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• In classical physics / prob. theory:

II HOW COULD PHYSICS BE MORE GENERAL THAN QUANTUM?

depend on y and b cannot depend on x. This means that the scenario must satisfy

P (x, y,λ) = PX(x) · PY (y) · PΛ(λ), a = fA(x,λ), b = fB(y,λ).

For a more detailed explanation of how and why the causal structure of the setup
implies these assumptions, see e.g. the book by Pearl (2009). These assumptions are
typically subsumed under the notion of “local realism”, and readers who want to learn
more about this are invited to consult more specialized references. A great start-
ing point are the Quantum Foundations classes given by Rob Spekkens at Perimeter
Institute; these can be watched for free on http://pirsa.org.
Note that P (a, b|x, y,λ) = δa,fA(x,λ)δb,fB(y,λ) = PA(a|x,λ)PB(b|y,λ) (with δ the

Kronecker delta). Hence, by the chain rule of conditional probability,

P (a, b|x, y) =
∑

λ∈Λ

PA(a|x,λ)PB(b|y,λ)PΛ(λ). (1)

What we have thus shown is that any probability table in classical physics that is real-
izable within the causal structure as depicted in Figure 2 must be classical according
to the following definition:

Definition 1. A probability table P (a, b|x, y) is classical if there exists a probability
space (P,Ω,Σ) with P = PX · PY · PΛ some product distribution, Ω = X × Y × Λ,
where X = Y = {0, 1} and Λ arbitrary, such that Eq. (1) holds. If this is the case,
then we call (P,Ω,Σ) a hidden-variable model for the probability table.
Denote by C2,2,2 the set of all classical probability tables.

Instead of assuming that Λ is a finite discrete set, we could also have allowed a more
general measurable space like Rn, but here this would not change the picture because
the sets of inputs and outcomes are discrete and finite (in other words, considering
only finite discrete Λ is no loss of generality here).
In the derivation above, we have obtained a model for which PA(a|x,λ) and

PB(b|y,λ) are deterministic, i.e. take only the values zero and one. But even without
this assumption, probability tables that are of the form (1) can be realized within the
prescribed causal structure according to classical probability theory: one simply has
to add local randomness that makes the response functions PA and PB act nondeter-
ministically to their inputs. Thus, we do not need to postulate in Definition 1 that
PA and PB must be deterministic.
It is self-evident that the classical probability tables satisfy the no-signalling con-

ditions (Barrett 2007): that is, PA(a|x, y) :=
∑

b P (a, b|x, y) is independent of y,
and PB(b|x, y) :=

∑

a P (a, b|x, y) is independent of x. This means that Alice “sees”
the local marginal distribution PA(a|x, y) = PA(a|x) =

∑

λ∈Λ PA(a|x,λ)PΛ(λ) if she
doesn’t know what happens in Bob’s laboratory, regardless of Bob’s choice of input y
(and similarly with the roles of Alice and Bob exchanged). If this was not true, then
Bob could signal to Alice simply by choosing the local input to his box. The causal
structure that we have assumed from the start precludes such magic behavior.
We can reformulate what we have found above in a slightly more abstract way that

will become useful later. Note that we have found that the classical behaviors are
exactly those that can be expressed in the form (1) with PA and PB deterministic (if
we want). Thus, we have shown that
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PA and PB must be deterministic.
It is self-evident that the classical probability tables satisfy the no-signalling con-

ditions (Barrett 2007): that is, PA(a|x, y) :=
∑

b P (a, b|x, y) is independent of y,
and PB(b|x, y) :=

∑

a P (a, b|x, y) is independent of x. This means that Alice “sees”
the local marginal distribution PA(a|x, y) = PA(a|x) =

∑

λ∈Λ PA(a|x,λ)PΛ(λ) if she
doesn’t know what happens in Bob’s laboratory, regardless of Bob’s choice of input y
(and similarly with the roles of Alice and Bob exchanged). If this was not true, then
Bob could signal to Alice simply by choosing the local input to his box. The causal
structure that we have assumed from the start precludes such magic behavior.
We can reformulate what we have found above in a slightly more abstract way that

will become useful later. Note that we have found that the classical behaviors are
exactly those that can be expressed in the form (1) with PA and PB deterministic (if
we want). Thus, we have shown that

7

• In quantum physics:

II HOW COULD PHYSICS BE MORE GENERAL THAN QUANTUM?

Lemma 2. A probability table is classical if and only if it is a convex combination of
deterministic non-signalling probability tables.

Here and in the following, we use some basic notions from convex geometry (see
e.g. the textbook by Webster 1994). If we have a finite number of elements x1, . . . , xn

of some vector space (for example probability distributions, or vectors in Rm), then
another element x is a convex combination of these if and only if there exist p1, . . . , pn ≥
0 with

∑n
i=1 pi = 1 and

∑n
i=1 pixi = x. Intuitively, we can think of x as a “probabilistic

mixture” of the xi, with weights pi. Indeed, the right-hand side of (1) defines a convex
combination of the Pλ(a, b|x, y) := PA(a|x,λ)PB(b|y,λ). These are probability tables
that are deterministic (take only values zero and one) and non-signalling (in fact,
uncorrelated).
This reformulation has intuitive appeal: classically, all probabilities can consistently

be interpreted as arising from lack of knowledge. Namely, we can put everything that
we do not know into some random variable λ. If we knew λ, we could predict the
values of all other variables with certainty.
Quantum theory, however, allows for a different set of probability tables in the

scenario of Figure 2: instead of a joint probability distribution, we can think of a
(possibly entangled) quantum state that has been distributed to Alice and Bob. The
inputs to Alice’s box can be interpreted as measurement choices (e.g. the choice of
angle for a polarization measurement), and the outcomes can correspond to the actual
measurement outcomes. This leads to the following definition:

Definition 3. A probability table P (a, b|x, y) is quantum if it can be written in the
form

P (a, b|x, y) = tr
[

ρAB(E
a
x ⊗ F b

y )
]

,

with ρAB some density operator on the product of two Hilbert spaces HA ⊗HB, mea-
surement operators Ea

x , F
b
y ≥ 0 (i.e. operators that are positive semidefinite) and

E−1
x + E+1

x = 1A as well as F−1
y + F+1

y = 1B for all x and all y.
Denote by Q2,2,2 the set of all quantum probability tables.

For our purpose, we will ignore some subtleties of this definition. For example, the
state ρAB can, without loss of generality, always be chosen pure, ρAB = |ψ〉〈ψ|AB ,
and the measurement operators can be chosen as projectors (see e.g. Navascues et al.,
2015). We will restrict our considerations to finite-dimensional Hilbert spaces; for the
subtleties of the infinite-dimensional case, see e.g. Scholz and Werner, 2008, and Ji et
al., 2020.

Lemma 4. Here are a few properties of the classical and quantum probability tables:

(i) Both C2,2,2 and Q2,2,2 are convex sets, i.e. convex combinations of classical
(quantum) probability tables are classical (quantum).

(ii) C2,2,2 ⊂ Q2,2,2.

(iii) Every P ∈ Q2,2,2 is non-signalling.

(iv) C2,2,2 is a polytope, i.e. the convex hull of a finite number of probability tables.
However, Q2,2,2 is not.

8

<latexit sha1_base64="aw7pg64EmiHh9dATp62y4n5PRpM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8xXjxGMCaSLGF2MpsMmccyMyuEJV/hxYOCePVvvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHj0YFSqCW0RxZXuRNhQziRtWWY57SSaYhFx2o7GNzO//US1YUre20lCQ4GHksWMYOukx54eqX523Zj2yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowmx88RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ92jANCWWTxzBRDN3KyIjrDGxLqOSCyFYfnmVtC+qQa0aBHe1Sr2R51GEEziFcwjgEupwC01oAQEBz/AKb572Xrx372PRWvDymWP4A+/zB0wAkIw=</latexit>⇢AB

More general than quantum?



• In classical physics / prob. theory:

II HOW COULD PHYSICS BE MORE GENERAL THAN QUANTUM?

depend on y and b cannot depend on x. This means that the scenario must satisfy

P (x, y,λ) = PX(x) · PY (y) · PΛ(λ), a = fA(x,λ), b = fB(y,λ).

For a more detailed explanation of how and why the causal structure of the setup
implies these assumptions, see e.g. the book by Pearl (2009). These assumptions are
typically subsumed under the notion of “local realism”, and readers who want to learn
more about this are invited to consult more specialized references. A great start-
ing point are the Quantum Foundations classes given by Rob Spekkens at Perimeter
Institute; these can be watched for free on http://pirsa.org.
Note that P (a, b|x, y,λ) = δa,fA(x,λ)δb,fB(y,λ) = PA(a|x,λ)PB(b|y,λ) (with δ the

Kronecker delta). Hence, by the chain rule of conditional probability,

P (a, b|x, y) =
∑

λ∈Λ

PA(a|x,λ)PB(b|y,λ)PΛ(λ). (1)

What we have thus shown is that any probability table in classical physics that is real-
izable within the causal structure as depicted in Figure 2 must be classical according
to the following definition:

Definition 1. A probability table P (a, b|x, y) is classical if there exists a probability
space (P,Ω,Σ) with P = PX · PY · PΛ some product distribution, Ω = X × Y × Λ,
where X = Y = {0, 1} and Λ arbitrary, such that Eq. (1) holds. If this is the case,
then we call (P,Ω,Σ) a hidden-variable model for the probability table.
Denote by C2,2,2 the set of all classical probability tables.

