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Classical Prefix Codes

A set of code words is prefix-free, if no code word is the prefix of
another code word.
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Classical Prefix Codes

A set of code words is prefix-free, if no code word is the prefix of
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» Code word=binary string out of {0,1}* = {\,0,1,00,...},
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Classical Prefix Codes

A set of code words is prefix-free, if no code word is the prefix of
another code word.

» Code word=binary string out of {0,1}* = {\,0,1,00,...},
» e.g. 10 is a prefix of 100, 0 is not a prefix of 10.

Prefix-free sets like {0,10,110,111} can be concatenated and then
uniquely decoded:

OUELLE %% 11161100001001000
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Classical Prefix Codes

A set of code words is prefix-free, if no code word is the prefix of
another code word.

» Code word=binary string out of {0,1}* = {\,0,1,00,...},
» e.g. 10 is a prefix of 100, 0 is not a prefix of 10.

Prefix-free sets like {0,10,110,111} can be concatenated and then
uniquely decoded:

OUELLE %% 11161100001001000

= 111110010100
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Classical Prefix Codes

A set of code words is prefix-free, if no code word is the prefix of
another code word.

» Code word=binary string out of {0,1}* = {\,0,1,00,...},
» e.g. 10 is a prefix of 100, 0 is not a prefix of 10.

Prefix-free sets like {0,10,110,111} can be concatenated and then
uniquely decoded:

OUELLE %% 11161100001001000
— 111110010100
!

111,110,0,10,10,0
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Classical Prefix Codes

A set of code words is prefix-free, if no code word is the prefix of
another code word.

» Code word=binary string out of {0,1}* = {\,0,1,00,...},
» e.g. 10 is a prefix of 100, 0 is not a prefix of 10.

Prefix-free sets like {0,10,110,111} can be concatenated and then
uniquely decoded:

OUELLE ™8 111 51100001001000
— 111110010100
!
QUELLE %" 111 110,0,10,10,0
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Classical Prefix Codes

A set of code words is prefix-free, if no code word is the prefix of
another code word.

» Code word=binary string out of {0,1}* = {\,0,1,00,...},
» e.g. 10 is a prefix of 100, 0 is not a prefix of 10.

Prefix-free sets like {0,10,110,111} can be concatenated and then
uniquely decoded:

OUELLE ™8 111 51100001001000
— 111110010100
!
QUELLE %" 111 110,0,10,10,0

Not prefix-free sets like {0,00}: 0000 < 000 —— 0000
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Classical Prefix Codes

Theorem (Kraft Inequality)

There exists a prefix code {ci,...,cn} with code word lengths
{h,..., [} ={l(c1),...,¢(cn)} C No, if and only if

iz*’/ <1
i=1

M. Miiller*, C. Rogers’ *MPI Leipzig, TU Warwick

Quantum Bit Strings and Prefix-Free Subspaces



Classical Prefix Codes

Theorem (Kraft Inequality)

There exists a prefix code {ci,...,cn} with code word lengths
{h,..., [} ={l(c1),...,¢(cn)} C No, if and only if

iz*’/ <1
i=1

» Extremely useful for deciding if certain codes exist.
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Classical Prefix Codes

Theorem (Kraft Inequality)

There exists a prefix code {ci,...,cn} with code word lengths
{h,..., [} ={l(c1),...,¢(cn)} C No, if and only if

iz*’/ <1
i=1

» Extremely useful for deciding if certain codes exist.

Algorithmic Probability: If
| 1 U:{0,1}* — {0,1}* is a universal prefix
- computer, then

Pu(s) = Z 2—t(x)

x€{0,1}*:U(x)=s
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Classical Prefix Codes

Theorem (Kraft Inequality)
There exists a prefix code {ci,...,cn} with code word lengths
{h,..., [} ={l(c1),...,¢(cn)} C No, if and only if

n

» Extremely useful for deciding if certain codes exist.
Algorithmic Probability: If

[ U:{0,1}* — {0,1}* is a universal prefix

| computer, then

Pu(s) = Z 2—t(x)

x€{0,1}*:U(x)=s
QU = Z Pu(s)gl.
s€{0,1}*
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Quantum Bit Strings

Quantum Bit Strings

Aim: Explain the notions of prefix und concatenation for qubit
strings like |¢)) = % (]0) + [111)).
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Quantum Bit Strings

Quantum Bit Strings

Aim: Explain the notions of prefix und concatenation for qubit
strings like |¢)) == % (10) + |111)).

