SA2

≥ SA1∪A2
(subadditivity) are

satisfied.
We can also define the entanglement entropy at finite

temperature T = β−1. E.g. in a 2D CFT on a infinitely
long line, it is given by replacing L in Eq. (1.3) with iβ
[10]. We argue that Eq. (1.5) still holds in T > 0 cases.
Note that SA = SB is no longer true if T > 0 since ρ
is in a mixed state generically. At high temperature, we
will see that this occurs due to the presence of black hole
horizon in the dual gravity description.

II. ENTANGLEMENT ENTROPY IN AdS3/CFT2

Let us start with the entanglement entropy in 2D
CFTs. According to AdS/CFT correspondence, gravi-
tational theories on AdS3 space of radius R are dual to
(1+1)D CFTs with the central charge [14]

c =
3R

2G(3)
N

. (2.1)

The metric of AdS3 in the global coordinate (t, ρ, θ) is

ds2 = R2
(

− coshρ2dt2 + dρ2 + sinh ρ2dθ2
)

. (2.2)

At the boundary ρ = ∞ of AdS3 the metric is divergent.
To regulate physical quantities we put a cutoff ρ0 and
restrict the space to the bounded region ρ ≤ ρ0. This
procedure corresponds to the UV cutoff in the dual CFTs
[15]. If L is the total length of the system with both ends
identified, and a is the lattice spacing (or UV cutoff) in
the CFTs, we have the relation (up to a numerical factor)

eρ0 ∼ L/a. (2.3)

The (1+1)D spacetime for the CFT2 is identified with
the cylinder (t, θ) at the boundary ρ = ρ0. The subsys-
tem A is the region 0 ≤ θ ≤ 2πl/L. Then γA in Eq. (1.5)
is identified with the static geodesic that connects the
boundary points θ = 0 and 2πl/L with t fixed, traveling
inside AdS3 (Fig. 1 (a)). With the cutoff ρ0 introduced
above, the geodesic distance LγA is given by

cosh

(

LγA

R

)

= 1 + 2 sinh2 ρ0 sin2 πl

L
. (2.4)

Assuming the large UV cutoff eρ0 ≫ 1, the entropy
(1.5) is expressed as follows, using Eq. (2.1)

SA≃ R

4G(3)
N

log

(

e2ρ0 sin2 πl

L

)

=
c

3
log

(

eρ0 sin
πl

L

)

. (2.5)

This entropy precisely coincides with the known CFT
result (1.3) after we remember the relation Eq. (2.3).

This proposed relation (1.5) suggests that the geodesic
(or minimal surface in the higher dimensional case) γA is
analogous to an event horizon as if B were a black hole,
though the division into A and B is just artificial. In
other words, the observer, who is not accessible to B, will
probe γA as a holographic screen [16], instead of B itself
(Fig. 1 (b)). The minimal surface provides the severest
entropy bound when we fix its boundary condition. In
our case it saturates the bound.

More generally, we can consider a subsystem A which
consists of multiple disjoint intervals as follows

A = {x|x ∈ [r1, s1] ∪ [r2, s2] ∪ · · · ∪ [rN , sN ]}, (2.6)

where 0 ≤ r1 < s1 < r2 < s2 < · · · < rN < sN ≤ L. In
the dual AdS3 description, the region (2.6) corresponds
to θ ∈ ∪N

i=1[
2πri

L , 2πsi

L ] at the boundary. In this case it
is not straightforward to determine minimal (geodesic)
lines responsible for the entropy. However, we can find
the answer from the entanglement entropy computed in
the CFT side. The general prescription of calculating the
entropy for such systems is given in [10] using conformal
mapping. For our system (2.6), we find, when rewritten
in the AdS3 language, the following expression of SA

SA =

∑

i,j Lrj ,si−
∑

i<j Lrj ,ri−
∑

i<j Lsj ,si

4G(3)
N

, (2.7)

where La,b is the geodesic distance between two boundary
points a and b. We can think that the correct definition
of minimal surface is given by the numerator in Eq. (2.7).