Instead of assuming that Λ is a finite discrete set, we could also have allowed a more
general measurable space like Rn, but here this would not change the picture because
the sets of inputs and outcomes are discrete and finite (in other words, considering
only finite discrete Λ is no loss of generality here).
In the derivation above, we have obtained a model for which PA(a|x,λ) and

PB(b|y,λ) are deterministic, i.e. take only the values zero and one. But even without
this assumption, probability tables that are of the form (1) can be realized within the
prescribed causal structure according to classical probability theory: one simply has
to add local randomness that makes the response functions PA and PB act nondeter-
ministically to their inputs. Thus, we do not need to postulate in Definition 1 that
PA and PB must be deterministic.
It is self-evident that the classical probability tables satisfy the no-signalling con-

ditions (Barrett 2007): that is, PA(a|x, y) :=
∑

b P (a, b|x, y) is independent of y,
and PB(b|x, y) :=

∑

a P (a, b|x, y) is independent of x. This means that Alice “sees”
the local marginal distribution PA(a|x, y) = PA(a|x) =

∑

λ∈Λ PA(a|x,λ)PΛ(λ) if she
doesn’t know what happens in Bob’s laboratory, regardless of Bob’s choice of input y
(and similarly with the roles of Alice and Bob exchanged). If this was not true, then
Bob could signal to Alice simply by choosing the local input to his box. The causal
structure that we have assumed from the start precludes such magic behavior.
We can reformulate what we have found above in a slightly more abstract way that

will become useful later. Note that we have found that the classical behaviors are
exactly those that can be expressed in the form (1) with PA and PB deterministic (if
we want). Thus, we have shown that
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Lemma 2. A probability table is classical if and only if it is a convex combination of
deterministic non-signalling probability tables.

Here and in the following, we use some basic notions from convex geometry (see
e.g. the textbook by Webster 1994). If we have a finite number of elements x1, . . . , xn

of some vector space (for example probability distributions, or vectors in Rm), then
another element x is a convex combination of these if and only if there exist p1, . . . , pn ≥
0 with

∑n
i=1 pi = 1 and

∑n
i=1 pixi = x. Intuitively, we can think of x as a “probabilistic

mixture” of the xi, with weights pi. Indeed, the right-hand side of (1) defines a convex
combination of the Pλ(a, b|x, y) := PA(a|x,λ)PB(b|y,λ). These are probability tables
that are deterministic (take only values zero and one) and non-signalling (in fact,
uncorrelated).
This reformulation has intuitive appeal: classically, all probabilities can consistently

be interpreted as arising from lack of knowledge. Namely, we can put everything that
we do not know into some random variable λ. If we knew λ, we could predict the
values of all other variables with certainty.
Quantum theory, however, allows for a different set of probability tables in the

scenario of Figure 2: instead of a joint probability distribution, we can think of a
(possibly entangled) quantum state that has been distributed to Alice and Bob. The
inputs to Alice’s box can be interpreted as measurement choices (e.g. the choice of
angle for a polarization measurement), and the outcomes can correspond to the actual
measurement outcomes. This leads to the following definition:

Definition 3. A probability table P (a, b|x, y) is quantum if it can be written in the
form

P (a, b|x, y) = tr
[

ρAB(E
a
x ⊗ F b

y )
]

,

with ρAB some density operator on the product of two Hilbert spaces HA ⊗HB, mea-
surement operators Ea

x , F
b
y ≥ 0 (i.e. operators that are positive semidefinite) and

E−1
x + E+1

x = 1A as well as F−1
y + F+1

y = 1B for all x and all y.
Denote by Q2,2,2 the set of all quantum probability tables.

For our purpose, we will ignore some subtleties of this definition. For example, the
state ρAB can, without loss of generality, always be chosen pure, ρAB = |ψ〉〈ψ|AB ,
and the measurement operators can be chosen as projectors (see e.g. Navascues et al.,
2015). We will restrict our considerations to finite-dimensional Hilbert spaces; for the
subtleties of the infinite-dimensional case, see e.g. Scholz and Werner, 2008, and Ji et
al., 2020.

Lemma 4. Here are a few properties of the classical and quantum probability tables:

(i) Both C2,2,2 and Q2,2,2 are convex sets, i.e. convex combinations of classical
(quantum) probability tables are classical (quantum).

(ii) C2,2,2 ⊂ Q2,2,2.

(iii) Every P ∈ Q2,2,2 is non-signalling.

(iv) C2,2,2 is a polytope, i.e. the convex hull of a finite number of probability tables.
However, Q2,2,2 is not.
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depend on y and b cannot depend on x. This means that the scenario must satisfy

P (x, y,λ) = PX(x) · PY (y) · PΛ(λ), a = fA(x,λ), b = fB(y,λ).

For a more detailed explanation of how and why the causal structure of the setup
implies these assumptions, see e.g. the book by Pearl (2009). These assumptions are
typically subsumed under the notion of “local realism”, and readers who want to learn
more about this are invited to consult more specialized references. A great start-
ing point are the Quantum Foundations classes given by Rob Spekkens at Perimeter
Institute; these can be watched for free on http://pirsa.org.
Note that P (a, b|x, y,λ) = δa,fA(x,λ)δb,fB(y,λ) = PA(a|x,λ)PB(b|y,λ) (with δ the

Kronecker delta). Hence, by the chain rule of conditional probability,

P (a, b|x, y) =
∑

λ∈Λ

PA(a|x,λ)PB(b|y,λ)PΛ(λ). (1)

What we have thus shown is that any probability table in classical physics that is real-
izable within the causal structure as depicted in Figure 2 must be classical according
to the following definition:

Definition 1. A probability table P (a, b|x, y) is classical if there exists a probability
space (P,Ω,Σ) with P = PX · PY · PΛ some product distribution, Ω = X × Y × Λ,
where X = Y = {0, 1} and Λ arbitrary, such that Eq. (1) holds. If this is the case,
then we call (P,Ω,Σ) a hidden-variable model for the probability table.
Denote by C2,2,2 the set of all classical probability tables.

Instead of assuming that Λ is a finite discrete set, we could also have allowed a more
general measurable space like Rn, but here this would not change the picture because
the sets of inputs and outcomes are discrete and finite (in other words, considering
only finite discrete Λ is no loss of generality here).
In the derivation above, we have obtained a model for which PA(a|x,λ) and

PB(b|y,λ) are deterministic, i.e. take only the values zero and one. But even without
this assumption, probability tables that are of the form (1) can be realized within the
prescribed causal structure according to classical probability theory: one simply has
to add local randomness that makes the response functions PA and PB act nondeter-
ministically to their inputs. Thus, we do not need to postulate in Definition 1 that
PA and PB must be deterministic.
It is self-evident that the classical probability tables satisfy the no-signalling con-

ditions (Barrett 2007): that is, PA(a|x, y) :=
∑

b P (a, b|x, y) is independent of y,
and PB(b|x, y) :=

∑

a P (a, b|x, y) is independent of x. This means that Alice “sees”
the local marginal distribution PA(a|x, y) = PA(a|x) =

∑

λ∈Λ PA(a|x,λ)PΛ(λ) if she
doesn’t know what happens in Bob’s laboratory, regardless of Bob’s choice of input y
(and similarly with the roles of Alice and Bob exchanged). If this was not true, then
Bob could signal to Alice simply by choosing the local input to his box. The causal
structure that we have assumed from the start precludes such magic behavior.
We can reformulate what we have found above in a slightly more abstract way that

will become useful later. Note that we have found that the classical behaviors are
exactly those that can be expressed in the form (1) with PA and PB deterministic (if
we want). Thus, we have shown that
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Lemma 2. A probability table is classical if and only if it is a convex combination of
deterministic non-signalling probability tables.

Here and in the following, we use some basic notions from convex geometry (see
e.g. the textbook by Webster 1994). If we have a finite number of elements x1, . . . , xn

of some vector space (for example probability distributions, or vectors in Rm), then
another element x is a convex combination of these if and only if there exist p1, . . . , pn ≥
0 with

∑n
i=1 pi = 1 and

∑n
i=1 pixi = x. Intuitively, we can think of x as a “probabilistic

mixture” of the xi, with weights pi. Indeed, the right-hand side of (1) defines a convex
combination of the Pλ(a, b|x, y) := PA(a|x,λ)PB(b|y,λ). These are probability tables
that are deterministic (take only values zero and one) and non-signalling (in fact,
uncorrelated).
This reformulation has intuitive appeal: classically, all probabilities can consistently

be interpreted as arising from lack of knowledge. Namely, we can put everything that
we do not know into some random variable λ. If we knew λ, we could predict the
values of all other variables with certainty.
Quantum theory, however, allows for a different set of probability tables in the

scenario of Figure 2: instead of a joint probability distribution, we can think of a
(possibly entangled) quantum state that has been distributed to Alice and Bob. The
inputs to Alice’s box can be interpreted as measurement choices (e.g. the choice of
angle for a polarization measurement), and the outcomes can correspond to the actual
measurement outcomes. This leads to the following definition:

Definition 3. A probability table P (a, b|x, y) is quantum if it can be written in the
form

P (a, b|x, y) = tr
[

ρAB(E
a
x ⊗ F b

y )
]

,

with ρAB some density operator on the product of two Hilbert spaces HA ⊗HB, mea-
surement operators Ea

x , F
b
y ≥ 0 (i.e. operators that are positive semidefinite) and

E−1
x + E+1

x = 1A as well as F−1
y + F+1

y = 1B for all x and all y.
Denote by Q2,2,2 the set of all quantum probability tables.

For our purpose, we will ignore some subtleties of this definition. For example, the
state ρAB can, without loss of generality, always be chosen pure, ρAB = |ψ〉〈ψ|AB ,
and the measurement operators can be chosen as projectors (see e.g. Navascues et al.,
2015). We will restrict our considerations to finite-dimensional Hilbert spaces; for the
subtleties of the infinite-dimensional case, see e.g. Scholz and Werner, 2008, and Ji et
al., 2020.

Lemma 4. Here are a few properties of the classical and quantum probability tables:

(i) Both C2,2,2 and Q2,2,2 are convex sets, i.e. convex combinations of classical
(quantum) probability tables are classical (quantum).

(ii) C2,2,2 ⊂ Q2,2,2.

(iii) Every P ∈ Q2,2,2 is non-signalling.

