
Next steps: show that d=3 is the unique further possibility

1. Show that the maximal number of perf. distinguishable states satisfies
<latexit sha1_base64="T/uoBuvIWw+PZ2yVBeeOeA6D8/k=">AAAB+HicbVDLSsNAFJ3UV62PRrt0M1gEFxISwcdGSOvGValgH9CGMJlO2qGTBzMToYZs/A03LhRx66e4EPwDv8GV08dCWw9cOJxzL/fe48WMCmman1puaXlldS2/XtjY3Nou6ju7TRElHJMGjljE2x4ShNGQNCSVjLRjTlDgMdLyhpdjv3VLuKBReCNHMXEC1A+pTzGSSnL1Ys1NK9XsouZWYM2tGq5eNg1zArhIrBkp26WP7/uv7Kju6u/dXoSTgIQSMyRExzJj6aSIS4oZyQrdRJAY4SHqk46iIQqIcNLJ4Rk8UEoP+hFXFUo4UX9PpCgQYhR4qjNAciDmvbH4n9dJpH/upDSME0lCPF3kJwzKCI5TgD3KCZZspAjCnKpbIR4gjrBUWRVUCNb8y4ukeWxYp8bJtVW2bTBFHuyBfXAILHAGbHAF6qABMEjAA3gCz9qd9qi9aK/T1pw2mymBP9DefgBmrpYM</latexit>

NAB = NANB .

Note that                                   is always true (homework).<latexit sha1_base64="1O0Z66xM2LtRPMACT+U+MCadVbI=">AAAB+3icbVDLSsNAFJ3UV62v2C7dDBbBhZRE8LFM68ZVqWAf0IYwmU7boZNJnJmIJWTjh7hxoYhbf8SF4B/4Da6cPhbaeuDC4Zx7ufceP2JUKsv6NDJLyyura9n13Mbm1vaOuZtvyDAWmNRxyELR8pEkjHJSV1Qx0ooEQYHPSNMfXoz95i0Rkob8Wo0i4gaoz2mPYqS05Jn5qpeUK2mnT25g1Svrqnhm0SpZE8BFYs9I0Sl8fN9/pUc1z3zvdEMcB4QrzJCUbduKlJsgoShmJM11YkkihIeoT9qachQQ6SaT21N4oJUu7IVCF1dwov6eSFAg5SjwdWeA1EDOe2PxP68dq965m1AexYpwPF3UixlUIRwHAbtUEKzYSBOEBdW3QjxAAmGl48rpEOz5lxdJ47hkn5ZOruyi44ApsmAP7INDYIMz4IBLUAN1gMEdeABP4NlIjUfjxXidtmaM2UwB/IHx9gPi6Zd4</latexit>
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NAB � NANB

2. Due to local tomography, the dimension of the state spaces satisfy
<latexit sha1_base64="9VY7z+zNvBbBfXz/Q/nI7//DD1A=">AAAB+HicbVDLSsNAFJ3UV62PRl2JCweL4EJKIvjYCGndCN1UsA9oQ5hMJ+3QSSbMTIQauvYj3LhQxK2f0p3f4Q84fSy09cCFwzn3cu89fsyoVJb1ZWSWlldW17LruY3Nre28ubNblzwRmNQwZ1w0fSQJoxGpKaoYacaCoNBnpOH3b8Z+44EISXl0rwYxcUPUjWhAMVJa8sx8xUtL5eF1xSvBilc+9cyCVbQmgIvEnpGCs//k8dHhd9UzR+0Ox0lIIoUZkrJlW7FyUyQUxYwMc+1EkhjhPuqSlqYRCol008nhQ3islQ4MuNAVKThRf0+kKJRyEPq6M0SqJ+e9sfif10pUcOWmNIoTRSI8XRQkDCoOxynADhUEKzbQBGFB9a0Q95BAWOmscjoEe/7lRVI/K9oXxfM7u+A4YIosOABH4ATY4BI44BZUQQ1gkIBn8ArejEfjxXg3PqatGWM2swf+wPj8AXahlV0=</latexit>

KAB = KAKB , where
<latexit sha1_base64="9qdCi+H+qSJlTxQJln4MQUS/vm4=">AAAB/XicbVDLSsNAFJ3UV62vaN25GSyCoJRE8LERUtwILqxgH9CEMJlO2qEzSZiZCLUUwS9x40IRt/6HC8E/8BtcOX0stPXAhcM593LvPUHCqFSW9WlkZmbn5heyi7ml5ZXVNXN9oyrjVGBSwTGLRT1AkjAakYqiipF6IgjiASO1oHM28Gs3REgaR9eqmxCPo1ZEQ4qR0pJvbl74pVO3Sbl7yUkL+SW4Zxd9s2AVrSHgNLHHpODkP77vv/r7Zd98d5sxTjmJFGZIyoZtJcrrIaEoZqSfc1NJEoQ7qEUamkaIE+n1htf34Y5WmjCMha5IwaH6e6KHuJRdHuhOjlRbTnoD8T+vkarwxOvRKEkVifBoUZgyqGI4iAI2qSBYsa4mCAuqb4W4jQTCSgeW0yHYky9Pk+pB0T4qHl7ZBccBI2TBFtgGu8AGx8AB56AMKgCDW/AAnsCzcWc8Gi/G66g1Y4xn8uAPjLcf4P2X+w==</latexit>

KA = dim⌦A + 1.
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KAB = KAKB , where
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KA = dim⌦A + 1.

For every                  we have a corresponding GPT system           and	
a state space dimension                                        The above implies

<latexit sha1_base64="+5B06pxj3EUR2+p04GhEJ22pEUY=">AAAB+HicbVDLSgMxFM3UV62PjroSFwaL4ELKjOBjOeDGValgH9AZhkyatqGZZEgyQh269iPcuFDErZ/Snd/hD5hpu9DqgcDhnHu5JydKGFXacT6twtLyyupacb20sbm1XbZ3dptKpBKTBhZMyHaEFGGUk4ammpF2IgmKI0Za0fA691v3RCoq+J0eJSSIUZ/THsVIGym0yzWfcj9GehBFWW18GtoVp+pMAf8Sd04q3v5jKCaHX/XQnvhdgdOYcI0ZUqrjOokOMiQ1xYyMS36qSILwEPVJx1COYqKCbBp8DI+N0oU9Ic3jGk7VnxsZipUaxZGZzCOqRS8X//M6qe5dBRnlSaoJx7NDvZRBLWDeAuxSSbBmI0MQltRkhXiAJMLadFUyJbiLX/5LmmdV96J6futWPA/MUAQH4AicABdcAg/cgDpoAAxS8ARewKv1YD1bb9b7bLRgzXf2wC9YH99V+JaV</latexit>

N 2 N,
<latexit sha1_base64="PeKw09epykXqihxCp4f7TCZLYTU=">AAAB63icbZC7SgNBFIZn4y3GW9RKLBwMgoWEXcFLuWBjJRHNBZJlmZ3MJkPmsszMCmFJbWdjoYitL5TO5/AFnE1SaPSHgY//P4c550QJo9q47qdTWFhcWl4prpbW1jc2t8rbOw0tU4VJHUsmVStCmjAqSN1Qw0grUQTxiJFmNLjK8+YDUZpKcW+GCQk46gkaU4xMbt2FNydhueJW3YngX/BmUPH3HkM5PviqheVxpytxyokwmCGt256bmCBDylDMyKjUSTVJEB6gHmlbFIgTHWSTWUfwyDpdGEtlnzBw4v7syBDXesgjW8mR6ev5LDf/y9qpiS+DjIokNUTg6UdxyqCRMF8cdqki2LChBYQVtbNC3EcKYWPPU7JH8OZX/guN06p3Xj279Sq+D6Yqgn1wCI6BBy6AD65BDdQBBn3wBF7Aq8OdZ+fNeZ+WFpxZzy74JefjGzTekWU=</latexit>