> Qubit Strings live on string space H{o 13+ := ;g ((C2)®".
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Quantum Bit Strings

Quantum Bit Strings

Aim: Explain the notions of prefix und concatenation for qubit
strings like |¢)) == % (10) + |111)).

> Qubit Strings live on string space H{o 13+ := ;g ((C2)®".
» Two notions of “length” for qubit strings p = [1) (¥
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Quantum Bit Strings

Quantum Bit Strings

Aim: Explain the notions of prefix und concatenation for qubit
strings like |¢)) == % (10) + |111)).
> Qubit Strings live on string space H{o 13+ := ;g ((C2)®".
» Two notions of “length” for qubit strings p = [1) (¥
» Base Length: ((p) := max{{(s) | (s|p|s) >0, s {0,1}*}.
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Quantum Bit Strings

Quantum Bit Strings

Aim: Explain the notions of prefix und concatenation for qubit
strings like |¢)) == % (10) + |111)).

> Qubit Strings live on string space H{o 13+ := ;g ((C2)®".
» Two notions of “length” for qubit strings p = [1) (¥
> Base Length: /(p) := max{/(s) | (s[p|s) >0, s € {0,1}"}.
» Average Length: /(p) := Tr (Ap), where A is the length
operator: Als) := £(s)|s) for every s € {0,1}*.
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Quantum Bit Strings

Quantum Bit Strings

Aim: Explain the notions of prefix und concatenation for qubit
strings like |¢)) == % (10) + |111)).

> Qubit Strings live on string space H{g 13+ := Py (<C2)®n
» Two notions of “length” for qubit strings p = [1) (¥
> Base Length: /(p) := max{/(s) | (s[p|s) >0, s € {0,1}"}.
» Average Length: ((p) := Tr(Ap), where A is the length
operator: Als) := £(s)|s) for every s € {O 1}

In this case e.g. £(|¢))) =3 and /() =
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Quantum Bit Strings

Quantum Bit Strings

Aim: Explain the notions of prefix und concatenation for qubit
strings like |¢)) == % (10) + |111)).

> Qubit Strings live on string space H{o 13+ := ;g ((C2)®".
» Two notions of “length” for qubit strings p = [1) (¥
> Base Length: /(p) := max{/(s) | (s[p|s) >0, s € {0,1}"}.
» Average Length: /(p) := Tr (Ap), where A is the length
operator: Als) := £(s)|s) for every s € {0,1}*.

In this case e.g. ¢(|1))) = 3 and £(|y))) = 2.

> Restrictions or prefixes 1? (:=the first two qubits of |¢))
should be given by partial trace:

Y2 = Tr(3,00)1%) (V] Tensor product structure??
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Q um Bit Strings

Solution: Embed the qubit strings p into the Hilbert space of the
tape of a quantum Turing machine:

M. Miiller* ; ipzig, TU Warwick

Quantum Bit Strings and Prefix-Free Subspaces



Quantum Bit Strings

Solution: Embed the qubit strings p into the Hilbert space of the
tape of a quantum Turing machine:

7 %-1
v +3

] Uy U

1

vz L0l O0 ||
B v o o Al %-1
V2 5 e .

Tr [4,50) (nuxed)
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Quantum Bit Strings

Solution: Embed the qubit strings p into the Hilbert space of the

tape of a quantum Turing machine:

7 %-1
v +3

(Imxed)
]UN Ug,
* R )
- B T L [ OTOT
+3 A1t
Tr[ 1,00) (mixed)
M. Miiller*, C. Rogers’

Draft of the formal definition:

—" /’\
Hio,13+ \_H] C Hr

~ =

Hiouyp ==HFZT__C > Hn
Ui o
U U 1,%\/ U Tray
H<pg HSZT_ C =My

(J C N finite, I C N infinite)
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Quantum Bit Strings

Solution: Embed the qubit strings p into the Hilbert space of the
tape of a quantum Turing machine:

Draft of the formal definition:
7 %-1 . g
-1 PO Moo :HZ ¢ —mn
(Imxed) I v N f; N ) Tens
]UN Ui Mooy —=HE T
1 U i U « U ) T
¢ o ¢ # LI e =R =
V2 } } 1 } 5 s : Ly
; 0 .
T ml (J C N finite, I C N infinite)

» p; :=Restriction of p to the qubits indexed by i € /.
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Quantum Bit Strings

Solution: Embed the qubit strings p into the Hilbert space of the
tape of a quantum Turing machine:

Draft of the formal definition:
5 + [T
, ——= 1S —_— T
~7 OO0 e =T
(mixed) I N i N )m.\,
U; “N
] U I Usi Hiay —=H{T_C_ > Hn
1 U ! U Lg U )TW\J
- [0T0 -= U, » /‘,—/\
*% e el R RO (0 12 A el ——
1 2 3 4 5 6 Ly
+3 111 o o
Ty o0) ’ nu (J C N finite, I C N infinite)

» p; :=Restriction of p to the qubits indexed by i € /.
» Formal definition: p; := Uftj Trwy (enUnpURey) w1 Us.
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Quantum Bit Strings

Solution: Embed the qubit strings p into the Hilbert space of the
tape of a quantum Turing machine:

Draft of the formal definition:
5 + [T
R =
~7 +AATI[ Ton L -
(mixed) I N i N )m.\,
U i
o fon oo =T
1 U ! U 4 U )TW\J
v [0 = Ur g el
7%; lT'THE_HH # | 7 | L s [oTo[#N Hepa = HS c H;
1 2 3 4 5 6 Ly
+3 111 o o
Ty o0) ’ nu (J C N finite, I C N infinite)

» p; :=Restriction of p to the qubits indexed by i € /.
» Formal definition: p; := Uftj Trwy (enUnpURey) w1 Us.
> Prefix pf := pj1,n) is in general a mixed state!
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Quantum Bit Strings

Rule of Thumb: Fill up everything with blanks #.
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Quantum Bit Strings

Rule of Thumb: Fill up everything with blanks #.
Example: |¢) = % (]1) + ]110)), two-qubit-prefix 9§ = ¢y 5 is
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Quantum Bit Strings

Rule of Thumb: Fill up everything with blanks #.
Example: |¢) = % (]1) + ]110)), two-qubit-prefix 9§ = ¢y 5 is

1

V2 = |Y)W1? = 2 (|1E4E) (14| + |1E45) (110 +

|110) (144 + [110)(110])

N |
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Quantum Bit Strings

Rule of Thumb: Fill up everything with blanks #.
Example: |¢) = % (]1) + ]110)), two-qubit-prefix 9§ = ¢y 5 is

@ o= )=

(1) (L] + L1104
|110) (144 + [110)(110])
= I ) + 3 AL0) + S 1] (#10)

+3111){11/(0]0)

N |
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Quantum Bit Strings

Rule of Thumb: Fill up everything with blanks #.
Example: |¢) = % (]1) + ]110)), two-qubit-prefix 9§ = ¢y 5 is

@ o= )=

(1) (L] + L1104
|110) (144 + [110)(110])
= I ) + 3 AL0) + S 1] (#10)

+3111){11/(0]0)

N |

1 1
= S+ s

M. Miiller*, C. Rogers’ *MPI Leipzig, TU Warwick

Quantum Bit Strings and Prefix-Free Subspaces



Quantum Bit Strings

Rule of Thumb: Fill up everything with blanks #.
Example: |¢) = % (]1) + ]110)), two-qubit-prefix 9§ = ¢y 5 is

@ o= )=

(1) (L] + L1104
|110) (144 + [110)(110])
= I ) + 3 AL0) + S 1] (#10)

+3111){11/(0]0)

N |

1 1
= S+ s

This definition of restriction is consistent with a natural tensor
product in Hyg 1+
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Concatenation

Define the concatenation of qubit strings by linear extension of the
classical concatenation:
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Concatenation

Define the concatenation of qubit strings by linear extension of the
classical concatenation:

1) = seqo1y- @sls) and |@) =37 c01y+ Belt), then

[Wop):=lw)olp)= D asbsor).

s,te{0,1}*
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Concatenation

Define the concatenation of qubit strings by linear extension of the
classical concatenation:

1) = seqo1y- @sls) and |@) =37 c01y+ Belt), then

[Wop):=lw)olp)= D asbsor).

s,te{0,1}*

» Convergence is not always clear.
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Concatenation

Define the concatenation of qubit strings by linear extension of the
classical concatenation:

1) = seqo1y- @sls) and |@) =37 c01y+ Belt), then

[Wop):=lw)olp)= D asbsor).

s,te{0,1}*

» Convergence is not always clear.
> If |¢) is a length eigenvector, then |1 o @) = [1)) @ |p).
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Concatenation

Define the concatenation of qubit strings by linear extension of the
classical concatenation:

1) = seqo1y- @sls) and |@) =37 c01y+ Belt), then

[Wop):=lw)olp)= D asbsor).

s,te{0,1}*

» Convergence is not always clear.
> If |¢) is a length eigenvector, then |1 o @) = [1)) @ |p).
» The concatenation is in general not isometric: If

|¢) = <5 (0) 4 (00)), then

[ihoap) = %|00> + |000) + %\ooooy
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Prefix Freedom

Definition (Quantum Prefix Freedom)

A subset M C Hyg 13+ of the qubit strings is called prefix-free, if
one of the following four equivalent conditions is satisfied:
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Prefix Freedom

Definition (Quantum Prefix Freedom)
A subset M C Hyg 13+ of the qubit strings is called prefix-free, if
one of the following four equivalent conditions is satisfied:
» For all |¢), |¥) € M and s € {0,1}*\ {A} it holds
(plpos) = 0.
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Prefix Freedom

Definition (Quantum Prefix Freedom)

A subset M C Hyg 13+ of the qubit strings is called prefix-free, if
one of the following four equivalent conditions is satisfied:

» For all |¢), |¥) € M and s € {0,1}*\ {A} it holds

(¢l os)=0.
» For all |¢), |) € M and qubit strings |x) L |\) it holds
(elrox) =0.
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Prefix Freedom

Definition (Quantum Prefix Freedom)

A subset M C Hyg 13+ of the qubit strings is called prefix-free, if
one of the following four equivalent conditions is satisfied:

» For all |¢), |¥) € M and s € {0,1}*\ {A} it holds

(¢l os) =0.

» For all |¢), |) € M and qubit strings |x) L |\) it holds
(¢l ox)=0.

» For all |¢), 1)) € M and s, t € {0,1}* with s # t it holds
(potltpos)=0.
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Prefix Freedom

Definition (Quantum Prefix Freedom)

A subset M C Hyg 13+ of the qubit strings is called prefix-free, if
one of the following four equivalent conditions is satisfied:

» For all |¢), |¥) € M and s € {0,1}*\ {A} it holds

(¢l os) =0.

» For all |¢), |) € M and qubit strings |x) L |\) it holds
(¢l ox)=0.

» For all |¢), 1)) € M and s, t € {0,1}* with s # t it holds
(potltpos)=0.

> For all |p), [v)) € M and qubit strings [x), |T) € H{o 1)+ with
Ix) L |7) it holds (poT|ihox) =0.
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Prefix Freedom

Definition (Quantum Prefix Freedom)

A subset M C Hyg 13+ of the qubit strings is called prefix-free, if
one of the following four equivalent conditions is satisfied:

» For all |¢), |¥) € M and s € {0,1}*\ {A} it holds

(¢l os) =0.

» For all |¢), |) € M and qubit strings |x) L |\) it holds
(¢l ox)=0.

» For all |¢), 1)) € M and s, t € {0,1}* with s # t it holds
(potltpos)=0.

> For all |p), [v)) € M and qubit strings [x), |T) € H{o 1)+ with
Ix) L |7) it holds (poT|ihox) =0.

Theorem: A closed subspace H C Hyq 1)+ is prefix-free if and only
if one (and thus every) orthonormal basis of H is prefix-free.
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Prefix Freedom

» In contrast to classical strings, qubit strings can be proper
prefixes of themselves: E.g. for |<p) = §|1> %|10> it holds

3-3 3-4 -3 4.
(plipo0) = > (110) + (1]100) +— <1o|1o>+— (10]100) # 0,
50—~ 55 ~—~— 55—~ 5:'5~eu—
0 0 1 0

so the singleton {|p)} is not prefix-free.
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Prefix Freedom

» In contrast to classical strings, qubit strings can be proper
prefixes of themselves: E.g. for |<p) = §|1> %|10> it holds

3-3 3-4 -3 4.
(plipo0) = > (110) + (1]100) +— <1o|1o>+— (10]100) # 0,
50—~ 55 ~—~— 55—~ 5:'5~eu—
0 0 1 0

so the singleton {|p)} is not prefix-free.
> Attention: |¢) := 1[1) 4 3|10) + 3|0) — 1|00) is e.g. not a
prefix of itself!
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Prefix Freedom

» In contrast to classical strings, qubit strings can be proper
prefixes of themselves: E.g. for |¢) := 2[1) + £]10) it holds