(iv) C2,2,2 is a polytope, i.e. the convex hull of a finite number of probability tables.
However, Q2,2,2 is not.
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P (a|x, y) is independent of <latexit sha1_base64="dsEvbUNT/CXSUBP1qRalk+HKi3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYxdpCG8pmO2mXbjZhdyOE0H/gxYOCePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeo4VQzbLBax6gZUo+AS24Ybgd1EIY0CgZ1gcjPzO0+oNI/lg8kS9CM6kjzkjBor3WcXg2rNrbtzkFXiFaQGBVqD6ld/GLM0QmmYoFr3PDcxfk6V4UzgtNJPNSaUTegIe5ZKGqH28/mlU3JmlSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G0y5AqZEZkllClubyVsTBVlxoZTsSF4yy+vks5l3WvUPe+uUWs2izzKcAKncA4eXEETbqEFbWAQwjO8wpszcV6cd+dj0Vpyiplj+APn8wflfo1q</latexit>y,
<latexit sha1_base64="EYaU+ErqF7ZugqPyvcqsSv1oYEU=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVf/p8Sw97ZcrTs2ZAS8TNycVyNHsl796g4gmIZOGCqJ113Vi42VEGU4Fm5R6iWYxoWMyZF1LJQmZ9rLZvRN8YpUBDiJlSxo8U39PZCTUOg192xkSM9KL3lT8z+smJrj0Mi7jxDBJ54uCRGAT4enzeMAVo0aklhCquL0V0xFRhBobUcmG4C6+vEza5zW3XnPdm3ql0cjzKMIRHEMVXLiABlxDE1pAQcAzvMIbukcv6B19zFsLKJ85hD9Anz/IT4+d</latexit>

P (b|x, y) is independent of <latexit sha1_base64="sEMnpWVm+6x8QJ4GrHc47Al5crQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoMeCF49VrC20oWy2k3bpZhN2N2IJ/QdePCiIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf2D6uHRg04yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU2A7H1zO//YhK80Tem0mKQUyHkkecUWOluye3X615rjcHWSV+QWpQoNmvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA6xa6mkMeogn186JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEV0HOZZoZlGyxKMoEMQmZvU0GXCEzYmIJZYrbWwkbUUWZseFUbAj+8surpH3h+nXX92/rtUajyKMMJ3AK5+DDJTTgBprQAgYRPMMrvDlj58V5dz4WrSWnmDmGP3A+fwDnAo1r</latexit>x.



whereCHSH := |C00 + C01 + C10 − C11| ≤ 2

The Bell-CHSH inequality

Classical probability distributions satisfy Bell inequality:
<latexit sha1_base64="PZ6tYgjhG9/vrbeAfLEQVvqS8Fk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICWRoiIIhSK4rGAf0IQwmU7boZMHMxNpiFm78VfcuFDErV/gzr9x0mah1QMXDufcy733uCGjQhrGl1ZYWFxaXimultbWNza39O2dtggijkkLByzgXRcJwqhPWpJKRrohJ8hzGem440bmd+4IFzTwb2UcEttDQ58OKEZSSY6+33CSSZxeXFoekiPXTa7SCrJwP5DQvZ8cx0dVRy8bVWMK+JeYOSmDHE1H/7T6AY484kvMkBA90wilnSAuKWYkLVmRICHCYzQkPUV95BFhJ9NXUniolD4cBFyVL+FU/TmRIE+I2HNVZ3awmPcy8T+vF8nBuZ1QP4wk8fFs0SBiUAYwywX2KSdYslgRhDlVt0I8QhxhqdIrqRDM+Zf/kvZJ1Tyt1m5q5Xo9j6MI9sABqAATnIE6uAZN0AIYPIAn8AJetUftWXvT3metBS2f2QW/oH18A1Y4mgY=</latexit>

Cxy := E(a · b|x, y).



whereCHSH := |C00 + C01 + C10 − C11| ≤ 2

CHSH ≤ 2

√
2.

Classical probability distributions satisfy Bell inequality:

The Bell-CHSH inequality

classical QM Quantum: Bell inequality violation.

<latexit sha1_base64="PZ6tYgjhG9/vrbeAfLEQVvqS8Fk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICWRoiIIhSK4rGAf0IQwmU7boZMHMxNpiFm78VfcuFDErV/gzr9x0mah1QMXDufcy733uCGjQhrGl1ZYWFxaXimultbWNza39O2dtggijkkLByzgXRcJwqhPWpJKRrohJ8hzGem440bmd+4IFzTwb2UcEttDQ58OKEZSSY6+33CSSZxeXFoekiPXTa7SCrJwP5DQvZ8cx0dVRy8bVWMK+JeYOSmDHE1H/7T6AY484kvMkBA90wilnSAuKWYkLVmRICHCYzQkPUV95BFhJ9NXUniolD4cBFyVL+FU/TmRIE+I2HNVZ3awmPcy8T+vF8nBuZ1QP4wk8fFs0SBiUAYwywX2KSdYslgRhDlVt0I8QhxhqdIrqRDM+Zf/kvZJ1Tyt1m5q5Xo9j6MI9sABqAATnIE6uAZN0AIYPIAn8AJetUftWXvT3metBS2f2QW/oH18A1Y4mgY=</latexit>

Cxy := E(a · b|x, y).



where

classical QM

CHSH := |C00 + C01 + C10 − C11| ≤ 2

CHSH ≤ 2

√
2.

Classical probability distributions satisfy Bell inequality:

The Bell-CHSH inequality

S. Popescu and D. Rohrlich, Found. Phys. 24, 379 (1994):

Are quantum correlations the most general	
that satisfy the no-signalling principle?

<latexit sha1_base64="CJoU9DmjK1RsXOheNVhruDOmw3E=">AAAB8nicbVBNSwMxEJ34WetX1aOXYBEqlLIrBT0WvHisYG2xXUo2zbah2eySZMVl7b/w4kFBvPprvPlvTNs9aOuDgcd7M8zM82PBtXGcb7Syura+sVnYKm7v7O7tlw4O73SUKMpaNBKR6vhEM8ElaxluBOvEipHQF6ztj6+mfvuBKc0jeWvSmHkhGUoecEqMle6bFVL1nx6r6Vm/VHZqzgx4mbg5KUOOZr/01RtENAmZNFQQrbuuExsvI8pwKtik2Es0iwkdkyHrWipJyLSXzS6e4FOrDHAQKVvS4Jn6eyIjodZp6NvOkJiRXvSm4n9eNzHBpZdxGSeGSTpfFCQCmwhP38cDrhg1IrWEUMXtrZiOiCLU2JCKNgR38eVl0j6vufWa697Uy41GnkcBjuEEKuDCBTTgGprQAgoSnuEV3pBGL+gdfcxbV1A+cwR/gD5/AO0mkD4=</latexit>

P (a, b|x, y)

Quantum: Bell inequality violation.

<latexit sha1_base64="PZ6tYgjhG9/vrbeAfLEQVvqS8Fk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICWRoiIIhSK4rGAf0IQwmU7boZMHMxNpiFm78VfcuFDErV/gzr9x0mah1QMXDufcy733uCGjQhrGl1ZYWFxaXimultbWNza39O2dtggijkkLByzgXRcJwqhPWpJKRrohJ8hzGem440bmd+4IFzTwb2UcEttDQ58OKEZSSY6+33CSSZxeXFoekiPXTa7SCrJwP5DQvZ8cx0dVRy8bVWMK+JeYOSmDHE1H/7T6AY484kvMkBA90wilnSAuKWYkLVmRICHCYzQkPUV95BFhJ9NXUniolD4cBFyVL+FU/TmRIE+I2HNVZ3awmPcy8T+vF8nBuZ1QP4wk8fFs0SBiUAYwywX2KSdYslgRhDlVt0I8QhxhqdIrqRDM+Zf/kvZJ1Tyt1m5q5Xo9j6MI9sABqAATnIE6uAZN0AIYPIAn8AJetUftWXvT3metBS2f2QW/oH18A1Y4mgY=</latexit>

Cxy := E(a · b|x, y).



where

Quantum: Bell inequality violation.

CHSH := |C00 + C01 + C10 − C11| ≤ 2

CHSH ≤ 2

√
2.

Classical probability distributions satisfy Bell inequality:

The Bell-CHSH inequality

S. Popescu and D. Rohrlich, Found. Phys. 24, 379 (1994):

Are quantum correlations the most general	
that satisfy the no-signalling principle?

<latexit sha1_base64="CJoU9DmjK1RsXOheNVhruDOmw3E=">AAAB8nicbVBNSwMxEJ34WetX1aOXYBEqlLIrBT0WvHisYG2xXUo2zbah2eySZMVl7b/w4kFBvPprvPlvTNs9aOuDgcd7M8zM82PBtXGcb7Syura+sVnYKm7v7O7tlw4O73SUKMpaNBKR6vhEM8ElaxluBOvEipHQF6ztj6+mfvuBKc0jeWvSmHkhGUoecEqMle6bFVL1nx6r6Vm/VHZqzgx4mbg5KUOOZr/01RtENAmZNFQQrbuuExsvI8pwKtik2Es0iwkdkyHrWipJyLSXzS6e4FOrDHAQKVvS4Jn6eyIjodZp6NvOkJiRXvSm4n9eNzHBpZdxGSeGSTpfFCQCmwhP38cDrhg1IrWEUMXtrZiOiCLU2JCKNgR38eVl0j6vufWa697Uy41GnkcBjuEEKuDCBTTgGprQAgoSnuEV3pBGL+gdfcxbV1A+cwR/gD5/AO0mkD4=</latexit>

P (a, b|x, y)

No! Counterexample: the PR-box correlations

CHSH=4

classical QM

<latexit sha1_base64="PZ6tYgjhG9/vrbeAfLEQVvqS8Fk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICWRoiIIhSK4rGAf0IQwmU7boZMHMxNpiFm78VfcuFDErV/gzr9x0mah1QMXDufcy733uCGjQhrGl1ZYWFxaXimultbWNza39O2dtggijkkLByzgXRcJwqhPWpJKRrohJ8hzGem440bmd+4IFzTwb2UcEttDQ58OKEZSSY6+33CSSZxeXFoekiPXTa7SCrJwP5DQvZ8cx0dVRy8bVWMK+JeYOSmDHE1H/7T6AY484kvMkBA90wilnSAuKWYkLVmRICHCYzQkPUV95BFhJ9NXUniolD4cBFyVL+FU/TmRIE+I2HNVZ3awmPcy8T+vF8nBuZ1QP4wk8fFs0SBiUAYwywX2KSdYslgRhDlVt0I8QhxhqdIrqRDM+Zf/kvZJ1Tyt1m5q5Xo9j6MI9sABqAATnIE6uAZN0AIYPIAn8AJetUftWXvT3metBS2f2QW/oH18A1Y4mgY=</latexit>

Cxy := E(a · b|x, y).