SN ,
<latexit sha1_base64="5GRMXBqkXaMtBfW8ZRtxXHzVhR0=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkUQlJAIPjZCwI0g1Ar2AU0Ik8m0HTqThJmJEEJd+CNuXCji1g9xIfgHfoMrp4+Fth64cDjnXu69J0goEdKyPrXC3PzC4lJxubSyura+oW9uNUSccoTrKKYxbwVQYEoiXJdEUtxKOIYsoLgZ9M+HfvMWc0Hi6EZmCfYY7EakQxCUSvL18qVfPXNDwtwrhrvQr+7bpq9XLNMawZgl9oRUnPLH9/3X4KDm6+9uGKOU4UgiCoVo21YivRxySRDFg5KbCpxA1Idd3FY0ggwLLx8dPzB2lRIanZiriqQxUn9P5JAJkbFAdTIoe2LaG4r/ee1Udk69nERJKnGExos6KTVkbAyTMELCMZI0UwQiTtStBupBDpFUeZVUCPb0y7OkcWjax+bRtV1xHDBGEWyDHbAHbHACHHABaqAOEMjAA3gCz9qd9qi9aK/j1oI2mSmDP9DefgCtspfr</latexit>

KN = dim⌦N + 1.
<latexit sha1_base64="amPalvSkCUGAVE3COwrRcfQL6OQ=">AAAB+HicbVDLSsNAFJ3UV62PRl2JCweL4EJKIvjYCAE3QmmpYB/QhjCZTtqhk0mYmQg1dO1HuHGhiFs/pTu/wx9w+lho64ELh3Pu5d57/JhRqSzry8gsLa+srmXXcxubW9t5c2e3LqNEYFLDEYtE00eSMMpJTVHFSDMWBIU+Iw2/fzP2Gw9ESBrxezWIiRuiLqcBxUhpyTPzJS8tV4bXJa8MS17l1DMLVtGaAC4Se0YKzv6TF40Ov6ueOWp3IpyEhCvMkJQt24qVmyKhKGZkmGsnksQI91GXtDTlKCTSTSeHD+GxVjowiIQuruBE/T2RolDKQejrzhCpnpz3xuJ/XitRwZWbUh4ninA8XRQkDKoIjlOAHSoIVmygCcKC6lsh7iGBsNJZ5XQI9vzLi6R+VrQviud3dsFxwBRZcACOwAmwwSVwwC2oghrAIAHP4BW8GY/Gi/FufExbM8ZsZg/8gfH5A8CllY0=</latexit>

KMN = KMKN , and since                     is a strictly increasing<latexit sha1_base64="oVatI2gDkdtbGVE7W0//xaHqIk0=">AAAB83icbVDLSgMxFM3UV62vapdugkVwIWVG8LEccCMIpYJ9QGcomTTThiaZkGSEMnTjR7hxoYhbf8aF4B/4Da5MHwttPXDhcM693HtPJBnVxnU/ndzS8srqWn69sLG5tb1T3N1r6CRVmNRxwhLVipAmjApSN9Qw0pKKIB4x0owGl2O/eUeUpom4NUNJQo56gsYUI2OloBpwJLVJ4HWn2imW3Yo7AVwk3oyU/dLH9/3X6LjWKb4H3QSnnAiDGdK67bnShBlShmJGRoUg1UQiPEA90rZUIE50mE1uHsFDq3RhnChbwsCJ+nsiQ1zrIY9sJ0emr+e9sfif105NfBFmVMjUEIGni+KUQfvkOADYpYpgw4aWIKyovRXiPlIIGxtTwYbgzb+8SBonFe+scnrjlX0fTJEH++AAHAEPnAMfXIEaqAMMJHgAT+DZSZ1H58V5nbbmnNlMCfyB8/YDHmKVgw==</latexit>

N 7! KN

multiplicative function over the natural numbers, we have
<latexit sha1_base64="S3Il8wOEuzan7dinLVVi1uHUPYA=">AAAB7nicbZDLSgMxFIbP1Futt2qXboJFcCFlRvCyEQbcCEKpYC/QjiWTZtrQTGZIMkIZuvEN3LhQxK3P40LwDXwGV6aXhbb+EPj4/3PIOcePOVPatj+tzMLi0vJKdjW3tr6xuZXf3qmpKJGEVknEI9nwsaKcCVrVTHPaiCXFoc9p3e9fjPL6HZWKReJGD2LqhbgrWMAI1saqX7XL5+Vb2c4X7ZI9FpoHZwpFt/Dxff81PKy08++tTkSSkApNOFaq6dix9lIsNSOcDnOtRNEYkz7u0qZBgUOqvHQ87hDtG6eDgkiaJzQau787UhwqNQh9Uxli3VOz2cj8L2smOjjzUibiRFNBJh8FCUc6QqPdUYdJSjQfGMBEMjMrIj0sMdHmQjlzBGd25XmoHZWck9LxtVN0XZgoC7uwBwfgwCm4cAkVqAKBPjzAEzxbsfVovVivk9KMNe0pwB9Zbz9GdpNO</latexit>

KN = Nr for some
<latexit sha1_base64="cxj7koqdmrmlhmkbbRmwisxbb8E=">AAAB+HicbVC7SgNBFL3rM8ZH1kdnsxgEq2VX8NEZsLGSCOYB2SXMTmaTIbOzy8ysEJd8haWNhSK2foqdhb2dnbWzSQpNPDBwOOde7pkTJIxK5Tjvxtz8wuLScmGluLq2vlEyN7fqMk4FJjUcs1g0AyQJo5zUFFWMNBNBUBQw0gj657nfuCFC0phfq0FC/Ah1OQ0pRkpLbbMkPMq9CKleEGSXQ7ttlh3bGcGaJe6ElM++7z53ql8f1bb55nVinEaEK8yQlC3XSZSfIaEoZmRY9FJJEoT7qEtamnIUEelno+BDa18rHSuMhX5cWSP190aGIikHUaAn84hy2svF/7xWqsJTP6M8SRXheHwoTJmlYitvwepQQbBiA00QFlRntXAPCYSV7qqoS3CnvzxL6oe2e2wfXbnlSgXGKMAu7MEBuHACFbiAKtQAQwr38AhPxq3xYDwbL+PROWOysw1/YLz+AFTOmAk=</latexit>

r 2 N.



Next steps: show that d=3 is the unique further possibility
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2. Due to local tomography, the dimension of the state spaces satisfy
<latexit sha1_base64="9VY7z+zNvBbBfXz/Q/nI7//DD1A=">AAAB+HicbVDLSsNAFJ3UV62PRl2JCweL4EJKIvjYCGndCN1UsA9oQ5hMJ+3QSSbMTIQauvYj3LhQxK2f0p3f4Q84fSy09cCFwzn3cu89fsyoVJb1ZWSWlldW17LruY3Nre28ubNblzwRmNQwZ1w0fSQJoxGpKaoYacaCoNBnpOH3b8Z+44EISXl0rwYxcUPUjWhAMVJa8sx8xUtL5eF1xSvBilc+9cyCVbQmgIvEnpGCs//k8dHhd9UzR+0Ox0lIIoUZkrJlW7FyUyQUxYwMc+1EkhjhPuqSlqYRCol008nhQ3islQ4MuNAVKThRf0+kKJRyEPq6M0SqJ+e9sfif10pUcOWmNIoTRSI8XRQkDCoOxynADhUEKzbQBGFB9a0Q95BAWOmscjoEe/7lRVI/K9oXxfM7u+A4YIosOABH4ATY4BI44BZUQQ1gkIBn8ArejEfjxXg3PqatGWM2swf+wPj8AXahlV0=</latexit>