Next we turn to the entanglement entropy at finite
temperature. We assume the spacial length of the total
system L is infinitely long s.t. β/L ≪ 1. At high tem-
perature, the gravity dual of the CFT is the Euclidean
BTZ black hole [17] with the metric given by

ds2 = (r2 − r2
+)dτ2 +

R2

r2 − r2
+

dr2 + r2dϕ2. (2.8)

The Euclidean time is compactified as τ ∼ τ + 2πR
r+

to
obtain a smooth geometry in addition to the periodicity
ϕ ∼ ϕ+2π. Looking at its boundary, we find the relation
β
L = R

r+
≪ 1 between the CFT and the BTZ black hole.

The subsystem A is defined by 0 ≤ ϕ ≤ 2πl/L at the
boundary. Then we expect that the entropy can be com-
puted from the geodesic distance between the boundary
points ϕ = 0, 2πl/L at a fixed time. To find the geodesic
line, it is useful to remember the familiar fact that the
Euclidean BTZ black hole at temperature TBTZ is equiv-
alent to the thermal AdS3 at temperature 1/TBTZ. This
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Quantum thermodynamics with coherence: Covariant Gibbs-preserving operation is
characterized by the free energy

Naoto Shiraishi⇤

Department of Basic Science, The University of Tokyo,
3-8-1 Komaba, Meguro-ku, Tokyo 153-8902, Japan

The resource theory with covariant Gibbs-preserving operations, also called enhanced thermal
operations, is investigated. We prove that with the help of a correlated catalyst, the state con-
vertibility for any coherent state is fully characterized by the free energy defined with the quantum
relative entropy. We can extend this result to general resource theories in the form that imposing
the covariant condition to a general resource theory does not change the state convertibility as long
as the initial state is coherent and distillable. This means that the additional constraint from the
law of energy conservation is irrelevant in the correlated-catalytic framework.

The central subject in quantum thermodynamics is
the controllability of small quantum systems in a ther-
mal environment. The fundamental problems are what
constraints can be seen in a small thermal environment
and how robust the second law of thermodynamics is [1–
3]. One standard implementation of this setup is an op-
erational class of thermal operations, where we employ
an energy-conserving unitary operation by consuming an
auxiliary system at the Gibbs state [4–6]. However, since
thermal operations are formulated in a bottom-up fash-
ion and are not easy to handle directly [7–10], it is con-
venient to focus on some key properties of thermal oper-
ations and examine them separately.

One key characterization of thermal operations is the
Gibbs-preserving property that an initial Gibbs state re-
sults in the same Gibbs state [11–14]. Unlike conven-
tional macroscopic thermodynamics, various novel con-
straints other than the conventional second law emerge
in small systems [11, 13, 15–19]. However, interestingly,
these novel constraints are unstable under a small mod-
ification, and in various setups, the conventional second
law of thermodynamics with a single free energy can be
recovered in small quantum regimes [12, 14, 20–26]. One
of the standard setups for this recovery is that with a cor-
related catalyst [27, 28]: In this framework, there is an
auxiliary system C whose reduced state does not change
through the process while it helps the state conversion
such that a state conversion ⇢ ! ⇢

0 is implemented by
⇢ ⌦ c ! ⌧ with TrS [⌧ ] = c and TrC [⌧ ] = ⇢

0, where c

is the state of the catalyst. In the resource theory with
Gibbs-preserving operations, the state convertibility with
a correlated catalyst is characterized by a single second
law in both classical [23] and quantum systems [14].

Thermal operations have, however, another key char-
acterization; the covariant condition, which reflects the
restriction from the law of energy conservation. The co-
variant condition is a genuinely quantum property im-
posing a constraint on the transformation of coherence
among energy eigenstates: We cannot convert, for ex-
ample, an energy eigenstate into a superposition of two

⇤ shiraishi@phys.c.u-tokyo.ac.jp

energy eigenstates without any additional help, which
serves as a severe restriction on possible operations. The
Gibbs-preserving map and thermal operation coincide in
the classical regime [5, 29], while these two have a gap
in the quantum regime due to the restriction on coher-
ence [30].

The restriction from the covariant condition has been
studied in the resource theory of asymmetry, or unspeak-
able coherence [31–35]. Previous studies on the resource
theory of asymmetry with a correlated catalyst have re-
vealed two contrastive faces. If the initial state has
no coherence, then the final state still has no coher-
ence [36, 37]. On the other hand, if the initial state has
maybe small but finite coherence, then a covariant op-
eration can convert this state into any state including a
maximally coherent state [38, 39]. In other words, in co-
variant operations, whether coherence is zero or nonzero
matters while the amount of coherence does not matter.