<latexit sha1_base64="qp6YB0O15IgoUFnLurPZwG18NkQ="></latexit>

P (+1,+1|x, y) = P (�1,�1|x, y) = 1

2
if (x, y) 2 {(0, 0), (0, 1), (1, 0)}

P (+1,�1|1, 1) = P (�1,+1|1, 1) = 1

2



where

Quantum: Bell inequality violation.

CHSH := |C00 + C01 + C10 − C11| ≤ 2

CHSH ≤ 2

√
2.

Classical probability distributions satisfy Bell inequality:

The Bell-CHSH inequality

S. Popescu and D. Rohrlich, Found. Phys. 24, 379 (1994):

Are quantum correlations the most general	
that satisfy the no-signalling principle?

<latexit sha1_base64="CJoU9DmjK1RsXOheNVhruDOmw3E=">AAAB8nicbVBNSwMxEJ34WetX1aOXYBEqlLIrBT0WvHisYG2xXUo2zbah2eySZMVl7b/w4kFBvPprvPlvTNs9aOuDgcd7M8zM82PBtXGcb7Syura+sVnYKm7v7O7tlw4O73SUKMpaNBKR6vhEM8ElaxluBOvEipHQF6ztj6+mfvuBKc0jeWvSmHkhGUoecEqMle6bFVL1nx6r6Vm/VHZqzgx4mbg5KUOOZr/01RtENAmZNFQQrbuuExsvI8pwKtik2Es0iwkdkyHrWipJyLSXzS6e4FOrDHAQKVvS4Jn6eyIjodZp6NvOkJiRXvSm4n9eNzHBpZdxGSeGSTpfFCQCmwhP38cDrhg1IrWEUMXtrZiOiCLU2JCKNgR38eVl0j6vufWa697Uy41GnkcBjuEEKuDCBTTgGprQAgoSnuEV3pBGL+gdfcxbV1A+cwR/gD5/AO0mkD4=</latexit>

P (a, b|x, y)

No! Counterexample: the PR-box correlations

CHSH=4

no-signallingclassical QM

<latexit sha1_base64="PZ6tYgjhG9/vrbeAfLEQVvqS8Fk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICWRoiIIhSK4rGAf0IQwmU7boZMHMxNpiFm78VfcuFDErV/gzr9x0mah1QMXDufcy733uCGjQhrGl1ZYWFxaXimultbWNza39O2dtggijkkLByzgXRcJwqhPWpJKRrohJ8hzGem440bmd+4IFzTwb2UcEttDQ58OKEZSSY6+33CSSZxeXFoekiPXTa7SCrJwP5DQvZ8cx0dVRy8bVWMK+JeYOSmDHE1H/7T6AY484kvMkBA90wilnSAuKWYkLVmRICHCYzQkPUV95BFhJ9NXUniolD4cBFyVL+FU/TmRIE+I2HNVZ3awmPcy8T+vF8nBuZ1QP4wk8fFs0SBiUAYwywX2KSdYslgRhDlVt0I8QhxhqdIrqRDM+Zf/kvZJ1Tyt1m5q5Xo9j6MI9sABqAATnIE6uAZN0AIYPIAn8AJetUftWXvT3metBS2f2QW/oH18A1Y4mgY=</latexit>

Cxy := E(a · b|x, y).

<latexit sha1_base64="qp6YB0O15IgoUFnLurPZwG18NkQ="></latexit>

P (+1,+1|x, y) = P (�1,�1|x, y) = 1

2
if (x, y) 2 {(0, 0), (0, 1), (1, 0)}

P (+1,�1|1, 1) = P (�1,+1|1, 1) = 1

2



Physics beyond quantum?

<latexit sha1_base64="aw7pg64EmiHh9dATp62y4n5PRpM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8xXjxGMCaSLGF2MpsMmccyMyuEJV/hxYOCePVvvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHj0YFSqCW0RxZXuRNhQziRtWWY57SSaYhFx2o7GNzO//US1YUre20lCQ4GHksWMYOukx54eqX523Zj2yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowmx88RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ92jANCWWTxzBRDN3KyIjrDGxLqOSCyFYfnmVtC+qQa0aBHe1Sr2R51GEEziFcwjgEupwC01oAQEBz/AKb572Xrx372PRWvDymWP4A+/zB0wAkIw=</latexit>⇢AB

No-signalling conditions:
<latexit sha1_base64="+45m5AenN5Qn6jGtgsIRiVwbrpE=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVfL0eJae9ssVp+bMgJeJm5MK5Gj2y1+9QUSTkElDBdG66zqx8TKiDKeCTUq9RLOY0DEZsq6lkoRMe9ns3gk+scoAB5GyJQ2eqb8nMhJqnYa+7QyJGelFbyr+53UTE1x6GZdxYpik80VBIrCJ8PR5POCKUSNSSwhV3N6K6YgoQo2NqGRDcBdfXibt85pbr7nuTb3SaOR5FOEIjqEKLlxAA66hCS2gIOAZXuEN3aMX9I4+5q0FlM8cwh+gzx/GxY+c</latexit>

P (a|x, y) is independent of <latexit sha1_base64="dsEvbUNT/CXSUBP1qRalk+HKi3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYxdpCG8pmO2mXbjZhdyOE0H/gxYOCePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeo4VQzbLBax6gZUo+AS24Ybgd1EIY0CgZ1gcjPzO0+oNI/lg8kS9CM6kjzkjBor3WcXg2rNrbtzkFXiFaQGBVqD6ld/GLM0QmmYoFr3PDcxfk6V4UzgtNJPNSaUTegIe5ZKGqH28/mlU3JmlSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G0y5AqZEZkllClubyVsTBVlxoZTsSF4yy+vks5l3WvUPe+uUWs2izzKcAKncA4eXEETbqEFbWAQwjO8wpszcV6cd+dj0Vpyiplj+APn8wflfo1q</latexit>y,
<latexit sha1_base64="EYaU+ErqF7ZugqPyvcqsSv1oYEU=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVf/p8Sw97ZcrTs2ZAS8TNycVyNHsl796g4gmIZOGCqJ113Vi42VEGU4Fm5R6iWYxoWMyZF1LJQmZ9rLZvRN8YpUBDiJlSxo8U39PZCTUOg192xkSM9KL3lT8z+smJrj0Mi7jxDBJ54uCRGAT4enzeMAVo0aklhCquL0V0xFRhBobUcmG4C6+vEza5zW3XnPdm3ql0cjzKMIRHEMVXLiABlxDE1pAQcAzvMIbukcv6B19zFsLKJ85hD9Anz/IT4+d</latexit>

P (b|x, y) is independent of <latexit sha1_base64="sEMnpWVm+6x8QJ4GrHc47Al5crQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoMeCF49VrC20oWy2k3bpZhN2N2IJ/QdePCiIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf2D6uHRg04yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU2A7H1zO//YhK80Tem0mKQUyHkkecUWOluye3X615rjcHWSV+QWpQoNmvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA6xa6mkMeogn186JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEV0HOZZoZlGyxKMoEMQmZvU0GXCEzYmIJZYrbWwkbUUWZseFUbAj+8surpH3h+nXX92/rtUajyKMMJ3AK5+DDJTTgBprQAgYRPMMrvDlj58V5dz4WrSWnmDmGP3A+fwDnAo1r</latexit>x.

C Q

NS



Physics beyond quantum?

<latexit sha1_base64="aw7pg64EmiHh9dATp62y4n5PRpM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8xXjxGMCaSLGF2MpsMmccyMyuEJV/hxYOCePVvvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHj0YFSqCW0RxZXuRNhQziRtWWY57SSaYhFx2o7GNzO//US1YUre20lCQ4GHksWMYOukx54eqX523Zj2yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowmx88RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ92jANCWWTxzBRDN3KyIjrDGxLqOSCyFYfnmVtC+qQa0aBHe1Sr2R51GEEziFcwjgEupwC01oAQEBz/AKb572Xrx372PRWvDymWP4A+/zB0wAkIw=</latexit>⇢AB

No-signalling conditions:
<latexit sha1_base64="+45m5AenN5Qn6jGtgsIRiVwbrpE=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVfL0eJae9ssVp+bMgJeJm5MK5Gj2y1+9QUSTkElDBdG66zqx8TKiDKeCTUq9RLOY0DEZsq6lkoRMe9ns3gk+scoAB5GyJQ2eqb8nMhJqnYa+7QyJGelFbyr+53UTE1x6GZdxYpik80VBIrCJ8PR5POCKUSNSSwhV3N6K6YgoQo2NqGRDcBdfXibt85pbr7nuTb3SaOR5FOEIjqEKLlxAA66hCS2gIOAZXuEN3aMX9I4+5q0FlM8cwh+gzx/GxY+c</latexit>

P (a|x, y) is independent of <latexit sha1_base64="dsEvbUNT/CXSUBP1qRalk+HKi3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYxdpCG8pmO2mXbjZhdyOE0H/gxYOCePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeo4VQzbLBax6gZUo+AS24Ybgd1EIY0CgZ1gcjPzO0+oNI/lg8kS9CM6kjzkjBor3WcXg2rNrbtzkFXiFaQGBVqD6ld/GLM0QmmYoFr3PDcxfk6V4UzgtNJPNSaUTegIe5ZKGqH28/mlU3JmlSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G0y5AqZEZkllClubyVsTBVlxoZTsSF4yy+vks5l3WvUPe+uUWs2izzKcAKncA4eXEETbqEFbWAQwjO8wpszcV6cd+dj0Vpyiplj+APn8wflfo1q</latexit>y,
<latexit sha1_base64="EYaU+ErqF7ZugqPyvcqsSv1oYEU=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVf/p8Sw97ZcrTs2ZAS8TNycVyNHsl796g4gmIZOGCqJ113Vi42VEGU4Fm5R6iWYxoWMyZF1LJQmZ9rLZvRN8YpUBDiJlSxo8U39PZCTUOg192xkSM9KL3lT8z+smJrj0Mi7jxDBJ54uCRGAT4enzeMAVo0aklhCquL0V0xFRhBobUcmG4C6+vEza5zW3XnPdm3ql0cjzKMIRHEMVXLiABlxDE1pAQcAzvMIbukcv6B19zFsLKJ85hD9Anz/IT4+d</latexit>

P (b|x, y) is independent of <latexit sha1_base64="sEMnpWVm+6x8QJ4GrHc47Al5crQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoMeCF49VrC20oWy2k3bpZhN2N2IJ/QdePCiIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf2D6uHRg04yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU2A7H1zO//YhK80Tem0mKQUyHkkecUWOluye3X615rjcHWSV+QWpQoNmvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA6xa6mkMeogn186JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEV0HOZZoZlGyxKMoEMQmZvU0GXCEzYmIJZYrbWwkbUUWZseFUbAj+8surpH3h+nXX92/rtUajyKMMJ3AK5+DDJTTgBprQAgYRPMMrvDlj58V5dz4WrSWnmDmGP3A+fwDnAo1r</latexit>x.