KAB = KAKB , where
<latexit sha1_base64="9qdCi+H+qSJlTxQJln4MQUS/vm4=">AAAB/XicbVDLSsNAFJ3UV62vaN25GSyCoJRE8LERUtwILqxgH9CEMJlO2qEzSZiZCLUUwS9x40IRt/6HC8E/8BtcOX0stPXAhcM593LvPUHCqFSW9WlkZmbn5heyi7ml5ZXVNXN9oyrjVGBSwTGLRT1AkjAakYqiipF6IgjiASO1oHM28Gs3REgaR9eqmxCPo1ZEQ4qR0pJvbl74pVO3Sbl7yUkL+SW4Zxd9s2AVrSHgNLHHpODkP77vv/r7Zd98d5sxTjmJFGZIyoZtJcrrIaEoZqSfc1NJEoQ7qEUamkaIE+n1htf34Y5WmjCMha5IwaH6e6KHuJRdHuhOjlRbTnoD8T+vkarwxOvRKEkVifBoUZgyqGI4iAI2qSBYsa4mCAuqb4W4jQTCSgeW0yHYky9Pk+pB0T4qHl7ZBccBI2TBFtgGu8AGx8AB56AMKgCDW/AAnsCzcWc8Gi/G66g1Y4xn8uAPjLcf4P2X+w==</latexit>

KA = dim⌦A + 1.

For every                  we have a corresponding GPT system           and	
a state space dimension                                        The above implies

<latexit sha1_base64="+5B06pxj3EUR2+p04GhEJ22pEUY=">AAAB+HicbVDLSgMxFM3UV62PjroSFwaL4ELKjOBjOeDGValgH9AZhkyatqGZZEgyQh269iPcuFDErZ/Snd/hD5hpu9DqgcDhnHu5JydKGFXacT6twtLyyupacb20sbm1XbZ3dptKpBKTBhZMyHaEFGGUk4ammpF2IgmKI0Za0fA691v3RCoq+J0eJSSIUZ/THsVIGym0yzWfcj9GehBFWW18GtoVp+pMAf8Sd04q3v5jKCaHX/XQnvhdgdOYcI0ZUqrjOokOMiQ1xYyMS36qSILwEPVJx1COYqKCbBp8DI+N0oU9Ic3jGk7VnxsZipUaxZGZzCOqRS8X//M6qe5dBRnlSaoJx7NDvZRBLWDeAuxSSbBmI0MQltRkhXiAJMLadFUyJbiLX/5LmmdV96J6futWPA/MUAQH4AicABdcAg/cgDpoAAxS8ARewKv1YD1bb9b7bLRgzXf2wC9YH99V+JaV</latexit>

N 2 N,
<latexit sha1_base64="PeKw09epykXqihxCp4f7TCZLYTU=">AAAB63icbZC7SgNBFIZn4y3GW9RKLBwMgoWEXcFLuWBjJRHNBZJlmZ3MJkPmsszMCmFJbWdjoYitL5TO5/AFnE1SaPSHgY//P4c550QJo9q47qdTWFhcWl4prpbW1jc2t8rbOw0tU4VJHUsmVStCmjAqSN1Qw0grUQTxiJFmNLjK8+YDUZpKcW+GCQk46gkaU4xMbt2FNydhueJW3YngX/BmUPH3HkM5PviqheVxpytxyokwmCGt256bmCBDylDMyKjUSTVJEB6gHmlbFIgTHWSTWUfwyDpdGEtlnzBw4v7syBDXesgjW8mR6ev5LDf/y9qpiS+DjIokNUTg6UdxyqCRMF8cdqki2LChBYQVtbNC3EcKYWPPU7JH8OZX/guN06p3Xj279Sq+D6Yqgn1wCI6BBy6AD65BDdQBBn3wBF7Aq8OdZ+fNeZ+WFpxZzy74JefjGzTekWU=</latexit>

SN ,
<latexit sha1_base64="5GRMXBqkXaMtBfW8ZRtxXHzVhR0=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkUQlJAIPjZCwI0g1Ar2AU0Ik8m0HTqThJmJEEJd+CNuXCji1g9xIfgHfoMrp4+Fth64cDjnXu69J0goEdKyPrXC3PzC4lJxubSyura+oW9uNUSccoTrKKYxbwVQYEoiXJdEUtxKOIYsoLgZ9M+HfvMWc0Hi6EZmCfYY7EakQxCUSvL18qVfPXNDwtwrhrvQr+7bpq9XLNMawZgl9oRUnPLH9/3X4KDm6+9uGKOU4UgiCoVo21YivRxySRDFg5KbCpxA1Idd3FY0ggwLLx8dPzB2lRIanZiriqQxUn9P5JAJkbFAdTIoe2LaG4r/ee1Udk69nERJKnGExos6KTVkbAyTMELCMZI0UwQiTtStBupBDpFUeZVUCPb0y7OkcWjax+bRtV1xHDBGEWyDHbAHbHACHHABaqAOEMjAA3gCz9qd9qi9aK/j1oI2mSmDP9DefgCtspfr</latexit>

KN = dim⌦N + 1.
<latexit sha1_base64="amPalvSkCUGAVE3COwrRcfQL6OQ=">AAAB+HicbVDLSsNAFJ3UV62PRl2JCweL4EJKIvjYCAE3QmmpYB/QhjCZTtqhk0mYmQg1dO1HuHGhiFs/pTu/wx9w+lho64ELh3Pu5d57/JhRqSzry8gsLa+srmXXcxubW9t5c2e3LqNEYFLDEYtE00eSMMpJTVHFSDMWBIU+Iw2/fzP2Gw9ESBrxezWIiRuiLqcBxUhpyTPzJS8tV4bXJa8MS17l1DMLVtGaAC4Se0YKzv6TF40Ov6ueOWp3IpyEhCvMkJQt24qVmyKhKGZkmGsnksQI91GXtDTlKCTSTSeHD+GxVjowiIQuruBE/T2RolDKQejrzhCpnpz3xuJ/XitRwZWbUh4ninA8XRQkDKoIjlOAHSoIVmygCcKC6lsh7iGBsNJZ5XQI9vzLi6R+VrQviud3dsFxwBRZcACOwAmwwSVwwC2oghrAIAHP4BW8GY/Gi/FufExbM8ZsZg/8gfH5A8CllY0=</latexit>

KMN = KMKN , and since                     is a strictly increasing<latexit sha1_base64="oVatI2gDkdtbGVE7W0//xaHqIk0=">AAAB83icbVDLSgMxFM3UV62vapdugkVwIWVG8LEccCMIpYJ9QGcomTTThiaZkGSEMnTjR7hxoYhbf8aF4B/4Da5MHwttPXDhcM693HtPJBnVxnU/ndzS8srqWn69sLG5tb1T3N1r6CRVmNRxwhLVipAmjApSN9Qw0pKKIB4x0owGl2O/eUeUpom4NUNJQo56gsYUI2OloBpwJLVJ4HWn2imW3Yo7AVwk3oyU/dLH9/3X6LjWKb4H3QSnnAiDGdK67bnShBlShmJGRoUg1UQiPEA90rZUIE50mE1uHsFDq3RhnChbwsCJ+nsiQ1zrIY9sJ0emr+e9sfif105NfBFmVMjUEIGni+KUQfvkOADYpYpgw4aWIKyovRXiPlIIGxtTwYbgzb+8SBonFe+scnrjlX0fTJEH++AAHAEPnAMfXIEaqAMMJHgAT+DZSZ1H58V5nbbmnNlMCfyB8/YDHmKVgw==</latexit>