3-3 3-4 4.3 4.4
(p|po0) = —— (1]10) +—— (1]100) +—— (10|10)+—— (10/100) # 0,
5.5 —— 5 bnu— H:bh o b-H o —
0 0 1 0

so the singleton {|p)} is not prefix-free.
> Attention: |¢) := 1[1) 4 3|10) + 3|0) — 1|00) is e.g. not a
prefix of itself!
Theorem (Perfect Distinguishability by means of Prefixes)

An orthonormal system M C Hyq 1y« of length eigenvectors is
prefix-free if and only if for all |©) # |¢) € M it holds

WlesP|w) = 0. (1)
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Prefix Freedom

» In contrast to classical strings, qubit strings can be proper
prefixes of themselves: E.g. for |¢) := 2[1) + £]10) it holds

3-3 3-4 4.3 4.4
(p|po0) = —— (1]10) +—— (1]100) +—— (10|10)+—— (10/100) # 0,
5.5 —— 5 bnu— H:bh o b-H o —
0 0 1 0

so the singleton {|p)} is not prefix-free.
> Attention: |¢) := 1[1) 4 3|10) + 3|0) — 1|00) is e.g. not a
prefix of itself!
Theorem (Perfect Distinguishability by means of Prefixes)

An orthonormal system M C Hyq 1y« of length eigenvectors is
prefix-free if and only if for all |©) # |¢) € M it holds

WlesP|w) = 0. (1)

Schumacher+Westmoreland (2001) use (1) as a definition of prefix
freedom — restriction to M and H C Hg 13!
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Prefix Freedom

Example for a “skew” prefix-free Hilbert space: H := span M with

1 1
M = ﬁ(11>+\01)),%(|10>—|010>)
—l) =l¢)
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Prefix Freedom

Example for a “skew” prefix-free Hilbert space: H := span M with

1 1
M = ﬁ(11>+\01)),%(|10>—|010>)
—l) =l¢)

» M ist prefix-free (in particular (@[ 0 0) = 0), thus so is H.
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Prefix Freedom

Example for a “skew” prefix-free Hilbert space: H := span M with

1 1
M = ﬁ(11>+\01)),%(|10>—|010>)
—l) =l¢)

» M ist prefix-free (in particular (@[ 0 0) = 0), thus so is H.

» H has no basis of length eigenvectors.
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Prefix Freedom

Example for a “skew” prefix-free Hilbert space: H := span M with

1 1
M = ﬁ(’1>+|01>)’7(|10>_|010>)
[ —¢)

» M ist prefix-free (in particular (@[ 0 0) = 0), thus so is H.
» H has no basis of length eigenvectors.
» But |¢) and [¢)) can not be distinguished by means of the first

two qubits: (1h|p3|y) = % # 0.

*MPI Leipzig, TU Warwick
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Prefix Freedom

Theorem (Quantum Kraft Inequality, MM & CR 2008)

Let H C Hyo,1y« be a prefix-free Hilbert space, spanned by an
orthonormal system {|e;)}ic; C Hyo1y-- Then it holds

Sooe) < 3o M) <y (27Mp()) < 1.
i€l i€l

Inequality in the first two “<” holds if and only of each |e;) is a
length eigenvector.
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Prefix Freedom

Theorem (Quantum Kraft Inequality, MM & CR 2008)

Let H C Hyo,1y« be a prefix-free Hilbert space, spanned by an
orthonormal system {|e;)}ic; C Hyo1y-- Then it holds

Sooe) < 3o M) <y (27Mp()) < 1.

iel icl

Inequality in the first two “<” holds if and only of each |e;) is a
length eigenvector.

Conjecture (Quantum Kraft Inequality and its Converse)

For a closed subspace H C Hyg 1)+, there exists a length-preserving
unitary U : Hyo 1y« — Hyo,1)+ such that UH is prefix-free if and
only if Tr (27"P(H)) < 1.
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On prefix-free subspaces, the concatenation is an isometry and can
thus be realized physically:
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On prefix-free subspaces, the concatenation is an isometry and can
thus be realized physically:

Lemma (Concatenation as Isometry)

Let H C Hqo,1y+ be a prefix-free subspace, and let 1), [p2) € H.
Then

(1 01]p2 0 h2) = (p1lp2)(P1lp2) V1), [P2) € Hig 13+
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On prefix-free subspaces, the concatenation is an isometry and can
thus be realized physically:

Lemma (Concatenation as Isometry)