C Q

NS

Correlations in C come from classical prob. theory,	
correlations in Q from quantum theory,	
correlations in NS from a theory called “boxworld”.



Physics beyond quantum?

<latexit sha1_base64="aw7pg64EmiHh9dATp62y4n5PRpM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8xXjxGMCaSLGF2MpsMmccyMyuEJV/hxYOCePVvvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHj0YFSqCW0RxZXuRNhQziRtWWY57SSaYhFx2o7GNzO//US1YUre20lCQ4GHksWMYOukx54eqX523Zj2yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowmx88RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ92jANCWWTxzBRDN3KyIjrDGxLqOSCyFYfnmVtC+qQa0aBHe1Sr2R51GEEziFcwjgEupwC01oAQEBz/AKb572Xrx372PRWvDymWP4A+/zB0wAkIw=</latexit>⇢AB

No-signalling conditions:
<latexit sha1_base64="+45m5AenN5Qn6jGtgsIRiVwbrpE=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVfL0eJae9ssVp+bMgJeJm5MK5Gj2y1+9QUSTkElDBdG66zqx8TKiDKeCTUq9RLOY0DEZsq6lkoRMe9ns3gk+scoAB5GyJQ2eqb8nMhJqnYa+7QyJGelFbyr+53UTE1x6GZdxYpik80VBIrCJ8PR5POCKUSNSSwhV3N6K6YgoQo2NqGRDcBdfXibt85pbr7nuTb3SaOR5FOEIjqEKLlxAA66hCS2gIOAZXuEN3aMX9I4+5q0FlM8cwh+gzx/GxY+c</latexit>

P (a|x, y) is independent of <latexit sha1_base64="dsEvbUNT/CXSUBP1qRalk+HKi3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYxdpCG8pmO2mXbjZhdyOE0H/gxYOCePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeo4VQzbLBax6gZUo+AS24Ybgd1EIY0CgZ1gcjPzO0+oNI/lg8kS9CM6kjzkjBor3WcXg2rNrbtzkFXiFaQGBVqD6ld/GLM0QmmYoFr3PDcxfk6V4UzgtNJPNSaUTegIe5ZKGqH28/mlU3JmlSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G0y5AqZEZkllClubyVsTBVlxoZTsSF4yy+vks5l3WvUPe+uUWs2izzKcAKncA4eXEETbqEFbWAQwjO8wpszcV6cd+dj0Vpyiplj+APn8wflfo1q</latexit>y,
<latexit sha1_base64="EYaU+ErqF7ZugqPyvcqsSv1oYEU=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVf/p8Sw97ZcrTs2ZAS8TNycVyNHsl796g4gmIZOGCqJ113Vi42VEGU4Fm5R6iWYxoWMyZF1LJQmZ9rLZvRN8YpUBDiJlSxo8U39PZCTUOg192xkSM9KL3lT8z+smJrj0Mi7jxDBJ54uCRGAT4enzeMAVo0aklhCquL0V0xFRhBobUcmG4C6+vEza5zW3XnPdm3ql0cjzKMIRHEMVXLiABlxDE1pAQcAzvMIbukcv6B19zFsLKJ85hD9Anz/IT4+d</latexit>

P (b|x, y) is independent of <latexit sha1_base64="sEMnpWVm+6x8QJ4GrHc47Al5crQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoMeCF49VrC20oWy2k3bpZhN2N2IJ/QdePCiIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf2D6uHRg04yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU2A7H1zO//YhK80Tem0mKQUyHkkecUWOluye3X615rjcHWSV+QWpQoNmvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA6xa6mkMeogn186JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEV0HOZZoZlGyxKMoEMQmZvU0GXCEzYmIJZYrbWwkbUUWZseFUbAj+8surpH3h+nXX92/rtUajyKMMJ3AK5+DDJTTgBprQAgYRPMMrvDlj58V5dz4WrSWnmDmGP3A+fwDnAo1r</latexit>x.

C Q

NS

Correlations in C come from classical prob. theory,	
correlations in Q from quantum theory,	
correlations in NS from a theory called “boxworld”.

3 examples of a “generalized probabilistic theory”.



Generalized probabilistic theories

�

Preparation transformation measurement



�

Example: classical coin toss.

• On every push of button, the preparation device performs	
    a biased coin toss.	
• The transformation device, for example, inverts the coin	
    (if heads then tails, and vice versa).	
• The measurement outcome is "heads" or "tails".

Generalized probabilistic theories

Preparation transformation measurement



�

• On every push of button, the preparation device performs	
    a biased coin toss.	
• The transformation device, for example, inverts the coin	
    (if heads then tails, and vice versa).	
• The measurement outcome is "heads" or "tails".

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

• On every push of button, the preparation device produces	
    a biased coin toss.	
• The transformation device, for example, inverts the coin	
    (if heads then tails, and vice versa).	
• The measurement outcome is "heads" or "tails".

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

• The preparation device prepares a physical system	
• in a state ω. Here

ω =

�
Prob(heads)
Prob(tails)

�
=

�
p

1− p

�
.

?

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

• The preparation device prepares a physical system	
• in a state ω. Here

ω =

�
Prob(heads)
Prob(tails)

�
=

�
p

1− p

�
.

State space Ω: the set of all possible states

?

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

• The preparation device prepares a physical system	
• in a state ω. Here

ω =

�
Prob(heads)
Prob(tails)

�
=

�
p

1− p

�
.

State space Ω: the set of all possible states

?

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement

�
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�
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� ?

• The preparation device prepares a physical system	
• in a state ω.

T

�
p

1− p

�
=

�
1− p
p

�

�
1
0

�

�
0
1

�

�
1/2
1/2

�

• Transformation:

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



� ?

• The preparation device prepares a physical system	
• in a state ω.

�
0
1

�

�
1/2
1/2

�

• Transformation: T

�
p

1− p

�
=

�
1− p
p

�

Maps states to states and is linear.

�
1
0

�

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

�
0
1

�

�
1/2
1/2

�

�
1
0

�
• Every measurement outcome has a probability,	
   depending linearly on the state:

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

�
0
1

�

�
1/2
1/2

�

�
1
0

�
• Every measurement outcome has a probability,	
   depending linearly on the state:

Prob(heads|!) = p =

✓
1
0

◆
·
✓

p
1� p

◆
= e · !.

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

Example: quantum bit.

Generalized probabilistic theories

Preparation transformation measurement



�

• The preparation device prepares a qubit	
•in some quantum state 

More generally:     is (mixed-state-)2x2 density matrix.

Generalized probabilistic theories

Preparation transformation measurement

<latexit sha1_base64="Y+q4z+aG94MLjZBu1QS+2SozHr4=">AAACB3icbVDLSgMxFM3UV62vUZeCDBbBhZQZkepGKLpxWcE+oDOUTHqnDc0kQ5IRStudG3/FjQtF3PoL7vwb03YW2nrgcg/n3EtyT5gwqrTrflu5peWV1bX8emFjc2t7x97dqyuRSgI1IpiQzRArYJRDTVPNoJlIwHHIoBH2byZ+4wGkooLf60ECQYy7nEaUYG2ktn3oy564GvmJor7EvMvAZ7NmlNFp2y66JXcKZ5F4GSmiDNW2/eV3BElj4JowrFTLcxMdDLHUlDAYF/xUQYJJH3ehZSjHMahgOL1j7BwbpeNEQpri2pmqvzeGOFZqEIdmMsa6p+a9ifif10p1dBkMKU9SDZzMHopS5mjhTEJxOlQC0WxgCCaSmr86pIclJtpEVzAhePMnL5L6Wckrl8p358XKdRZHHh2gI3SCPHSBKugWVVENEfSIntErerOerBfr3fqYjeasbGcf/YH1+QO1hJnc</latexit>

ω = |ε→↑ε|,
<latexit sha1_base64="OJti2kJK0jT6ij+jk0AeWc0xW14=">AAACFHicbVA9SwNBEN2LXzF+nVraHAZBCIQ7kWgjBG0sI5gPyIUwt5kkS/b2jt09IST5ETb+FRsLRWwt7Pw3bpIrNPHBwpv3ZpidF8ScKe2631ZmZXVtfSO7mdva3tnds/cPaipKJMUqjXgkGwEo5ExgVTPNsRFLhDDgWA8GN1O//oBSsUjc62GMrRB6gnUZBW2ktl0Y+7FivgTR43jlA4/7MHbTuuAHqGHspWXbzrtFdwZnmXgpyZMUlbb95XcimoQoNOWgVNNzY90agdSMcpzk/ERhDHQAPWwaKiBE1RrNjpo4J0bpON1Imie0M1N/T4wgVGoYBqYzBN1Xi95U/M9rJrp72RoxEScaBZ0v6ibc0ZEzTcjpMIlU86EhQCUzf3VoHyRQbXLMmRC8xZOXSe2s6JWKpbvzfPk6jSNLjsgxOSUeuSBlcksqpEooeSTP5JW8WU/Wi/VufcxbM1Y6c0j+wPr8AYjTnyI=</latexit>

|ω→ = ε|0→+ ϑ|1→
<latexit sha1_base64="S3ArUb+j6acSKW3edSXDVlZdNF0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzGaHzGOZmRVCyC948aCIV3/Im3/jbLIHjRY0FFXddHdFKWfG+v6XV1pb39jcKm9Xdnb39g+qh0cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5zf3uI9WGKflgpykNBR5LFjOCbS4NdKKG1Zpf9xdAf0lQkBoUaA2rn4ORIpmg0hKOjekHfmrDGdaWEU7nlUFmaIrJBI9p31GJBTXhbHHrHJ05ZYRipV1Jixbqz4kZFsZMReQ6BbaJWfVy8T+vn9n4OpwxmWaWSrJcFGccWYXyx9GIaUosnzqCiWbuVkQSrDGxLp6KCyFYffkv6VzUg0a9cX9Za94UcZThBE7hHAK4gibcQQvaQCCBJ3iBV094z96b975sLXnFzDH8gvfxDSM+jlI=</latexit>ω

Example: quantum bit.