N 7! KN

multiplicative function over the natural numbers, we have
<latexit sha1_base64="S3Il8wOEuzan7dinLVVi1uHUPYA=">AAAB7nicbZDLSgMxFIbP1Futt2qXboJFcCFlRvCyEQbcCEKpYC/QjiWTZtrQTGZIMkIZuvEN3LhQxK3P40LwDXwGV6aXhbb+EPj4/3PIOcePOVPatj+tzMLi0vJKdjW3tr6xuZXf3qmpKJGEVknEI9nwsaKcCVrVTHPaiCXFoc9p3e9fjPL6HZWKReJGD2LqhbgrWMAI1saqX7XL5+Vb2c4X7ZI9FpoHZwpFt/Dxff81PKy08++tTkSSkApNOFaq6dix9lIsNSOcDnOtRNEYkz7u0qZBgUOqvHQ87hDtG6eDgkiaJzQau787UhwqNQh9Uxli3VOz2cj8L2smOjjzUibiRFNBJh8FCUc6QqPdUYdJSjQfGMBEMjMrIj0sMdHmQjlzBGd25XmoHZWck9LxtVN0XZgoC7uwBwfgwCm4cAkVqAKBPjzAEzxbsfVovVivk9KMNe0pwB9Zbz9GdpNO</latexit>

KN = Nr for some
<latexit sha1_base64="cxj7koqdmrmlhmkbbRmwisxbb8E=">AAAB+HicbVC7SgNBFL3rM8ZH1kdnsxgEq2VX8NEZsLGSCOYB2SXMTmaTIbOzy8ysEJd8haWNhSK2foqdhb2dnbWzSQpNPDBwOOde7pkTJIxK5Tjvxtz8wuLScmGluLq2vlEyN7fqMk4FJjUcs1g0AyQJo5zUFFWMNBNBUBQw0gj657nfuCFC0phfq0FC/Ah1OQ0pRkpLbbMkPMq9CKleEGSXQ7ttlh3bGcGaJe6ElM++7z53ql8f1bb55nVinEaEK8yQlC3XSZSfIaEoZmRY9FJJEoT7qEtamnIUEelno+BDa18rHSuMhX5cWSP190aGIikHUaAn84hy2svF/7xWqsJTP6M8SRXheHwoTJmlYitvwepQQbBiA00QFlRntXAPCYSV7qqoS3CnvzxL6oe2e2wfXbnlSgXGKMAu7MEBuHACFbiAKtQAQwr38AhPxq3xYDwbL+PROWOysw1/YLz+AFTOmAk=</latexit>

r 2 N.
Bit ball:

<latexit sha1_base64="CRu7fH704IP+Njq6a+UDwToduAY=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwEUumUutGCLgR3FSwKjShTCZTO3QyCTMToYSu3fgrblwo4tYvcOcPiJ/htHWhrQcuHM65l3vvCVPOlHbdD6swMzs3v1BcLC0tr6yu2esblyrJJKFNkvBEXodYUc4EbWqmOb1OJcVxyOlV2DsZ+le3VCqWiAvdT2kQ4xvBOoxgbaS2vR0dn7Wr+8hnws+Rc+DUHVRzDpDj8yjRyh9U2nbZrbgjwGmCfkjZg+dfn8WFWqNtv/tRQrKYCk04VqqF3FQHOZaaEU4HJT9TNMWkh29oy1CBY6qCfPTKAO4aJYKdRJoSGo7U3xM5jpXqx6HpjLHuqklvKP7ntTLdOQpyJtJMU0HGizoZhzqBw1xgxCQlmvcNwUQycyskXSwx0Sa9kgkBTb48TS6rFXRYqZ2jsueBMYpgC+yAPYBAHXjgFDRAExBwBx7AE3i27q1H68V6HbcWrJ+ZTfAH1ts3R/KabA==</latexit>

d = K2 � 1 2 {1, 3, 7, 15, 31, . . .}.



Next steps: show that d=3 is the unique further possibility

3. By the reversibility / transitivity principle, the group        of reversible	
transformation of the bit acts transitively on the surface of the d-ball.

<latexit sha1_base64="GTYgPz7sYKXiLlWvoXjrUuL/UlY=">AAAB9HicbVDLSsNAFL3xWeur2qWbwSK4kJIUfCwDLnRZwT6gDWUynbRDJ5M4MymUkI0/4caFIm79GBeCf+A3uHL6WGjrgYHDOfdyzxw/5kxp2/60lpZXVtfWcxv5za3tnd3C3n5dRYkktEYiHsmmjxXlTNCaZprTZiwpDn1OG/7gcuw3hlQqFolbPYqpF+KeYAEjWBvJa4dY9wnm6VXWqXQKJbtsT4AWiTMjJbf48X3/lZ1UO4X3djciSUiFJhwr1XLsWHsplpoRTrN8O1E0xmSAe7RlqMAhVV46CZ2hI6N0URBJ84RGE/X3RopDpUahbybHIdW8Nxb/81qJDi68lIk40VSQ6aEg4UhHaNwA6jJJieYjQzCRzGRFpI8lJtr0lDclOPNfXiT1Stk5K5/eOCXXhSlycACHcAwOnIML11CFGhC4gwd4gmdraD1aL9brdHTJmu0U4Q+stx9Uk5Y9</latexit>

G2

Show that this implies that the connected component	
at the identity,                    is also transitive on the	
surface of the d-ball.

<latexit sha1_base64="isLP2UyxTcQ5yvYFPydeH8YZIbs=">AAACDnicbZC7SgNBFIZn4y3G26qVWDgYAhYSdgNeyoCFlhFyg2RZZicnyZDZizOzQlhSW9j4KjYWithap/M5fAFnkyAa/WHg5zvnMOf8XsSZVJb1YWQWFpeWV7KrubX1jc0tc3unLsNYUKjRkIei6REJnAVQU0xxaEYCiO9xaHiDi7TeuAUhWRhU1TACxye9gHUZJUoj1yy0faL6lPCkOnJLbRl7EhTc4G98qfGxa+atojUR/mvsmcmX9+7ccHzwWXHNcbsT0tiHQFFOpGzZVqSchAjFKIdRrh1LiAgdkB60tA2ID9JJJueMcEGTDu6GQr9A4Qn9OZEQX8qh7+nOdEs5X0vhf7VWrLrnTsKCKFYQ0OlH3ZhjFeI0G9xhAqjiQ20IFUzvimmfCEKVTjCnQ7DnT/5r6qWifVo8ubbz5TKaKov20SE6QjY6Q2V0hSqohii6R4/oGb0YD8aT8Wq8TVszxmxmF/2S8f4FMYqf4Q==</latexit>

T2 ✓ G2,

Example: the case
<latexit sha1_base64="i0WdEoIwHeP3ulcKUeEyMF0jdkI="></latexit>

G2 = O(d) ) T2 = SO(d).



Next steps: show that d=3 is the unique further possibility

3. By the reversibility / transitivity principle, the group        of reversible	
transformation of the bit acts transitively on the surface of the d-ball.

