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Guiding question: How can you prove rigorously, from experimental
data alone, that your physical system is nonclassical?

We will be interested in single systems, not in correlations of multiple
systems (as in Bell nonlocality).

e Lecture 1: Generalized Probabilistic Theories (GPTs)
e Lecture 2: (Spekkens') Generalized Noncontextuality
e Lecture 3: Proving Nonclassicality w/o Assuming Quantum Theory

"[Double-slit interference] is impossible, absolutely impossible,
to explain in any classical way, and [...] has in it the heart of
guantum mechanics. In reality, it contains the only mystery."

Feynman was wrong, and this will become clear once one
Richard Feynman  Understands how to carefully define "classical explanation®.

Lectures: partially slides, partially on the blackboard.



QM as a theory of probability




QM as a theory of probability

Quantum theory does not in any obvious way admit an interpretation of
projectors (and wave functions) as describing “facts of the world”.
Alternative picture: guantum states are catalogues of probabilities.




QM as a theory of probability

Quantum theory does not in any obvious way admit an interpretation of
projectors (and wave functions) as describing “facts of the world”.
Alternative picture: guantum states are catalogues of probabilities.

“Collapse of the state”:

Doing a measurement and finding
outcome j leads to a “collapse”

Pj|)
SR Ty




QM as a theory of probability

Quantum theory does not in any obvious way admit an interpretation of
projectors (and wave functions) as describing “facts of the world”.
Alternative picture: guantum states are catalogues of probabilities.

“Collapse of the state”: No-cloning theorem of unknown states:
Doing a measurement and finding There are no physical maps that
outcome j leads to a “collapse” implement [¢) — |¢) ® [) :

Pilv) o—9
SR Ty O




QM as a theory of probability

Quantum theory does not in any obvious way admit an interpretation of
projectors (and wave functions) as describing “facts of the world”.
Alternative picture: guantum states are catalogues of probabilities.

“Collapse of the state”: No-cloning theorem of unknown states:
Doing a measurement and finding There are no physical maps that
outcome j leads to a “collapse” implement [¢) — |¢) ® [) :

Pily)

) s - ‘<‘
[Pi9) ()

In probability theory,

we have to update our
probability assignments

when learning new information.




QM as a theory of probability

Quantum theory does not in any obvious way admit an interpretation of
projectors (and wave functions) as describing “facts of the world”.
Alternative picture: guantum states are catalogues of probabilities.

“Collapse of the state”:

Doing a measurement and finding
outcome j leads to a “collapse”

Pj|)
SR Ty

In probability theory,
we have to update our
probability assignments

when learning new information.

No-cloning theorem of unknown states:

There are no physical maps that
implement [Y) — |¢) ® |¢)

*—g

One cannot clone classical
prob. distributions, either!
(Think of a single instance

of a coin toss with unknown bias.) ﬁ




QM as a theory of probability

Quantum theory does not in any obvious way admit an interpretation of
projectors (and wave functions) as describing “facts of the world”.
Alternative picture: guantum states are catalogues of probabilities.

“Collapse of the state”: No-cloning theorem of unknown states:
Doing a measurement and finding There are no physical maps that
outcome j leads to a “collapse” implement [¢) — |¢) ® [) :
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In probability theory, One cannot clone classical

we have to update our prob. distributions, either!
probability assignments (Think of a single instance

o When Iearning new information of a coin toss with unknown bias.) i

All probabilistic theories have these (and other) properties in common.
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Historical motivation: reconstructing QT

Goal: derive Quantum Theory from simple principles, within the
landscape of all probabilistic theories.

Don’t assume complex numbers, state vectors, operators etc.!

Role model: Einstein’s derivation of the Lorentz transformations
within the landscape of all theories of (spacetime) geometry:
Light Postulate; Relativity Principle.

Long prehistory of unsuccessful (but insightful) attempts:

e Via quantum logic: Birkhoff & von Neumann (1936), Piron...

e As a probabilistic theory: Glinther Ludwig (1970s/80s) (pre-QIT)
e Lucien Hardy 2001: “QM From Five Reasonable Axioms”

e Around 2011: three groups finally manage to do this.

Dakic+Brukner, Masanes+Muller , Chiribella+Perinotti+d’Ariano.