�

• The preparation device prepares a qubit	
•in some quantum state 

More generally:     is (mixed-state-)2x2 density matrix.

Generalized probabilistic theories

Preparation transformation measurement

<latexit sha1_base64="Y+q4z+aG94MLjZBu1QS+2SozHr4=">AAACB3icbVDLSgMxFM3UV62vUZeCDBbBhZQZkepGKLpxWcE+oDOUTHqnDc0kQ5IRStudG3/FjQtF3PoL7vwb03YW2nrgcg/n3EtyT5gwqrTrflu5peWV1bX8emFjc2t7x97dqyuRSgI1IpiQzRArYJRDTVPNoJlIwHHIoBH2byZ+4wGkooLf60ECQYy7nEaUYG2ktn3oy564GvmJor7EvMvAZ7NmlNFp2y66JXcKZ5F4GSmiDNW2/eV3BElj4JowrFTLcxMdDLHUlDAYF/xUQYJJH3ehZSjHMahgOL1j7BwbpeNEQpri2pmqvzeGOFZqEIdmMsa6p+a9ifif10p1dBkMKU9SDZzMHopS5mjhTEJxOlQC0WxgCCaSmr86pIclJtpEVzAhePMnL5L6Wckrl8p358XKdRZHHh2gI3SCPHSBKugWVVENEfSIntErerOerBfr3fqYjeasbGcf/YH1+QO1hJnc</latexit>

ω = |ε→↑ε|,
<latexit sha1_base64="OJti2kJK0jT6ij+jk0AeWc0xW14=">AAACFHicbVA9SwNBEN2LXzF+nVraHAZBCIQ7kWgjBG0sI5gPyIUwt5kkS/b2jt09IST5ETb+FRsLRWwt7Pw3bpIrNPHBwpv3ZpidF8ScKe2631ZmZXVtfSO7mdva3tnds/cPaipKJMUqjXgkGwEo5ExgVTPNsRFLhDDgWA8GN1O//oBSsUjc62GMrRB6gnUZBW2ktl0Y+7FivgTR43jlA4/7MHbTuuAHqGHspWXbzrtFdwZnmXgpyZMUlbb95XcimoQoNOWgVNNzY90agdSMcpzk/ERhDHQAPWwaKiBE1RrNjpo4J0bpON1Imie0M1N/T4wgVGoYBqYzBN1Xi95U/M9rJrp72RoxEScaBZ0v6ibc0ZEzTcjpMIlU86EhQCUzf3VoHyRQbXLMmRC8xZOXSe2s6JWKpbvzfPk6jSNLjsgxOSUeuSBlcksqpEooeSTP5JW8WU/Wi/VufcxbM1Y6c0j+wPr8AYjTnyI=</latexit>

|ω→ = ε|0→+ ϑ|1→
<latexit sha1_base64="S3ArUb+j6acSKW3edSXDVlZdNF0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzGaHzGOZmRVCyC948aCIV3/Im3/jbLIHjRY0FFXddHdFKWfG+v6XV1pb39jcKm9Xdnb39g+qh0cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5zf3uI9WGKflgpykNBR5LFjOCbS4NdKKG1Zpf9xdAf0lQkBoUaA2rn4ORIpmg0hKOjekHfmrDGdaWEU7nlUFmaIrJBI9p31GJBTXhbHHrHJ05ZYRipV1Jixbqz4kZFsZMReQ6BbaJWfVy8T+vn9n4OpwxmWaWSrJcFGccWYXyx9GIaUosnzqCiWbuVkQSrDGxLp6KCyFYffkv6VzUg0a9cX9Za94UcZThBE7hHAK4gibcQQvaQCCBJ3iBV094z96b975sLXnFzDH8gvfxDSM+jlI=</latexit>ω

Example: quantum bit.

<latexit sha1_base64="o889VK/0lPgtLqEgIsX6KYS9hjA="></latexit>

|ω→ = cos
ε

2
|0→+ eiω sin

ε

2
|1→



�

• Unitary transformation of the density matrix:

Generalized probabilistic theories

Preparation transformation measurement

<latexit sha1_base64="2Wj+ci1d0C8JAkAAKA2FPPrZkVY=">AAACBHicbVC9TsMwGHT4LeUvwNjFokJiqhKECmMFC2ORSFupCZXjOK1VO45sB6mKOrDwKiwMIMTKQ7DxNjhtBmg5ydL57vtk34Upo0o7zre1srq2vrFZ2apu7+zu7dsHhx0lMomJhwUTshciRRhNiKepZqSXSoJ4yEg3HF8XfveBSEVFcqcnKQk4GiY0phhpIw3smi9HwucoVVpAr7hA796P0HBI5MCuOw1nBrhM3JLUQYn2wP7yI4EzThKNGVKq7zqpDnIkNcWMTKt+pkiK8BgNSd/QBHGignwWYgpPjBLBWEhzEg1n6u+NHHGlJjw0kxzpkVr0CvE/r5/p+DLIaZJmmiR4/lCcMWgCF43AiEqCNZsYgrCk5q8Qj5BEWJveqqYEdzHyMumcNdxmo3l7Xm9dlXVUQA0cg1PgggvQAjegDTyAwSN4Bq/gzXqyXqx362M+umKVO0fgD6zPH4x2mAw=</latexit>

ω →↑ UωU†

Example: quantum bit.



�

• Unitary transformation of the density matrix:

• Measurement in arbitrary spin direction d:

Generalized probabilistic theories

Preparation transformation measurement

Example: quantum bit.

<latexit sha1_base64="2Wj+ci1d0C8JAkAAKA2FPPrZkVY=">AAACBHicbVC9TsMwGHT4LeUvwNjFokJiqhKECmMFC2ORSFupCZXjOK1VO45sB6mKOrDwKiwMIMTKQ7DxNjhtBmg5ydL57vtk34Upo0o7zre1srq2vrFZ2apu7+zu7dsHhx0lMomJhwUTshciRRhNiKepZqSXSoJ4yEg3HF8XfveBSEVFcqcnKQk4GiY0phhpIw3smi9HwucoVVpAr7hA796P0HBI5MCuOw1nBrhM3JLUQYn2wP7yI4EzThKNGVKq7zqpDnIkNcWMTKt+pkiK8BgNSd/QBHGignwWYgpPjBLBWEhzEg1n6u+NHHGlJjw0kxzpkVr0CvE/r5/p+DLIaZJmmiR4/lCcMWgCF43AiEqCNZsYgrCk5q8Qj5BEWJveqqYEdzHyMumcNdxmo3l7Xm9dlXVUQA0cg1PgggvQAjegDTyAwSN4Bq/gzXqyXqx362M+umKVO0fgD6zPH4x2mAw=</latexit>

ω →↑ UωU†

<latexit sha1_base64="7cT0XRFu8qsRFAfvB6cztki9Y8Q=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUlEqhuh6MZlBPuAJoTJdNoOnWTCzEQpMV/hxl9x40IRt+LOv3GaZqGtBy4czrmXe+8JYkalsqxvY2FxaXlltbRWXt/Y3No2d3ZbkicCkybmjItOgCRhNCJNRRUjnVgQFAaMtIPR1cRv3xEhKY9u1TgmXogGEe1TjJSWfPM4dUUIHcGDrOomMRKC38MHVwz50UVuKZFVHb+XKzXfrFg1KwecJ3ZBKqCA45tfbo/jJCSRwgxJ2bWtWHkpEopiRrKym0gSIzxCA9LVNEIhkV6av5XBQ630YJ8LXZGCufp7IkWhlOMw0J0hUkM5603E/7xuovrnXkqjOFEkwtNF/YRBxeEkI9ijgmDFxpogLKi+FeIhEggrnWRZh2DPvjxPWic1u16r35xWGpdFHCWwDw5AFdjgDDTANXBAE2DwCJ7BK3gznowX4934mLYuGMXMHvgD4/MHoqOfCQ==</latexit>

Prob(→ |ω) = tr(Pdω).



• What is a state?	
It is the thing that allows us to determine, for all possible	
measurements, the probabilities of the possible outcomes.

Generalized probabilistic theories



• What is a state?	
It is the thing that allows us to determine, for all possible	
measurements, the probabilities of the possible outcomes.