<latexit sha1_base64="GTYgPz7sYKXiLlWvoXjrUuL/UlY=">AAAB9HicbVDLSsNAFL3xWeur2qWbwSK4kJIUfCwDLnRZwT6gDWUynbRDJ5M4MymUkI0/4caFIm79GBeCf+A3uHL6WGjrgYHDOfdyzxw/5kxp2/60lpZXVtfWcxv5za3tnd3C3n5dRYkktEYiHsmmjxXlTNCaZprTZiwpDn1OG/7gcuw3hlQqFolbPYqpF+KeYAEjWBvJa4dY9wnm6VXWqXQKJbtsT4AWiTMjJbf48X3/lZ1UO4X3djciSUiFJhwr1XLsWHsplpoRTrN8O1E0xmSAe7RlqMAhVV46CZ2hI6N0URBJ84RGE/X3RopDpUahbybHIdW8Nxb/81qJDi68lIk40VSQ6aEg4UhHaNwA6jJJieYjQzCRzGRFpI8lJtr0lDclOPNfXiT1Stk5K5/eOCXXhSlycACHcAwOnIML11CFGhC4gwd4gmdraD1aL9brdHTJmu0U4Q+stx9Uk5Y9</latexit>

G2

Show that this implies that the connected component	
at the identity,                    is also transitive on the	
surface of the d-ball.

<latexit sha1_base64="isLP2UyxTcQ5yvYFPydeH8YZIbs=">AAACDnicbZC7SgNBFIZn4y3G26qVWDgYAhYSdgNeyoCFlhFyg2RZZicnyZDZizOzQlhSW9j4KjYWithap/M5fAFnkyAa/WHg5zvnMOf8XsSZVJb1YWQWFpeWV7KrubX1jc0tc3unLsNYUKjRkIei6REJnAVQU0xxaEYCiO9xaHiDi7TeuAUhWRhU1TACxye9gHUZJUoj1yy0faL6lPCkOnJLbRl7EhTc4G98qfGxa+atojUR/mvsmcmX9+7ccHzwWXHNcbsT0tiHQFFOpGzZVqSchAjFKIdRrh1LiAgdkB60tA2ID9JJJueMcEGTDu6GQr9A4Qn9OZEQX8qh7+nOdEs5X0vhf7VWrLrnTsKCKFYQ0OlH3ZhjFeI0G9xhAqjiQ20IFUzvimmfCEKVTjCnQ7DnT/5r6qWifVo8ubbz5TKaKov20SE6QjY6Q2V0hSqohii6R4/oGb0YD8aT8Wq8TVszxmxmF/2S8f4FMYqf4Q==</latexit>

T2 ✓ G2,

Example: the case

This is an exercise in topology which we consider, for here, as settled.

<latexit sha1_base64="i0WdEoIwHeP3ulcKUeEyMF0jdkI="></latexit>

G2 = O(d) ) T2 = SO(d).



Next steps: show that d=3 is the unique further possibility

3. By the reversibility / transitivity principle, the group        of reversible	
transformation of the bit acts transitively on the surface of the d-ball.

<latexit sha1_base64="GTYgPz7sYKXiLlWvoXjrUuL/UlY=">AAAB9HicbVDLSsNAFL3xWeur2qWbwSK4kJIUfCwDLnRZwT6gDWUynbRDJ5M4MymUkI0/4caFIm79GBeCf+A3uHL6WGjrgYHDOfdyzxw/5kxp2/60lpZXVtfWcxv5za3tnd3C3n5dRYkktEYiHsmmjxXlTNCaZprTZiwpDn1OG/7gcuw3hlQqFolbPYqpF+KeYAEjWBvJa4dY9wnm6VXWqXQKJbtsT4AWiTMjJbf48X3/lZ1UO4X3djciSUiFJhwr1XLsWHsplpoRTrN8O1E0xmSAe7RlqMAhVV46CZ2hI6N0URBJ84RGE/X3RopDpUahbybHIdW8Nxb/81qJDi68lIk40VSQ6aEg4UhHaNwA6jJJieYjQzCRzGRFpI8lJtr0lDclOPNfXiT1Stk5K5/eOCXXhSlycACHcAwOnIML11CFGhC4gwd4gmdraD1aL9brdHTJmu0U4Q+stx9Uk5Y9</latexit>

G2

Show that this implies that the connected component	
at the identity,                    is also transitive on the	
surface of the d-ball.

<latexit sha1_base64="isLP2UyxTcQ5yvYFPydeH8YZIbs=">AAACDnicbZC7SgNBFIZn4y3G26qVWDgYAhYSdgNeyoCFlhFyg2RZZicnyZDZizOzQlhSW9j4KjYWithap/M5fAFnkyAa/WHg5zvnMOf8XsSZVJb1YWQWFpeWV7KrubX1jc0tc3unLsNYUKjRkIei6REJnAVQU0xxaEYCiO9xaHiDi7TeuAUhWRhU1TACxye9gHUZJUoj1yy0faL6lPCkOnJLbRl7EhTc4G98qfGxa+atojUR/mvsmcmX9+7ccHzwWXHNcbsT0tiHQFFOpGzZVqSchAjFKIdRrh1LiAgdkB60tA2ID9JJJueMcEGTDu6GQr9A4Qn9OZEQX8qh7+nOdEs5X0vhf7VWrLrnTsKCKFYQ0OlH3ZhjFeI0G9xhAqjiQ20IFUzvimmfCEKVTjCnQ7DnT/5r6qWifVo8ubbz5TKaKov20SE6QjY6Q2V0hSqohii6R4/oGb0YD8aT8Wq8TVszxmxmF/2S8f4FMYqf4Q==</latexit>

T2 ✓ G2,

Example: the case

This is an exercise in topology which we consider, for here, as settled.
In general, there are many compact connected subgroups of	
that act transitively on              for example for d=6:

<latexit sha1_base64="Dgl/n8dE3F1PKKUzXTymXIqg82s=">AAAB9HicbVDLSgMxFL3js9ZX1ZW4MFgEF1JmBB/LQTcuK9gHtGPJZDJtaCYzJplCKV37CW5cKOLWj+nO7/AHzLRdaOuBC4dz7k3uPX7CmdK2/WUtLC4tr6zm1vLrG5tb24Wd3aqKU0lohcQ8lnUfK8qZoBXNNKf1RFIc+ZzW/O5N5td6VCoWi3vdT6gX4bZgISNYG8lrJlhqhjm6fghOW4WiXbLHQPPEmZKiu//UikeH3+VWYdQMYpJGVGjCsVINx060N8ieJJwO881U0QSTLm7ThqECR1R5g/HSQ3RslACFsTQlNBqrvycGOFKqH/mmM8K6o2a9TPzPa6Q6vPIGTCSppoJMPgpTjnSMsgRQwCQlmvcNwUQysysiHSwx0SanvAnBmT15nlTPSs5F6fzOKbouTJCDAziCE3DgEly4hTJUgMAjPMMrvFk968V6tz4mrQvWdGYP/sD6/AHPHJUs</latexit>

@Bd,
<latexit sha1_base64="b6VMwoFKvVb1haXRPIpV7DVeZAw="></latexit>

T2 =

⇢✓
ReU ImU
�ImU ReU

◆
| U 2 SU(3)

�
.

See: A. L. Onishchik, Mat. Sb. (N.S.) 60(102), 447-485 (1963) (Russian).

<latexit sha1_base64="DINa6UfM8sqGrHE9f5pPWSW3TL4=">AAAB8nicbZDLSgMxFIYz9dJab1WXboJFqJsyI1RdFty4s0V7gelQMplMG5rLkGSEMvQx3LhQxK1P484XEB/D9LLQ1h8CH/9/DjnnhAmj2rjup5NbW9/YzBe2its7u3v7pYPDtpapwqSFJZOqGyJNGBWkZahhpJsognjISCccXU/zzgNRmkpxb8YJCTgaCBpTjIy1/KynOLy7nVSis36p7FbdmeAqeAso12Hz+6uQrzX6pY9eJHHKiTCYIa19z01MkCFlKGZkUuylmiQIj9CA+BYF4kQH2WzkCTy1TgRjqewTBs7c3x0Z4lqPeWgrOTJDvZxNzf8yPzXxVZBRkaSGCDz/KE4ZNBJO94cRVQQbNraAsKJ2VoiHSCFs7JWK9gje8sqr0D6vehfVWtMr1+tgrgI4BiegAjxwCergBjRAC2AgwSN4Bi+OcZ6cV+dtXppzFj1H4I+c9x/+J5Na</latexit>

SO(d)

<latexit sha1_base64="i0WdEoIwHeP3ulcKUeEyMF0jdkI="></latexit>

G2 = O(d) ) T2 = SO(d).