The Gibbs-preserving condition and the covariant con-
dition are considered to be two main restrictions on ther-
mal operations [2]. This motivates us to introduce a
class of operations which are both covariant and Gibbs-
preserving, also called the enhanced thermal operation [7].
Although it is theoretically more tractable than thermal
operation, the treatment of covariant Gibbs-preserving
operations is still complicated since these two conditions
restrict operations in a completely di↵erent manner. In
fact, the state convertibility with enhanced thermal op-
erations in the single-shot regime obtained in Ref. [8]
is extremely complicated. A clear understanding of the
combination of covariance and Gibbs-preserving proper-
ties is still elusive.

In this Letter, we address this problem and establish
the necessary and su�cient condition of state conversions
for coherent states. We prove that the state convert-
ibility of the covariant Gibbs-preserving operation (en-
hanced thermal operation) with a correlated catalyst is
fully characterized by a single free energy defined by the
relative entropy as long as the initial state has nonzero
coherence. In other words, in the correlated-catalytic
framework, the mere Gibbs-preserving operations and
the covariant Gibbs-preserving operations have the same
state conversion power, and the only exception is the
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incoherent case. This serves as strong support for the
conjecture on thermal operations raised in Ref. [39]. We
emphasize that although the obtained condition is the
composition of the conditions for covariant operations
and Gibbs-preserving operations, this result including
its proof is not trivial at all. In fact, in the single-shot
regime, the condition of state conversions for the covari-
ant Gibbs-preserving operations [8] is not the composi-
tion of the conditions for covariant operations [33] and
Gibbs-preserving operations [14].

Our proof does not rely on the details of Gibbs-
preserving operations, and the obtained result is straight-
forwardly extended to other resource theories. We
demonstrate that in the correlated-catalytic framework,
the addition of the covariant condition does not change
the state convertibility as long as the initial state is co-
herent and distillable. This indicates that the constraint
from the law of energy conservation is in general avoid-
able.

Setup and main result .— Consider a system whose en-
ergy level spacings are integer multiples of some value
�. This assumption is employed in Refs [40, 41], which
implies that any state ⇢ has period ⌧ = 2⇡/�, i.e.,
e
�iH⌧

⇢e
iH⌧ = ⇢. Here, we normalize the Planck con-

stant to unity.
A map E : S ! S is called a covariant Gibbs-

preserving operation (CGPO) if (i) E(⇢Gibbs) = ⇢Gibbs

and (ii) E(e�iHt
⇢e

iHt) = e
�iHtE(⇢)eiHt for any t are sat-

isfied. Here, ⇢Gibbs := e
��H

/Z is a Gibbs state with
a given inverse temperature � We define the free en-
ergy F (⇢) := S(⇢||⇢Gibbs) with the relative entropy S.
The CGPO is also called enhanced thermal operation in
Ref. [7].

We investigate the correlated-catalytic conversion with
CGPO in this Letter. We say that ⇢ is convertible to
⇢
0 through CGPO with a correlated-catalyst if for any

" > 0 there exist an auxiliary system C called a catalyst,
its state c, and a CGPO E : S ⌦ C ! S ⌦ C such that
⌧ = E(⇢ ⌦ c) with TrS [⌧ ] = c and |TrC [⌧ ]� ⇢

0|1 < ". If
the last condition is replaced by TrC [⌧ ] = ⇢

0, we say this
conversion exact.

Now we state our first main result, which serves as an
important milestone toward full quantum thermodynam-
ics with quantum coherence.

Theorem 1. Consider two states ⇢ and ⇢
0
in S. We as-

sume that the shortest period of ⇢ is 2⇡/� (i.e., all modes

are coherent). Then, ⇢ is convertible to ⇢
0
through CGPO

with correlated-catalyst if and only if F (⇢) � F (⇢0). In

addition, if F (⇢) > F (⇢0) and ⇢
0
is full-rank, then this

conversion is exact.