Generalized probabilistic theories

QT: Density matrix 	
       Measure whether spin is up or down:

<latexit sha1_base64="kqYCupqATh/epZ4CkHtEzP+iAkI=">AAACJHicbZDNSgMxFIUz9a/Wv6pLN8EitJthRgqKIBTduKxgbaFTSibNtKGZJCQZpYx9Fze+ihsXiuLCjc9i2s5CWy+EfJxzL8k9oWRUG8/7cnJLyyura/n1wsbm1vZOcXfvVotEYdLAggnVCpEmjHLSMNQw0pKKoDhkpBkOLyd+844oTQW/MSNJOjHqcxpRjIyVusWzejkNVAwTOa6cT8mocTlQA/EQJBIpJe4DhXifkYDNrkytuN1iyXO9acFF8DMogazq3eJ70BM4iQk3mCGt274nTSdFylDMyLgQJJpIhIeoT9oWOYqJ7qTTHcfwyCo9GAllDzdwqv6eSFGs9SgObWeMzEDPexPxP6+dmOi0k1IuE0M4nj0UJQwaASeBwR5VBBs2soCwovavEA+QQtjYWAs2BH9+5UVoHrt+1fX962qpdpHlkQcH4BCUgQ9OQA1cgTpoAAwewTN4BW/Ok/PifDifs9ack83sgz/lfP8ADVOlkw==</latexit>

P (up) = tr(⇢| "ih").
<latexit sha1_base64="80DsCSnr5AxNDThbliXINd3Horw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07IRQY9FLx4ruLbQLiWbZtvQbLIkWaEs/Q1ePCiIV/+PN/+NabsHbX0w8Hhvhpl5cSa4sUHw7VXW1jc2t6rbtZ3dvf2D+uHRo1G5piykSijdiYlhgksWWm4F62SakTQWrB2Pb2d++4lpw5V8sJOMRSkZSp5wSqyTwp4eKb9fbwR+MAdaJbgkDSjR6te/egNF85RJSwUxpouDzEYF0ZZTwaa1Xm5YRuiYDFnXUUlSZqJifuwUnTllgBKlXUmL5urviYKkxkzS2HWmxI7MsjcT//O6uU2uo4LLLLdM0sWiJBfIKjT7HA24ZtSKiSOEau5uRXRENKHW5VNzIeDll1dJ+8LHlz7G95eN5k2ZRxVO4BTOAcMVNOEOWhACBQ7P8ApvnvRevHfvY9Fa8cqZY/gD7/MHI3KOuA==</latexit>⇢.



• What is a state?	
It is the thing that allows us to determine, for all possible	
measurements, the probabilities of the possible outcomes.

Generalized probabilistic theories

• What is a state space?	
It is the collection of all states that a system could	
possibly be in, closed under statistical mixtures.

QT: Density matrix 	
       Measure whether spin is up or down:
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P (up) = tr(⇢| "ih").
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QT: Density matrix 	
       Measure whether spin is up or down:
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P (up) = tr(⇢| "ih").
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It is the thing that allows us to determine, for all possible	
measurements, the probabilities of the possible outcomes.

Generalized probabilistic theories

• What is a state space?	
It is the collection of all states that a system could	
possibly be in, closed under statistical mixtures.
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QT: Density matrix 	
       Measure whether spin is up or down:
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P (up) = tr(⇢| "ih").
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• What is a state?	
It is the thing that allows us to determine, for all possible	
measurements, the probabilities of the possible outcomes.

Generalized probabilistic theories

• What is a state space?	
It is the collection of all states that a system could	
possibly be in, closed under statistical mixtures.

QT: Density matrix 	
       Measure whether spin is up or down:
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P (up) = tr(⇢| "ih").
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• What is a state?	
It is the thing that allows us to determine, for all possible	
measurements, the probabilities of the possible outcomes.

Generalized probabilistic theories

• What is a state space?	
It is the collection of all states that a system could	
possibly be in, closed under statistical mixtures.

QT: Density matrix 	
       Measure whether spin is up or down:
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P (up) = tr(⇢| "ih").
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QT:
<latexit sha1_base64="0uc4pHpQB7Jg/+l02L/tMnpSoUw="></latexit>

⌦ = {⇢ 2 HN (C) | tr(⇢) = 1, ⇢ � 0}.
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<latexit sha1_base64="EtVPggItS4QzmPMY3cvEB3A62WY="></latexit>
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X
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• What is a transformation?	
Maps an incoming state to an outgoing state, must be linear.	
T is reversible if            is also a transformation.

Generalized probabilistic theories

Ω
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!2convex

<latexit sha1_base64="DEOVLSvp5adCTzPtX91ZZl1bpIE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXinosePFYoV/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCorWWiCG0RyaXqBlhTzgRtGWY47caK4ijgtBNMbjO/80SVZlI0zTSmfoRHgoWMYGOldvMhvfBmg3LFrbpzoFXi5aQCORqD8ld/KEkSUWEIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNU4IhqP51fO0NnVhmiUCpbwqC5+nsixZHW0yiwnRE2Y73sZeJ/Xi8x4Y2fMhEnhgqyWBQmHBmJstfRkClKDJ9agoli9lZExlhhYmxAJRuCt/zyKmlfVr2rau2+VqnX8ziKcAKncA4eXEMd7qABLSDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcEqY7F</latexit>

T�1

<latexit sha1_base64="+xZdS2dyVFxhkI7up7MZ+1nqbtU=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCvIRdCepFCHjxGCEvyC5hdjJJhsxjmZmNhDWf4sWDIl79Em/+jZNkD5pY0FBUddPdFcWMauN5305uY3Nreye/W9jbPzg8covHLS0ThUkTSyZVJ0KaMCpI01DDSCdWBPGIkXY0vpv77QlRmkrRMNOYhBwNBR1QjIyVem6xUQ4kJ0N0cRtMkIpHtOeWvIq3AFwnfkZKIEO9534FfYkTToTBDGnd9b3YhClShmJGZoUg0SRGeIyGpGupQJzoMF2cPoPnVunDgVS2hIEL9fdEirjWUx7ZTo7MSK96c/E/r5uYwU2YUhEnhgi8XDRIGDQSznOAfaoINmxqCcKK2lshHiGFsLFpFWwI/urL66R1WfGvKtWHaqlWy+LIg1NwBsrAB9egBu5BHTQBBo/gGbyCN+fJeXHenY9la87JZk7AHzifP4Vok4k=</latexit>

T (!) = '



• What is a transformation?	
Maps an incoming state to an outgoing state, must be linear.	
T is reversible if            is also a transformation.

Generalized probabilistic theories

QT: Completely positive, trace-non-increasing maps. 	
       Reversible transformations: unitary maps,
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<latexit sha1_base64="DEOVLSvp5adCTzPtX91ZZl1bpIE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXinosePFYoV/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCorWWiCG0RyaXqBlhTzgRtGWY47caK4ijgtBNMbjO/80SVZlI0zTSmfoRHgoWMYGOldvMhvfBmg3LFrbpzoFXi5aQCORqD8ld/KEkSUWEIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNU4IhqP51fO0NnVhmiUCpbwqC5+nsixZHW0yiwnRE2Y73sZeJ/Xi8x4Y2fMhEnhgqyWBQmHBmJstfRkClKDJ9agoli9lZExlhhYmxAJRuCt/zyKmlfVr2rau2+VqnX8ziKcAKncA4eXEMd7qABLSDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcEqY7F</latexit>

T�1

<latexit sha1_base64="+xZdS2dyVFxhkI7up7MZ+1nqbtU=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCvIRdCepFCHjxGCEvyC5hdjJJhsxjmZmNhDWf4sWDIl79Em/+jZNkD5pY0FBUddPdFcWMauN5305uY3Nreye/W9jbPzg8covHLS0ThUkTSyZVJ0KaMCpI01DDSCdWBPGIkXY0vpv77QlRmkrRMNOYhBwNBR1QjIyVem6xUQ4kJ0N0cRtMkIpHtOeWvIq3AFwnfkZKIEO9534FfYkTToTBDGnd9b3YhClShmJGZoUg0SRGeIyGpGupQJzoMF2cPoPnVunDgVS2hIEL9fdEirjWUx7ZTo7MSK96c/E/r5uYwU2YUhEnhgi8XDRIGDQSznOAfaoINmxqCcKK2lshHiGFsLFpFWwI/urL66R1WfGvKtWHaqlWy+LIg1NwBsrAB9egBu5BHTQBBo/gGbyCN+fJeXHenY9la87JZk7AHzifP4Vok4k=</latexit>

T (!) = '

<latexit sha1_base64="W7TYHEQ1k8XGa3LI/8fgka/WBBY=">AAACBXicbVBPS8MwHE3nvzn/VT3qITgET6WVoR4HXjxOsNtgrSNN0y4saUuSCqPs4sWv4sWDIl79Dt78NqZbD7r5IPDy3u9H8l6QMSqVbX8btZXVtfWN+mZja3tnd8/cP+jKNBeYuDhlqegHSBJGE+IqqhjpZ4IgHjDSC8bXpd97IELSNLlTk4z4HMUJjShGSktD89gTo9TjKJMqhW55ge69F6I4JsIamk3bsmeAy8SpSBNU6AzNLy9Mcc5JojBDUg4cO1N+gYSimJFpw8slyRAeo5gMNE0QJ9IvZimm8FQrIYxSoU+i4Ez9vVEgLuWEB3qSIzWSi14p/ucNchVd+QVNslyRBM8finIGdeKyEhhSQbBiE00QFlT/FeIREggrXVxDl+AsRl4m3XPLubBat61mu13VUQdH4AScAQdcgja4AR3gAgwewTN4BW/Gk/FivBsf89GaUe0cgj8wPn8AAH6YQA==</latexit>

⇢ 7! U⇢U †.



• What is a transformation?	
Maps an incoming state to an outgoing state, must be linear.	
T is reversible if            is also a transformation.

Generalized probabilistic theories

QT: Completely positive, trace-non-increasing maps. 	
       Reversible transformations: unitary maps,
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• What is a transformation?	
Maps an incoming state to an outgoing state, must be linear.	
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FIG. 6: The set of pure states in Q3 is connected, but for the
cylinder the pure states form two circles.

FIG. 7: This is now the convex hull of a single space curve,
but one cannot inscribe copies of the classical set ∆2 in it.

we consider the space curve

�x(t) =
�
cos(t) cos(3t), cos(t) sin(3t), − sin(t)

�T
. (16)

Note that the curve is closed, �x(t) = �x(t + 2π), and be-
longs to the unit sphere, ||�x(t)|| = 1. Moreover

||�x(t)− �x(t+ 1
32π)|| =

√
3 (17)

for every value of t. Hence every point �x(t) belongs to
an equilateral triangle with vertices at

�x(t), �x(t+ 1
32π), and �x(t+ 2

32π) .