Next steps: show that d=3 is the unique further possibility

3. By the reversibility / transitivity principle, the group        of reversible	
transformation of the bit acts transitively on the surface of the d-ball.

<latexit sha1_base64="GTYgPz7sYKXiLlWvoXjrUuL/UlY=">AAAB9HicbVDLSsNAFL3xWeur2qWbwSK4kJIUfCwDLnRZwT6gDWUynbRDJ5M4MymUkI0/4caFIm79GBeCf+A3uHL6WGjrgYHDOfdyzxw/5kxp2/60lpZXVtfWcxv5za3tnd3C3n5dRYkktEYiHsmmjxXlTNCaZprTZiwpDn1OG/7gcuw3hlQqFolbPYqpF+KeYAEjWBvJa4dY9wnm6VXWqXQKJbtsT4AWiTMjJbf48X3/lZ1UO4X3djciSUiFJhwr1XLsWHsplpoRTrN8O1E0xmSAe7RlqMAhVV46CZ2hI6N0URBJ84RGE/X3RopDpUahbybHIdW8Nxb/81qJDi68lIk40VSQ6aEg4UhHaNwA6jJJieYjQzCRzGRFpI8lJtr0lDclOPNfXiT1Stk5K5/eOCXXhSlycACHcAwOnIML11CFGhC4gwd4gmdraD1aL9brdHTJmu0U4Q+stx9Uk5Y9</latexit>
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Show that this implies that the connected component	
at the identity,                    is also transitive on the	
surface of the d-ball.
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Example: the case

This is an exercise in topology which we consider, for here, as settled.
In general, there are many compact connected subgroups of	
that act transitively on              for example for d=6:
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<latexit sha1_base64="b6VMwoFKvVb1haXRPIpV7DVeZAw="></latexit>

T2 =

⇢✓
ReU ImU
�ImU ReU

◆
| U 2 SU(3)

�
.

See: A. L. Onishchik, Mat. Sb. (N.S.) 60(102), 447-485 (1963) (Russian).
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Fortunately, we know that                                              which simplifies things:
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d 2 {1, 3, 7, 15, 31, . . .},
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G2 = O(d) ) T2 = SO(d).



Next steps: show that d=3 is the unique further possibility

3. By the reversibility / transitivity principle, the group        of reversible	
transformation of the bit acts transitively on the surface of the d-ball.
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G2

Show that this implies that the connected component	
at the identity,                    is also transitive on the	
surface of the d-ball.
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T2 ✓ G2,

Example: the case

This is an exercise in topology which we consider, for here, as settled.
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space as a function of the capacity N . As first argued by Hardy (2001), the fact that K is also
multiplicative on composition, i.e. KAB = KAKB, enforces that we must have the relation

K = N r , (7)

where r 2 N is some integer. This fits quite nicely out observation after Definition 10: CPT has
K = N (i.e. r = 1) and QT has K = N2 (i.e. r = 2). This suggests that the unknown exponent
r is somehow related to the “order of interference” of the corresponding theory as introduced
in Subsection 2.2.

Since dim⌦ = K � 1, the dimension d of the Bloch ball must be one of

d = 2r � 1 2 {1, 3,7,15, 31, . . .}.

We have already excluded d = 1, and we would like to show that d = 3 is the unique pos-
sibility consistent with the postulates. To this end, let us consider the group of reversible
transformations T2 of a single bit. What can we say about it? We know that it must be a
compact connected group, and we also know that it must satisfy the principle of Continuous
Reversibility: all pure states are connected by some reversible transformation. In other words,
T2 must act transitively on the sphere.

What groups satisfy these requirements? In fact, for arbitrary ball dimensions d 2 N, there
are many such groups. For example, for d = 6, it can be SO(6), SU(3) or U(3) (see Masanes et
al., 2014, for a complete list). However, if d is odd (as we have shown above) then the answer
is pretty simple, but with a surprising twist:

• If d 6= 7 then we must have T2 = SO(d).

• If d = 7 then we either have T2 = SO(7) or T2 = G2, the exceptional Lie group.

For simplicity, let us in the following ignore the G2-case (how to treat this case, and all other
details of the proof, can be found in the paper by Masanes and Müller, 2011 [56]). To under-
stand why d = 3 follows from our postulates, we have to consider a pair of two bits. Due to
Eq. (6), its state space ⌦2,2 is equivalent to ⌦4. Consider two perfectly distinguishable states
!0 and !1 of a single bit (as points of the state space, they must lie on opposite sides of the
d-dimensional Bloch ball), and two corresponding effects e0 and e1 with ei(! j) = �i j . Then
the four states !A

i ⌦!B
j 2 ⌦2,2 are perfectly distinguishable. Now consider the subset

⌦02 := {! 2 ⌦2,2 | eA
0 ⌦ eB

1 (!) = eA
1 ⌦ eB

0 (!) = 0}.

This subset contains two of the product states, !A
0 ⌦!B

0 2 ⌦02 and !A
1 ⌦!B

1 2 ⌦02. Using the
Subspace Axiom twice, it follows that ⌦02 is again equivalent to a bit – it also corresponds to
a d-dimensional Bloch ball that somehow sits inside the joint vector space AB = Rd+1 ⌦Rd+1.
And it must contain at least one (actually, many) non-product pure states ! — these will be
entangled states.

Returning to bit A, consider rotations R 2 SO(d) that preserve the axis that connects !0
and!1; these will be rotations with ei�R= ei for i = 0, 1. The subgroup of such R is equivalent
to SO(d � 1). We can also perform such rotations on bit B. But since they preserve the two
effects ei , they also preserve the bit ⌦02:

R⌦ S(⌦02) = ⌦
0
2 for all R, S 2 SO(d � 1).

Now, ⌦02 spans a pretty small affine subspace (we can turn it into a linear subspace L2 by
substracting the maximally mixed state of ⌦02): we have dim L2 = d. On the other hand,
SO(d � 1) ⌦ SO(d � 1), where each factor acts in its fundamental representation, is a pretty
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Since                                                the following turns out to be true for d>1:
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d 2 {1, 3, 7, 15, 31, . . .},

<latexit sha1_base64="i0WdEoIwHeP3ulcKUeEyMF0jdkI="></latexit>

G2 = O(d) ) T2 = SO(d).



Next steps: show that d=3 is the unique further possibility

3. By the reversibility / transitivity principle, the group        of reversible	
transformation of the bit acts transitively on the surface of the d-ball.
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G2

Show that this implies that the connected component	
at the identity,                    is also transitive on the	
surface of the d-ball.
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Example: the case

This is an exercise in topology which we consider, for here, as settled.
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space as a function of the capacity N . As first argued by Hardy (2001), the fact that K is also
multiplicative on composition, i.e. KAB = KAKB, enforces that we must have the relation

K = N r , (7)

where r 2 N is some integer. This fits quite nicely out observation after Definition 10: CPT has
K = N (i.e. r = 1) and QT has K = N2 (i.e. r = 2). This suggests that the unknown exponent
r is somehow related to the “order of interference” of the corresponding theory as introduced
in Subsection 2.2.

