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Figure 2. AMach–Zehnder interferometer viewed by two observers. Twomoving observers Rachael (R) and Steven (S) witness
the operation of an interferometer (described in (gure 1). The dashed grey lines show the simultaneous lines of progress for
a particle travelling down either branch. (a) This as judged by Rachael, (b) by Steven. Rachael therefore witnesses event A
happeningbefore eventB;whereas Stevenwitnesses theopposite. If the transformations inducedatAandatBdidnot commute,
the observers would disagree about the ultimate detector click statistics. (Online version in colour.)

and it is well known that the only representation of this kind is the trivial representation [44].
Moreover, the ‘which path’ degree of freedom is not a geometric degree of freedom2 relative to
some Lorentz covariant property, say, a particle’s momentum direction (like photon polarization,
for example), which is why also Wigner’s little group does not apply. Thus TΛ = I for all Λ, and
the transformations done by Alice and Bob appear the same in every reference frame.

5. Consequences of relativity of simultaneity
We now analyse in detail the idea [40] that relativity of simultaneity might impose further
restrictions on the probabilistic behaviour of spatially extended interferometers. While doing so,
we follow the spirit of [45], but take Peres’ argumentation beyond quantum theory. As before,
consider the situation in figure 2, with two agents: Alice, who acts on the upper branch, and
Bob, who acts on the lower branch. As the branches are space-like separated, the transformations
applied by Alice and Bob should not cause the particle to jump from one branch to another, and so
will belong to the phase group Gφ := O(d − 1) ∩ G associated with the ‘which path’ measurement.
More generally, there will be a subgroup of transformations that can be locally applied by Alice,
GA ⊆ Gφ , and a subgroup locally applicable by Bob, GB ⊆ Gφ .

If there is at least one pair of transformations TA ∈ GA and TB ∈ GB such that [TA, TB] %= 0, then
the order in which Alice and Bob choose to apply their transformations will have an observable
effect on the output statistics of the interferometer at least for some states. This is particularly
problematic for a space-like separation between Alice and Bob: consider again the two observers
Rachael and Steven, moving at relativistic speed relative to each other, as in figure 2. Although
Rachael and Steven must agree what effect either action TA or action TB would have on the
interferometer individually (from the Lorentz invariance of transformations), Steven could in
general disagree with Rachael about the order in which the two events occur [21].

In particular, let us say that Rachael observes the application of TA by Alice followed by TB
by Bob; the compound operation is then TBTA. When changing into Steven’s reference frame, the
compound operation should be the same. However, Steven may observe instead that TB happens
before TA, describing the compound operation by TATB. This will lead to contradiction unless
TATB = TBTA in all cases; that is, [TA, TB] = 0 for all TA ∈ GA and TB ∈ GB.

In summary, we can formalize an additional assumption that will enter our analysis below:

REL. Relativity of simultaneity for the local operations at A and B implies that [GA,GB] = 0.

2One can imagine that the two material interferometer arms carry classical labels (like ‘A’ and ‘B’, or ‘passing Earth’ versus
‘passing Mars’). Then different observers will agree on whether a particle is detected in arm A or arm B, and thus on the
description of quantum states, regardless of their space–time frames of reference.
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Does information play a significant role in the foundations of physics? Information is the abstraction that
allows us to refer to the states of systems when we choose to ignore the systems themselves. This is only
possible in very particular frameworks, like in classical or quantum theory, or more generally, whenever
there exists an information unit such that the state of any system can be reversibly encoded in a sufficient
number of such units. In this work we show how the abstract formalism of quantum theory can be deduced
solely from the existence of an information unit with suitable properties, together with two further natural
assumptions: the continuity and reversibility of dynamics, and the possibility of characterizing the state of
a composite system by local measurements. This constitutes a new set of postulates for quantum theory
with a simple and direct physical meaning, like the ones of special relativity or thermodynamics, and it
articulates a strong connection between physics and information.