They span a plane including the z-axis for all times t.
During the time ∆t = 2π

3 this plane makes a full turn
about the z-axis, while the triangle rotates by the angle
2π/3 within the plane—so the triangle has returned to a
congruent position. The curve �x(t) is shown in Fig. 8 a)
together with exemplary positions of the rotating trian-
gle, and Fig. 8 b) shows its convex hull C. This convex
hull is symmetric under reflections in the (x-y) and (x-z)

FIG. 8: a) The space curve �x(t) modelling pure quantum
states is obtained by rotating an equilateral triangle according
to Eq. (16) —three positions of the triangle are shown); b)
The convex hull C of the curve models the set of all quantum
states.

planes. Since the set of pure states is connected this is
our best model so far of the set of quantum pure states,
although the likeness is not perfect.

It is interesting to think a bit more about the boundary
of C. There are three flat faces, two triangular ones and
one rectangular. The remaining part of the boundary
consists of ruled surfaces: they are curved, but contain
one dimensional faces (straight lines). The boundary of
the set shown in Fig. 7 has similar properties. The ruled
surfaces of C have an analogue in the boundary of the
set of quantum states Q3, we have already noted that a
generic point in the boundary of Q3 belongs to a copy of
Q2 (the Bloch ball), arising as the intersection of Q3 with
a hyperplane. The flat pieces of C have no analogues in
the boundary of Q3, apart from Bloch balls (rank two)
and pure states (rank one) no other faces exist.

Still this model is not perfect: Its set of pure states
has self-intersections. Although it is created by rotating
a triangle, the triangles are not cross-sections of C. It
is not true that every point on the boundary belongs
to a face that touches the largest inscribed sphere, as
it happens for the set of quantum states [17]. Indeed its
boundary is not quite what we want it to be, in particular

Quantum trit:	
8D and complicated!

Generalized probabilistic theories



Generalized probabilistic theories

There is a large landscape of generalized probabilistic theories	
or GPT systems:

I WHAT KIND OF “QUANTUM FOUNDATIONS”?

can be regarded as determining Alice’s and Bob’s outcomes. But Bell’s Theorem (Bell,
1964) tells us that the statistics of some measurements on some entangled states are
inconsistent with such a (suitably formalized) notion of hidden variables, unless those
variables are allowed to exert nonlocal influence. This guarantees that Alice’s and
Bob’s key is secure in such cases, as long as there is no superluminal signalling be-
tween their devices and Eve. The conclusion holds even if Alice and Bob have no idea
about the inner workings of their devices — or, in the worst possible case, have bought
these devices from Eve. This intuition can indeed be made mathematically rigorous,
and has led to the fascinating field of device-independent cryptography (Barrett, Hardy,
Kent (2005)) and randomness expansion (Colbeck (2006), Colbeck and Kent (2011),
Pironio et al. (2010)).
The preconception that Quantum Foundations research is somehow motivated by

the desire to return to a classical worldview is also sometimes arising in the con-
text of question (ii) above. It is true that the perhaps better known instance of this
question asks whether QT would somehow break down and become classical in the
macroscopic regime: for example, spontaneous collapse models (Ghirardi, Rimini, and
Weber (1986), Bassi et al. (2013)) try to account for the emergence of a classical
world from quantum mechanics via dynamical modifications of the Schödinger equa-
tion. However, a fascinating complementary development in Quantum Foundations
research — the one that these lectures will be focusing on — is to explore the exact
opposite: could nature be even “more crazy” than quantum? Could physics allow for
even stronger-than-quantum-correlations, produce more involved interference patterns
than allowed by QT, or enable even more magic technology than what we currently
consider possible? If classical physics is an approximation of quantum physics, could
quantum physics be an approximation of something even more general?
As we will see in the course of these lectures, the answer to these questions is “yes”:

nature could in principle be “more crazy”. The main insight will be that QT is just
one instance of a large class of probabilistic theories : theories that allow us to describe
probabilities of measurement outcomes and their correlations over time and space.
Another example is “classical probability theory” (CPT) as defined below, but there
are many other ones that are equally consistent.

QT CPT

operator-algebraic theories

“boxworld”

other
theories

Euclidean

physically realized

hyperbolic

other
theories

Minkowski

FIG. 1: Left: the “landscape” of probabilistic theories. QT is for quantum theory and CPT
for classical probability theory (as defined later). Right: as a suggestive analogy (see main
text), the “landscape of theories of (spacetime) geometry”.

As we will see, not only is there a simple and beautiful mathematical formalism that
allows us to describe all such theories, but the new approach to QT “from the outside”
provides a very illuminating perspective on QT itself: it allows us to understand
which features are uniquely quantum and which others are just general properties of
probabilistic theories. Moreover, it gives us the right mathematical tools to describe
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states.

planes. Since the set of pure states is connected this is
our best model so far of the set of quantum pure states,
although the likeness is not perfect.

It is interesting to think a bit more about the boundary
of C. There are three flat faces, two triangular ones and
one rectangular. The remaining part of the boundary
consists of ruled surfaces: they are curved, but contain
one dimensional faces (straight lines). The boundary of
the set shown in Fig. 7 has similar properties. The ruled
surfaces of C have an analogue in the boundary of the
set of quantum states Q3, we have already noted that a
generic point in the boundary of Q3 belongs to a copy of
Q2 (the Bloch ball), arising as the intersection of Q3 with
a hyperplane. The flat pieces of C have no analogues in
the boundary of Q3, apart from Bloch balls (rank two)
and pure states (rank one) no other faces exist.

Still this model is not perfect: Its set of pure states
has self-intersections. Although it is created by rotating
a triangle, the triangles are not cross-sections of C. It
is not true that every point on the boundary belongs
to a face that touches the largest inscribed sphere, as
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PR-box states!

There is a large landscape of generalized probabilistic theories	
or GPT systems:



Generalized probabilistic theories

I WHAT KIND OF “QUANTUM FOUNDATIONS”?

can be regarded as determining Alice’s and Bob’s outcomes. But Bell’s Theorem (Bell,
1964) tells us that the statistics of some measurements on some entangled states are
inconsistent with such a (suitably formalized) notion of hidden variables, unless those
variables are allowed to exert nonlocal influence. This guarantees that Alice’s and
Bob’s key is secure in such cases, as long as there is no superluminal signalling be-
tween their devices and Eve. The conclusion holds even if Alice and Bob have no idea
about the inner workings of their devices — or, in the worst possible case, have bought
these devices from Eve. This intuition can indeed be made mathematically rigorous,
and has led to the fascinating field of device-independent cryptography (Barrett, Hardy,
Kent (2005)) and randomness expansion (Colbeck (2006), Colbeck and Kent (2011),
Pironio et al. (2010)).
The preconception that Quantum Foundations research is somehow motivated by

the desire to return to a classical worldview is also sometimes arising in the con-
text of question (ii) above. It is true that the perhaps better known instance of this
question asks whether QT would somehow break down and become classical in the
macroscopic regime: for example, spontaneous collapse models (Ghirardi, Rimini, and
Weber (1986), Bassi et al. (2013)) try to account for the emergence of a classical
world from quantum mechanics via dynamical modifications of the Schödinger equa-
tion. However, a fascinating complementary development in Quantum Foundations
research — the one that these lectures will be focusing on — is to explore the exact
opposite: could nature be even “more crazy” than quantum? Could physics allow for
even stronger-than-quantum-correlations, produce more involved interference patterns
than allowed by QT, or enable even more magic technology than what we currently
consider possible? If classical physics is an approximation of quantum physics, could
quantum physics be an approximation of something even more general?
As we will see in the course of these lectures, the answer to these questions is “yes”:

nature could in principle be “more crazy”. The main insight will be that QT is just
one instance of a large class of probabilistic theories : theories that allow us to describe
probabilities of measurement outcomes and their correlations over time and space.
Another example is “classical probability theory” (CPT) as defined below, but there
are many other ones that are equally consistent.

QT CPT

operator-algebraic theories

“boxworld”

other
theories

Euclidean

physically realized

hyperbolic

other
theories

Minkowski

FIG. 1: Left: the “landscape” of probabilistic theories. QT is for quantum theory and CPT
for classical probability theory (as defined later). Right: as a suggestive analogy (see main
text), the “landscape of theories of (spacetime) geometry”.

As we will see, not only is there a simple and beautiful mathematical formalism that
allows us to describe all such theories, but the new approach to QT “from the outside”
provides a very illuminating perspective on QT itself: it allows us to understand
which features are uniquely quantum and which others are just general properties of
probabilistic theories. Moreover, it gives us the right mathematical tools to describe

3

There is a large landscape of generalized probabilistic theories	
or GPT systems:



Generalized probabilistic theories

I WHAT KIND OF “QUANTUM FOUNDATIONS”?

can be regarded as determining Alice’s and Bob’s outcomes. But Bell’s Theorem (Bell,
1964) tells us that the statistics of some measurements on some entangled states are
inconsistent with such a (suitably formalized) notion of hidden variables, unless those
variables are allowed to exert nonlocal influence. This guarantees that Alice’s and
Bob’s key is secure in such cases, as long as there is no superluminal signalling be-
tween their devices and Eve. The conclusion holds even if Alice and Bob have no idea
about the inner workings of their devices — or, in the worst possible case, have bought
these devices from Eve. This intuition can indeed be made mathematically rigorous,
and has led to the fascinating field of device-independent cryptography (Barrett, Hardy,
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Result

Ll. Masanes and M. P. Müller, A derivation of quantum theory	
from physical requirements, New J. Phys. 13, 063001 (2011).

Theorem. There are exactly two GPTs satisfying the following three axioms:	
I. Reversibility	
II. Local Tomography	
III. Subspace Axiom

These are:	
• Classical Probability Theory

• Quantum Theory

Capacity-n states are the probability vectors	
reversible transformations are permutations; the usual measurements.
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(p1, . . . , pn);

Capacity-n states are the complex             density matrices;	
reversible transformations are unitary conjugations 	
the measurements are the POVMs.
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Ω2
here E‘(ω)=0

E‘(ω)=1

If there is a face, similar reasoning:
    contains ∞ many states.Ω1
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More on the blackboard:

• Formal definition of a GPT system,
• example: the "gbit" and its exploding bits model.