Since dim⌦ = K � 1, the dimension d of the Bloch ball must be one of

d = 2r � 1 2 {1, 3,7,15, 31, . . .}.

We have already excluded d = 1, and we would like to show that d = 3 is the unique pos-
sibility consistent with the postulates. To this end, let us consider the group of reversible
transformations T2 of a single bit. What can we say about it? We know that it must be a
compact connected group, and we also know that it must satisfy the principle of Continuous
Reversibility: all pure states are connected by some reversible transformation. In other words,
T2 must act transitively on the sphere.

What groups satisfy these requirements? In fact, for arbitrary ball dimensions d 2 N, there
are many such groups. For example, for d = 6, it can be SO(6), SU(3) or U(3) (see Masanes et
al., 2014, for a complete list). However, if d is odd (as we have shown above) then the answer
is pretty simple, but with a surprising twist:

• If d 6= 7 then we must have T2 = SO(d).

• If d = 7 then we either have T2 = SO(7) or T2 = G2, the exceptional Lie group.

For simplicity, let us in the following ignore the G2-case (how to treat this case, and all other
details of the proof, can be found in the paper by Masanes and Müller, 2011 [56]). To under-
stand why d = 3 follows from our postulates, we have to consider a pair of two bits. Due to
Eq. (6), its state space ⌦2,2 is equivalent to ⌦4. Consider two perfectly distinguishable states
!0 and !1 of a single bit (as points of the state space, they must lie on opposite sides of the
d-dimensional Bloch ball), and two corresponding effects e0 and e1 with ei(! j) = �i j . Then
the four states !A

i ⌦!B
j 2 ⌦2,2 are perfectly distinguishable. Now consider the subset

⌦02 := {! 2 ⌦2,2 | eA
0 ⌦ eB

1 (!) = eA
1 ⌦ eB

0 (!) = 0}.

This subset contains two of the product states, !A
0 ⌦!B

0 2 ⌦02 and !A
1 ⌦!B

1 2 ⌦02. Using the
Subspace Axiom twice, it follows that ⌦02 is again equivalent to a bit – it also corresponds to
a d-dimensional Bloch ball that somehow sits inside the joint vector space AB = Rd+1 ⌦Rd+1.
And it must contain at least one (actually, many) non-product pure states ! — these will be
entangled states.

Returning to bit A, consider rotations R 2 SO(d) that preserve the axis that connects !0
and!1; these will be rotations with ei�R= ei for i = 0, 1. The subgroup of such R is equivalent
to SO(d � 1). We can also perform such rotations on bit B. But since they preserve the two
effects ei , they also preserve the bit ⌦02:

R⌦ S(⌦02) = ⌦
0
2 for all R, S 2 SO(d � 1).

Now, ⌦02 spans a pretty small affine subspace (we can turn it into a linear subspace L2 by
substracting the maximally mixed state of ⌦02): we have dim L2 = d. On the other hand,
SO(d � 1) ⌦ SO(d � 1), where each factor acts in its fundamental representation, is a pretty
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automorphism group of the Octonions

Since                                                the following turns out to be true for d>1:
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d 2 {1, 3, 7, 15, 31, . . .},

<latexit sha1_base64="i0WdEoIwHeP3ulcKUeEyMF0jdkI="></latexit>

G2 = O(d) ) T2 = SO(d).



Next steps: show that d=3 is the unique further possibility

3. By the reversibility / transitivity principle, the group        of reversible	
transformation of the bit acts transitively on the surface of the d-ball.
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G2

Show that this implies that the connected component	
at the identity,                    is also transitive on the	
surface of the d-ball.
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Example: the case

This is an exercise in topology which we consider, for here, as settled.
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space as a function of the capacity N . As first argued by Hardy (2001), the fact that K is also
multiplicative on composition, i.e. KAB = KAKB, enforces that we must have the relation

K = N r , (7)

where r 2 N is some integer. This fits quite nicely out observation after Definition 10: CPT has
K = N (i.e. r = 1) and QT has K = N2 (i.e. r = 2). This suggests that the unknown exponent
r is somehow related to the “order of interference” of the corresponding theory as introduced
in Subsection 2.2.

Since dim⌦ = K � 1, the dimension d of the Bloch ball must be one of

d = 2r � 1 2 {1, 3,7,15, 31, . . .}.

We have already excluded d = 1, and we would like to show that d = 3 is the unique pos-
sibility consistent with the postulates. To this end, let us consider the group of reversible
transformations T2 of a single bit. What can we say about it? We know that it must be a
compact connected group, and we also know that it must satisfy the principle of Continuous
Reversibility: all pure states are connected by some reversible transformation. In other words,
T2 must act transitively on the sphere.

What groups satisfy these requirements? In fact, for arbitrary ball dimensions d 2 N, there
are many such groups. For example, for d = 6, it can be SO(6), SU(3) or U(3) (see Masanes et
al., 2014, for a complete list). However, if d is odd (as we have shown above) then the answer
is pretty simple, but with a surprising twist:

• If d 6= 7 then we must have T2 = SO(d).

• If d = 7 then we either have T2 = SO(7) or T2 = G2, the exceptional Lie group.

For simplicity, let us in the following ignore the G2-case (how to treat this case, and all other
details of the proof, can be found in the paper by Masanes and Müller, 2011 [56]). To under-
stand why d = 3 follows from our postulates, we have to consider a pair of two bits. Due to
Eq. (6), its state space ⌦2,2 is equivalent to ⌦4. Consider two perfectly distinguishable states
!0 and !1 of a single bit (as points of the state space, they must lie on opposite sides of the
d-dimensional Bloch ball), and two corresponding effects e0 and e1 with ei(! j) = �i j . Then
the four states !A

i ⌦!B
j 2 ⌦2,2 are perfectly distinguishable. Now consider the subset

⌦02 := {! 2 ⌦2,2 | eA
0 ⌦ eB

1 (!) = eA
1 ⌦ eB

0 (!) = 0}.

This subset contains two of the product states, !A
0 ⌦!B

0 2 ⌦02 and !A
1 ⌦!B

1 2 ⌦02. Using the
Subspace Axiom twice, it follows that ⌦02 is again equivalent to a bit – it also corresponds to
a d-dimensional Bloch ball that somehow sits inside the joint vector space AB = Rd+1 ⌦Rd+1.
And it must contain at least one (actually, many) non-product pure states ! — these will be
entangled states.

Returning to bit A, consider rotations R 2 SO(d) that preserve the axis that connects !0
and!1; these will be rotations with ei�R= ei for i = 0, 1. The subgroup of such R is equivalent
to SO(d � 1). We can also perform such rotations on bit B. But since they preserve the two
effects ei , they also preserve the bit ⌦02:

R⌦ S(⌦02) = ⌦
0
2 for all R, S 2 SO(d � 1).

Now, ⌦02 spans a pretty small affine subspace (we can turn it into a linear subspace L2 by
substracting the maximally mixed state of ⌦02): we have dim L2 = d. On the other hand,
SO(d � 1) ⌦ SO(d � 1), where each factor acts in its fundamental representation, is a pretty
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automorphism group of the Octonions

Since                                                the following turns out to be true for d>1:
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Next steps: show that d=3 is the unique further possibility

3. By the reversibility / transitivity principle, the group        of reversible	
transformation of the bit acts transitively on the surface of the d-ball.
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Show that this implies that the connected component	
at the identity,                    is also transitive on the	
surface of the d-ball.
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space as a function of the capacity N . As first argued by Hardy (2001), the fact that K is also
multiplicative on composition, i.e. KAB = KAKB, enforces that we must have the relation

K = N r , (7)

where r 2 N is some integer. This fits quite nicely out observation after Definition 10: CPT has
K = N (i.e. r = 1) and QT has K = N2 (i.e. r = 2). This suggests that the unknown exponent
r is somehow related to the “order of interference” of the corresponding theory as introduced
in Subsection 2.2.