I. INTRODUCTION

Quantum theory (QT) provides the foundation on top of
which most of our physical theories and our understanding
of nature sits. This peculiarly important role contrasts with
our limited understanding of QT itself, and the lack of con-
sensus among physicists about what this theory is saying
about how nature works. Particularly, the standard postu-
lates of QT are expressed in abstract mathematical terms
involving Hilbert spaces and operators acting on them, and
lack a clear physical meaning. In other physical theories,
like special relativity or thermodynamics, the formalism can
be derived from postulates having a direct physical mean-
ing, often in terms of the possibility or impossibility of cer-
tain tasks. In this work we show that this is also possible
for QT.

The importance of this goal is reflected by the long his-
tory of research on alternative axiomatizations of QT, which
goes back to Birkhoff and von Neumann [1–3]. More re-
cently, initiated by Hardy’s work [4], and influenced by the
perspective of quantum information theory, there has been
a wave of contributions taking a more physical and less
mathematical approach [4–8]. These reconstructions of
QT constitute a big achievement because they are based
on postulates having a more physical meaning. However
some of these meanings are not very direct, and a lot of
formalism has to be introduced in order to state them. In
this work we derive finite-dimensional QT from four postu-
lates having a clear and direct physical meaning, which can
be stated easily and without the need of heavy formalism.
Also, contrary to [5] we write all our assumptions explicitly.

We introduce a postulate named Existence of an In-
formation Unit, which essentially states that there is only
one type of information within the theory. Consequently,
any physical process can be simulated with a suitably pro-
grammed general purpose simulator. Since the input and
output of these simulations are not necessarily classical,
this postulate is a stronger version of the Church-Turing-
Deutsch Principle (stated in [9]). On the other hand, it is
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FIG. 1: Encoder. Coding is an ideal physical transformation
which maps the unknown state ω of an arbitrary system to an
n-gbit state in a reversible way, and leaves the initial system
in a reference state 0. Reversibility means that there is an-
other ideal physical transformation, decoding, which undoes
the above, bringing the arbitrary system back to its original
state.

strictly weaker than the Subspace Axiom, introduced in [4]
and used in [5] and [6]. An alternative way to read this
postulate is that, at some level, the dynamics of any sys-
tem is substrate-independent. Within theories satisfying
the Existence of an Information Unit one can refer to states,
dynamics and measurements abstractly, without specifying
the type of system they pertain to; and this is exploited by
quantum information scientists, who design algorithms and
protocols at an abstract level, without considering whether
they will be implemented with light, atoms or any other type
of physical substrate.

More precisely, Existence of an Information Unit states
that there is a type of system, the generalized bit or gbit,
such that the state of any other system can be reversibly
encoded in a sufficient number of gbits (see Fig. 1). The
reversibility of the encoding implies a correspondence be-
tween the states of any system and the states of a multi-
gbit system (or an appropriate subspace). This correspon-
dence also extends to dynamics and measurements: if a
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and it is well known that the only representation of this kind is the trivial representation [44].
Moreover, the ‘which path’ degree of freedom is not a geometric degree of freedom2 relative to
some Lorentz covariant property, say, a particle’s momentum direction (like photon polarization,
for example), which is why also Wigner’s little group does not apply. Thus TΛ = I for all Λ, and
the transformations done by Alice and Bob appear the same in every reference frame.

5. Consequences of relativity of simultaneity
We now analyse in detail the idea [40] that relativity of simultaneity might impose further
restrictions on the probabilistic behaviour of spatially extended interferometers. While doing so,
we follow the spirit of [45], but take Peres’ argumentation beyond quantum theory. As before,
consider the situation in figure 2, with two agents: Alice, who acts on the upper branch, and
Bob, who acts on the lower branch. As the branches are space-like separated, the transformations
applied by Alice and Bob should not cause the particle to jump from one branch to another, and so
will belong to the phase group Gφ := O(d − 1) ∩ G associated with the ‘which path’ measurement.
More generally, there will be a subgroup of transformations that can be locally applied by Alice,
GA ⊆ Gφ , and a subgroup locally applicable by Bob, GB ⊆ Gφ .

If there is at least one pair of transformations TA ∈ GA and TB ∈ GB such that [TA, TB] %= 0, then
the order in which Alice and Bob choose to apply their transformations will have an observable
effect on the output statistics of the interferometer at least for some states. This is particularly
problematic for a space-like separation between Alice and Bob: consider again the two observers
Rachael and Steven, moving at relativistic speed relative to each other, as in figure 2. Although
Rachael and Steven must agree what effect either action TA or action TB would have on the
interferometer individually (from the Lorentz invariance of transformations), Steven could in
general disagree with Rachael about the order in which the two events occur [21].