Since CGPO is a subset of GPO and the condition
F (⇢) � F (⇢0) is also required for GPO [14], it su�ces to
prove the su�cient part. To prove this, we employ a kind
of asymptotic conversion, called the marginal-asymptotic

conversion [42, 43], as a proof technique. We say that
⇢ is convertible to ⇢

0 in a marginal asymptotic conver-
sion through CGPO with conversion rate r with arbi-

trarily small error if for any " > 0 there exists a su�-
ciently large integer N and a CGPO ⇤ : S⌦N ! S

0⌦brNc

such that ⌅ = ⇤(⇢⌦N ) with
��Tr\i[⌅]� ⇢

0
��
1
< " for all

i = 1, 2 . . . , brNc. For our purpose, the following lemma
plays a pivotal role:

Lemma 2. Assume the same assumptions as Theorem

1 and F (⇢) � F (⇢0). Then, for any � > 0 there exists

a marginal-asymptotic conversion from ⇢ to ⇢
0
through

CGPO with conversion rate 1 � � with arbitrarily small

error.

Using the technique to transform an approximate
asymptotic conversion into a correlated-catalytic conver-
sion shown in [14, 39, 44] (see also [45–52] for its ap-
plications), this Lemma directly implies the existence of
a correlated-catalytic conversion from ⇢ to ⇢

0 with arbi-
trarily small error (If needed, we add free states ⇢

⌦�N

Gibbs

to the final state of conversion ⇢
⌦N ! ⇢

0⌦(1��)N ). To
reduce an arbitrarily small error to zero error (exact), we
employ a useful technique proposed by Wilming [50] (see
also [38] for its general expression).

Thus, our main task is to prove Lemma 2. In the fol-
lowing, we first introduce two key facts used in our proof
and then construct the conversion protocol claimed in
Lemma 2. We finally prove Theorem 1 by using Lemma
2.

Two key facts.— To construct our protocol, we employ
the following two established facts. One is on a GPO, and
the other is on covariant operations.

Proposition 3 (Gibbs-preserving map (used in [14,
24])). Consider two states ⇢ and ⇢

0
in S with F (⇢) �

F (⇢0). Then, for any �1 > 0 there exists a large M and a

GPO ⇤ : S⌦M ! S
⌦M

such that
��⇤(⇢⌦M )� ⇢

0⌦M
�� < �1.

Proposition 4 (Covariant time estimation (used in
[40])). There exists a time estimation protocol S

⌦m ! R

with probability distribution P (test|) for  on S
⌦m

such

that (i) covariant: P (test|e�iH
⌦m

⌧
e

iH
⌦m

⌧ ) = P (test +
⌧ |) for any  and ⌧ , and (ii) the variance of P (test|⇢⌦m)
decays as O(1/m) for any ⇢ in S whose shortest period

is 2⇡/�.

Without loss of generality, we suppose that the average
of test for ⇢ is zero (we set the origin of the phase as
supposition).

Proof of Lemma 2.— We construct a protocol convert-
ing N copies of ⇢ into (1��)N copies of ⇢0 for su�ciently
largeN . We decomposeN copies of ⇢ into ⌫ := (1��)

p
N

sets of
p
N copies and two �N/2 copies, which we call A

part, B1 part, and B2 part respectively. The sets in A

part are labeled as A1, . . . , A⌫ . In addition, for state R

on S
⌦n, we introduce a time propagator by t defined as

Tt(R) := e
�iH

⌦n
t
Re

iH
⌦n

t
. (1)

In the following, we choose n properly depending on state
R.
Now we construct the marginal-asymptotic conversion

protocol which consists of two steps:
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incoherent case. This serves as strong support for the
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emphasize that although the obtained condition is the
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and Gibbs-preserving operations, this result including
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0
is full-rank, then this

conversion is exact.

Since CGPO is a subset of GPO and the condition
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such that ⌅ = ⇤(⇢⌦N ) with
��Tr\i[⌅]� ⇢

0
��
1
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• ConvenGonally,	free	energy	and	entropy	a^ain	their	
operaGonal	interpretaGon	in	the	limit	of	large	ensembles.	

• Resource-theore4c	approach	to	thermodynamics:	
generalizes	thermo.	to	small	and	strongly	correlated	systems.	
Conceptually,	a	different	approach:	restricGons	for	an	
agent	who	acts	under	reversibility	and	energy	conservaGon.	

• Correlated	catalysis	restores	the	Second	Law	in	its	iniGal	
formulaGon	via	F,	without	the	thermodynamic	limit.	

• InteresGng	consequences	for	physics	beyond	thermodynamics?
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