Motivation for this lecture: GPTs are a powerful technical tool.
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Quantum theory
admits more general
P(a,blz,y) = Z Pa(alz, \) Pg(bly, \) Py () P’s due to the

AEA violation of Bell
inequalities.

e In classical physics / prob. theory:

e |n quantum physics:
P(a,blx,y) = tr [,OAB(E;’ X F;)}
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No-signalling conditions:

P(a|z,y) isindependent of ¥,

P(blz,y) isindependent of x.
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Correlations in C come from classical prob. theory,
correlations in Q from quantum theory,
correlations in NS from a theory called “boxworld”.

3 examples of a “generalized probabilistic theory”.
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Example: classical coin toss.

® Every measurement outcome has a probability,
depending linearly on the state:

Prob(heads|w) = p = ( (1) ) . ( P
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Example: guantum bit.

®

* Unitary transformation of the density matrix:
p— UpUT

* Measurement in arbitrary spin direction d-
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® \What is a state?
It is the thing that allows us to determine, for all possible
measurements, the probabilities of the possible outcomes.

QT: Density matrix p.
Measure whether spin is up or down: P(up) = tr(p| T)(1).

® \What is a state space?
It is the collection of all states that a system could
possibly be in, closed under statistical mixtures.

Qr: Q ={p < Hy(C) | tr(p) =1, p>0}.
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Generalized probabilistic theories

® What is a transformation? T'(w) = ¢
Maps an incoming state to an outgoing state, must be linear.
T is reversible if 7! is also a transformation.

QT: Completely positive, trace-non-increasing maps.
Reversible transformations: unitary maps, p UpUT.

® How to describe measurements?
By a collection of linear functionals €1,€2,...,€n
such that the probability of outcomeiis e;(w).

QT: POVMs (positive operator-valued measures),
e;(w) = tr(F;w).
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There is a large landscape of generalized probabilistic theories
or GPT systems:

@ |
Qr CPT

“boxworld”

Goal: Find a small set of simple physical / information-theoretic
principles that singles out QT uniquely.

Role model: Einstein’s Relativity Principle and Light Postulate

determine Minkowski spacetime.

physically realized

Euclidean MinkowskKi

hyperbolic
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outcomes £ and T

No-signalling condition:

state on AB: Alice's probabilities do not depend on

correlations

Bob‘s choice of measurement.
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measurements on A,B.
= ,,Local tomography*:
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necessary.
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Global state space (yp C A® B
"/ but not uniquely fixed!
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Axiom lll: The Subspace Axiom

Some 3-level system:

5 Impossible to have system in 3rd level
K —

= find particle there with probab. 0

Ey— @

2-level system.

Otherwise, physics would be affected

by impossible counterfactuals.
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Axiom lll: The Subspace Axiom

Axiom lll: Let 25 and 2n_1 be systems with capacities
Nand N-1.If (E1,..., Ex) is a complete measurement

on (), then the set of states w with En(w) = 0is ‘

equivalent to 2.

Capacity N of (2 = maximal # of perfectly distinguishable states.

(w1, ...,wn,) perfectly distinguishable, if there is a measurement
(El, . ,En) such that Ei(w]') — 523

If n= Nthen (E1,...,E,) is complete.
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Equivalent = same state spacesupto
a linear map (physically the same!) |




Result

LI. Masanes and M. P. Mdller, A derivation of quantum theory
from physical requirements, New J. Phys. 13, 063001 (2011).

Theorem. There are exactly two GPTs satisfying the following three axioms:
l. Reversibility

Il. Local Tomography
lll. Subspace Axiom

These are:
¢ Classical Probability Theory
Capacity-n states are the probability vectors (p1,...,Dn);
reversible transformations are permutations; the usual measurements.

¢ Quantum Theory

Capacity-n states are the complex n x n density matrices;
reversible transformations are unitary conjugations p+ UpUT;
the measurements are the POVMs.
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Sketch of first small part of proof

Why a bit is described by a ball:

}E(oo)= I N

W (1-E, E) is complete measurement.
‘s = {w: E(w) =0} ={wy} ~ Q.

) 3
here E(w)=0 = {1 contains a single state.

D
capatigy 2 (bit)

N g
5
5
D

E(w)=1
S
° ° ° ° ~~
If there is a face, similar reasoning: .. 0, /s

()1 contains © many states. 2§ . +here E‘(w)=0

=no faces: Reversibility axiom = ), is a ball.




More on the blackboard:

* Formal definition of a GPT system,
» example: the "gbit" and its exploding bits model.