In particular, let us say that Rachael observes the application of TA by Alice followed by TB
by Bob; the compound operation is then TBTA. When changing into Steven’s reference frame, the
compound operation should be the same. However, Steven may observe instead that TB happens
before TA, describing the compound operation by TATB. This will lead to contradiction unless
TATB = TBTA in all cases; that is, [TA, TB] = 0 for all TA ∈ GA and TB ∈ GB.

In summary, we can formalize an additional assumption that will enter our analysis below:

REL. Relativity of simultaneity for the local operations at A and B implies that [GA,GB] = 0.

2One can imagine that the two material interferometer arms carry classical labels (like ‘A’ and ‘B’, or ‘passing Earth’ versus
‘passing Mars’). Then different observers will agree on whether a particle is detected in arm A or arm B, and thus on the
description of quantum states, regardless of their space–time frames of reference.
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strictly weaker than the Subspace Axiom, introduced in [4]
and used in [5] and [6]. An alternative way to read this
postulate is that, at some level, the dynamics of any sys-
tem is substrate-independent. Within theories satisfying
the Existence of an Information Unit one can refer to states,
dynamics and measurements abstractly, without specifying
the type of system they pertain to; and this is exploited by
quantum information scientists, who design algorithms and
protocols at an abstract level, without considering whether
they will be implemented with light, atoms or any other type
of physical substrate.

More precisely, Existence of an Information Unit states
that there is a type of system, the generalized bit or gbit,
such that the state of any other system can be reversibly
encoded in a sufficient number of gbits (see Fig. 1). The
reversibility of the encoding implies a correspondence be-
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gbit system (or an appropriate subspace). This correspon-
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a particle travelling down either branch. (a) This as judged by Rachael, (b) by Steven. Rachael therefore witnesses event A
happeningbefore eventB;whereas Stevenwitnesses theopposite. If the transformations inducedatAandatBdidnot commute,
the observers would disagree about the ultimate detector click statistics. (Online version in colour.)

and it is well known that the only representation of this kind is the trivial representation [44].
Moreover, the ‘which path’ degree of freedom is not a geometric degree of freedom2 relative to
some Lorentz covariant property, say, a particle’s momentum direction (like photon polarization,
for example), which is why also Wigner’s little group does not apply. Thus TΛ = I for all Λ, and
the transformations done by Alice and Bob appear the same in every reference frame.

5. Consequences of relativity of simultaneity
We now analyse in detail the idea [40] that relativity of simultaneity might impose further
restrictions on the probabilistic behaviour of spatially extended interferometers. While doing so,
we follow the spirit of [45], but take Peres’ argumentation beyond quantum theory. As before,
consider the situation in figure 2, with two agents: Alice, who acts on the upper branch, and
Bob, who acts on the lower branch. As the branches are space-like separated, the transformations
applied by Alice and Bob should not cause the particle to jump from one branch to another, and so
will belong to the phase group Gφ := O(d − 1) ∩ G associated with the ‘which path’ measurement.
More generally, there will be a subgroup of transformations that can be locally applied by Alice,
GA ⊆ Gφ , and a subgroup locally applicable by Bob, GB ⊆ Gφ .

If there is at least one pair of transformations TA ∈ GA and TB ∈ GB such that [TA, TB] %= 0, then
the order in which Alice and Bob choose to apply their transformations will have an observable
effect on the output statistics of the interferometer at least for some states. This is particularly
problematic for a space-like separation between Alice and Bob: consider again the two observers
Rachael and Steven, moving at relativistic speed relative to each other, as in figure 2. Although
Rachael and Steven must agree what effect either action TA or action TB would have on the
interferometer individually (from the Lorentz invariance of transformations), Steven could in
general disagree with Rachael about the order in which the two events occur [21].

In particular, let us say that Rachael observes the application of TA by Alice followed by TB
by Bob; the compound operation is then TBTA. When changing into Steven’s reference frame, the
compound operation should be the same. However, Steven may observe instead that TB happens
before TA, describing the compound operation by TATB. This will lead to contradiction unless
TATB = TBTA in all cases; that is, [TA, TB] = 0 for all TA ∈ GA and TB ∈ GB.