Let H C Hqo,1y+ be a prefix-free subspace, and let 1), [p2) € H.
Then
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Hence there is a unique isometry U : H @ Hyg 13+ — Ho,1y+ with
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» Schumacher+Westmoreland: Restriction to H that are
spanned by A-eigenvectors: Concatenation="“Condensation”

M. Miiller*, C. Rogers’ *MPI Leipzig, TU Warwick

Quantum Bit Strings and Prefix-Free Subspaces



On prefix-free subspaces, the concatenation is an isometry and can
thus be realized physically:

Lemma (Concatenation as Isometry)

Let H C Hqo,1y+ be a prefix-free subspace, and let 1), [p2) € H.
Then

(p10Y1|p2 01h2) = (p1lw2) (Y1ltp2)  V[¥h1), [¥h2) € Hyoy--

Hence there is a unique isometry U : H @ Hyg 13+ — Ho,1y+ with
Ulp) @ [¢) = @ o) for all |¢) € H and |¢) € Hyo1y--

» Schumacher+Westmoreland: Restriction to H that are
spanned by A-eigenvectors: Concatenation="“Condensation”

» Asymptotic compression of a source p with rate S(p).
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» If p is a density operator on some H, then

5(p) = minf(UpU") < S(p) + 1. (2)

Min. over all isometries U : H — Hyg 11+ such that UH is
{01}
prefix-free.)
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» If p is a density operator on some H, then

5(p) = minf(UpU") < S(p) + 1. (2)
(Min. over all isometries U : H — Hyq 13- such that UH is
prefix-free.)

» Lossless Quantum Block Coding: ¢ g-information source,
1 =restriction of i to local algebra at | C Z.

1/f[1,n1]::p1 w[n1+1,n2]::p2 ¢[n2+1,n3]::p3
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» If p is a density operator on some H, then

5(p) = minf(UpU") < S(p) + 1. (2)
(Min. over all isometries U : H — Hyq 13- such that UH is
prefix-free.)

» Lossless Quantum Block Coding: ¢ g-information source,
1 =restriction of i to local algebra at | C Z.

Viml=p1  VInp+1,ml=02 Plnp+1,n3]=:p3
Let U; be the corresponding minimizer for p = p; in (2).
Concatenation: USN)|<p1) ®...Q|en) =|p10o...00p).
— Compression map for N blocks: utv (U1 ®...® Upn).
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» If p is a density operator on some H, then

5(p) = minf(UpU") < S(p) + 1. (2)

(Min. over all isometries U : H — Hyq 13- such that UH is
prefix-free.)

» Lossless Quantum Block Coding: ¢ g-information source,
1 =restriction of i to local algebra at | C Z.

~— ~~
1/f[1,n1]::p1 ¢[n1+1,n2]::p2 ¢[n2+1,n3]::p3

Let U; be the corresponding minimizer for p = p; in (2).
Concatenation: USN)|<p1) ®...Q|en) =|p10o...00p).
— Compression map for N blocks: utv (U1 ®...® Upn).
» This way, £ is minimized losslessly. (But the base length ¢
remains large, and yields some loss if the output is “cut
down” to some fixed length e.g. before transmission.)
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Conclusions

» We have defined concatenation, prefixes, restrictions, and
tensor products for indeterminate-length quantum bit strings.
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Conclusions

» We have defined concatenation, prefixes, restrictions, and
tensor products for indeterminate-length quantum bit strings.
» There is a natural definition of prefix-free qubit strings with
interesting properties:
» A subspace is prefix-free if and only if one (and thus every)
orthonormal basis is prefix-free.
» Qubit strings can be proper prefixes of themselves.
» Orthonormal systems of length eigenvectors are prefix-free iff
they can be distinguished perfectly by means of their prefixes.
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» We have proved a general quantum Kraft inequality.
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» Concatenation is physically realizable on prefix-free subspaces,
and can be used for lossless quantum block compression.
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Conclusions

» We have defined concatenation, prefixes, restrictions, and
tensor products for indeterminate-length quantum bit strings.

» There is a natural definition of prefix-free qubit strings with
Interesting properties:

» A subspace is prefix-free if and only if one (and thus every)
orthonormal basis is prefix-free.

» Qubit strings can be proper prefixes of themselves.

» Orthonormal systems of length eigenvectors are prefix-free iff
they can be distinguished perfectly by means of their prefixes.

» There are “skew” prefix-free subspaces.

» We have proved a general quantum Kraft inequality.

» Concatenation is physically realizable on prefix-free subspaces,
and can be used for lossless quantum block compression.
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