Universitat Heidelberg Winter 2014/15
Institut fiir Theoretische Physik Markus Miiller, Jakob Scharlau
Single-shot quantum thermodynamics http://www.mpmueller.net/lecture2.html

Exercises 1
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Problem 1 (Optimality in Landauer erasure): (7 points)

In the lecture, we have computed the average work that is needed in order to reset a mixed
state on a two-level system (“Landauer erasure”), given that one level is raised in steps of AFE
to infinity, with alternating thermalization steps. The result was

X ,—BkAE
(W) = (W)(AE) = AE; 1t ¢ BRAE"

where 8 = 1/(kgT) is the inverse temperature.

Show that (W)(AE) is increasing in AE. This proves that sending AE to zero, resulting in
e} —BE
the integral (W) = /o J;W dE = kgTlog?2, is optimal for this protocol.

Problem 2 (Von Neumann entropy and thermal states): (15 points)

Given a quantum system with Hamiltonian H, the thermal state (Gibbs state) pg(H) at inverse
temperature 8 = 1/(kgT) is defined as

e PH
pp(H) = 7 where Z := tr(e 7).

The von Neumann entropy S and quantum relative entropy (Kullback-Leibler divergence) D
are defined as

S(p) = —tr(plogp),
D(pllo) = tr(plogp—plogo)

where p and o are density matrices. In the following, we use the fact (cf. tutorial) that
D(p|lo) > 0, with equality if and only if p = 0. We also define the free energy of a state p
(at inverse temperature /3 # 0) as

F(p) = (H), = S(p)/ B,
where (H), := tr(pH).

(i) Show that if H = H4 + Hp is a non-interacting Hamiltonian on a bipartite quantum
system AB, then pg(H) = pg(Ha) ® pg(Hp).

(i) Show that S (pg(H)) = B(H),,m) + log Z.
(i) Show that LD(pllps(H)) = Fs(p) — Fs(ps(H).

(iv) Prove that pg(H) is the unique state that minimizes the free energy.



(v) Consider the expression D(pag|lpa®pg), and prove that von Neumann entropy satisfies
the subadditivity property S(pap) < S(pa) + S(pp), with equality if and only if
pag = pa ® pp. (This is sometimes just written S(AB) < S(A4) + S(B).)

Problem 3 (Subadditivity of Rényi-0 entropy): (8 points)

The Rényi entropy of order 0 of a density matrix (quantum state) p is defined as
Hy(p) := log rank(p).

Show that it satisfies the subadditivity property: if pap is a quantum state on a bipartite
quantum system AB with Hilbert space Hap = Ha4 ® Hpg, then

Ho(pap) < Ho(pa) + Ho(pp)

(which is sometimes written Ho(AB) < Hy(A) + Ho(B) if the state is clear).
Note: It may be helpful to first prove that

rank(p) = min{tr P | tr(Pp) =1, P = P! = P?},

that is, the rank of a quantum state p is minimal rank of any orthogonal projector P that has
full overlap tr(Pp) = 1 with p.