Since dim⌦ = K � 1, the dimension d of the Bloch ball must be one of

d = 2r � 1 2 {1, 3,7,15, 31, . . .}.

We have already excluded d = 1, and we would like to show that d = 3 is the unique pos-
sibility consistent with the postulates. To this end, let us consider the group of reversible
transformations T2 of a single bit. What can we say about it? We know that it must be a
compact connected group, and we also know that it must satisfy the principle of Continuous
Reversibility: all pure states are connected by some reversible transformation. In other words,
T2 must act transitively on the sphere.

What groups satisfy these requirements? In fact, for arbitrary ball dimensions d 2 N, there
are many such groups. For example, for d = 6, it can be SO(6), SU(3) or U(3) (see Masanes et
al., 2014, for a complete list). However, if d is odd (as we have shown above) then the answer
is pretty simple, but with a surprising twist:

• If d 6= 7 then we must have T2 = SO(d).

• If d = 7 then we either have T2 = SO(7) or T2 = G2, the exceptional Lie group.

For simplicity, let us in the following ignore the G2-case (how to treat this case, and all other
details of the proof, can be found in the paper by Masanes and Müller, 2011 [56]). To under-
stand why d = 3 follows from our postulates, we have to consider a pair of two bits. Due to
Eq. (6), its state space ⌦2,2 is equivalent to ⌦4. Consider two perfectly distinguishable states
!0 and !1 of a single bit (as points of the state space, they must lie on opposite sides of the
d-dimensional Bloch ball), and two corresponding effects e0 and e1 with ei(! j) = �i j . Then
the four states !A

i ⌦!B
j 2 ⌦2,2 are perfectly distinguishable. Now consider the subset

⌦02 := {! 2 ⌦2,2 | eA
0 ⌦ eB

1 (!) = eA
1 ⌦ eB

0 (!) = 0}.

This subset contains two of the product states, !A
0 ⌦!B

0 2 ⌦02 and !A
1 ⌦!B

1 2 ⌦02. Using the
Subspace Axiom twice, it follows that ⌦02 is again equivalent to a bit – it also corresponds to
a d-dimensional Bloch ball that somehow sits inside the joint vector space AB = Rd+1 ⌦Rd+1.
And it must contain at least one (actually, many) non-product pure states ! — these will be
entangled states.

Returning to bit A, consider rotations R 2 SO(d) that preserve the axis that connects !0
and!1; these will be rotations with ei�R= ei for i = 0, 1. The subgroup of such R is equivalent
to SO(d � 1). We can also perform such rotations on bit B. But since they preserve the two
effects ei , they also preserve the bit ⌦02:

R⌦ S(⌦02) = ⌦
0
2 for all R, S 2 SO(d � 1).

Now, ⌦02 spans a pretty small affine subspace (we can turn it into a linear subspace L2 by
substracting the maximally mixed state of ⌦02): we have dim L2 = d. On the other hand,
SO(d � 1) ⌦ SO(d � 1), where each factor acts in its fundamental representation, is a pretty
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Since                                                the following turns out to be true for d>1:
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d 2 {1, 3, 7, 15, 31, . . .},

4. On two such bits with perfectly distinguishable states	
                       the interplay of local independent transformations and global	
transformations on the “sub-bit”                      leads to contradiction if d>3.
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“Why” is QT’s Bloch ball three-dimensional?

Group representation theory:                                               acts irreducibly	
on                               if 
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d � 4.

This follows from the fact (via character theory) that
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SO(d� 1) acts irreducibly on              if
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d � 4.

However, for d=3, the group                                        is Abelian, and so all	
its irreducible representations are one-dimensional. Hence, it cannot act	
irreducibly on                          In fact,
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SO(d� 1) = SO(2)

<latexit sha1_base64="hH/Npy3qIN5WbMJzLgd9KNjwBZM=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHcGJLiayMUunFZwT6gjWUymbRDJ5MwMxFKyM6Nv+LGhSJu/QV3/o2TNovaeuDC4Zx7ufceL2ZUKtv+MZaWV1bX1ksb5c2t7Z1dc2+/JaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21vVM/99iMRkkb8Xo1j4oZowGlAMVJa6ptHvRCpoeel9ewh9c+c7GZGqFp9s2Jb9gRwkTgFqYACjb753fMjnISEK8yQlF3HjpWbIqEoZiQr9xJJYoRHaEC6mnIUEummkz8yeKIVHwaR0MUVnKizEykKpRyHnu7Mj5TzXi7+53UTFVy7KeVxogjH00VBwqCKYB4K9KkgWLGxJggLqm+FeIgEwkpHV9YhOPMvL5JW1XIurYu780qtVsRRAofgGJwCB1yBGrgFDdAEGDyBF/AG3o1n49X4MD6nrUtGMXMA/sD4+gVd6pj8</latexit>

Cd�1 = C2.
<latexit sha1_base64="Iz5hjMTT80VunCCMTqlZuOTSGeQ=">AAACHHicbVBNSwMxEM36bf2qevQSLEK9lF2/jwUvHhWsCk0p2XS2Dc1ml2RWKEt/iBf/ihcPinjxIPhvTOsetPXBwOO9mWTmhamSFn3/y5uZnZtfWFxaLq2srq1vlDe3bmySGQENkajE3IXcgpIaGihRwV1qgMehgtuwfz7yb+/BWJnoaxyk0Ip5V8tICo5OapcPmYIIqyyErtQ5N4YPhrkY0oAyRlkaU8lAdwqDGdnt4X67XPFr/hh0mgQFqZACl+3yB+skIotBo1Dc2mbgp9hyj6IUCoYllllIuejzLjQd1TwG28rHxw3pnlM6NEqMK410rP6eyHls7SAOXWfMsWcnvZH4n9fMMDpr5VKnGYIWPx9FmaKY0FFStCMNCFQDR7gw0u1KRY8bLtDlWXIhBJMnT5Obg1pwUju+OqrU60UcS2SH7JIqCcgpqZMLckkaRJAH8kReyKv36D17b977T+uMV8xskz/wPr8BJo2iCw==</latexit>✓

1
±i

◆
are eigenvectors of

<latexit sha1_base64="33UUygu9aEVvGypubQ9jSGJkK+U="></latexit>✓
cos↵ sin↵
� sin↵ cos↵

◆
.

Thus, the above contradiction does not occur. Hence, in some sense:

The Bloch ball is three-dimensional “because”                       is	
non-trivial and Abelian only for d=3.

<latexit sha1_base64="pgJj9wPag4Jr6XTk/B6k/pbBvic=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiwbArvo4BL96MaB6QLGF2dpIMmZldZ2YDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BTFn2rjut7O0vLK6tp7byG9ube/sFvb26zpKFKE1EvFINQOsKWeS1gwznDZjRbEIOG0Eg5uJ3xhSpVkkH80opr7APcm6jGBjJT9tK4Ee7sal8NQ76RSKbtmdAi0SLyNFyFDtFL7aYUQSQaUhHGvd8tzY+ClWhhFOx/l2ommMyQD3aMtSiQXVfjo9eoyOrRKibqRsSYOm6u+JFAutRyKwnQKbvp73JuJ/Xisx3Ws/ZTJODJVktqibcGQiNEkAhUxRYvjIEkwUs7ci0scKE2NzytsQvPmXF0n9rOxdli/uz4uVShZHDg7hCErgwRVU4BaqUAMCT/AMr/DmDJ0X5935mLUuOdnMAfyB8/kDJrORDA==</latexit>

SO(d� 1)