In summary, we can formalize an additional assumption that will enter our analysis below:

REL. Relativity of simultaneity for the local operations at A and B implies that [GA,GB] = 0.

2One can imagine that the two material interferometer arms carry classical labels (like ‘A’ and ‘B’, or ‘passing Earth’ versus
‘passing Mars’). Then different observers will agree on whether a particle is detected in arm A or arm B, and thus on the
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and it is well known that the only representation of this kind is the trivial representation [44].
Moreover, the ‘which path’ degree of freedom is not a geometric degree of freedom2 relative to
some Lorentz covariant property, say, a particle’s momentum direction (like photon polarization,
for example), which is why also Wigner’s little group does not apply. Thus TΛ = I for all Λ, and
the transformations done by Alice and Bob appear the same in every reference frame.
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More generally, there will be a subgroup of transformations that can be locally applied by Alice,
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If there is at least one pair of transformations TA ∈ GA and TB ∈ GB such that [TA, TB] %= 0, then
the order in which Alice and Bob choose to apply their transformations will have an observable
effect on the output statistics of the interferometer at least for some states. This is particularly
problematic for a space-like separation between Alice and Bob: consider again the two observers
Rachael and Steven, moving at relativistic speed relative to each other, as in figure 2. Although
Rachael and Steven must agree what effect either action TA or action TB would have on the
interferometer individually (from the Lorentz invariance of transformations), Steven could in
general disagree with Rachael about the order in which the two events occur [21].

In particular, let us say that Rachael observes the application of TA by Alice followed by TB
by Bob; the compound operation is then TBTA. When changing into Steven’s reference frame, the
compound operation should be the same. However, Steven may observe instead that TB happens
before TA, describing the compound operation by TATB. This will lead to contradiction unless
TATB = TBTA in all cases; that is, [TA, TB] = 0 for all TA ∈ GA and TB ∈ GB.

In summary, we can formalize an additional assumption that will enter our analysis below:

REL. Relativity of simultaneity for the local operations at A and B implies that [GA,GB] = 0.

2One can imagine that the two material interferometer arms carry classical labels (like ‘A’ and ‘B’, or ‘passing Earth’ versus
‘passing Mars’). Then different observers will agree on whether a particle is detected in arm A or arm B, and thus on the
description of quantum states, regardless of their space–time frames of reference.
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possible in very particular frameworks, like in classical or quantum theory, or more generally, whenever
there exists an information unit such that the state of any system can be reversibly encoded in a sufficient
number of such units. In this work we show how the abstract formalism of quantum theory can be deduced
solely from the existence of an information unit with suitable properties, together with two further natural
assumptions: the continuity and reversibility of dynamics, and the possibility of characterizing the state of
a composite system by local measurements. This constitutes a new set of postulates for quantum theory
with a simple and direct physical meaning, like the ones of special relativity or thermodynamics, and it
articulates a strong connection between physics and information.

I. INTRODUCTION

Quantum theory (QT) provides the foundation on top of
which most of our physical theories and our understanding
of nature sits. This peculiarly important role contrasts with
our limited understanding of QT itself, and the lack of con-
sensus among physicists about what this theory is saying
about how nature works. Particularly, the standard postu-
lates of QT are expressed in abstract mathematical terms
involving Hilbert spaces and operators acting on them, and
lack a clear physical meaning. In other physical theories,
like special relativity or thermodynamics, the formalism can
be derived from postulates having a direct physical mean-
ing, often in terms of the possibility or impossibility of cer-
tain tasks. In this work we show that this is also possible
for QT.

The importance of this goal is reflected by the long his-
tory of research on alternative axiomatizations of QT, which
goes back to Birkhoff and von Neumann [1–3]. More re-
cently, initiated by Hardy’s work [4], and influenced by the
perspective of quantum information theory, there has been
a wave of contributions taking a more physical and less
mathematical approach [4–8]. These reconstructions of
QT constitute a big achievement because they are based
on postulates having a more physical meaning. However
some of these meanings are not very direct, and a lot of
formalism has to be introduced in order to state them. In
this work we derive finite-dimensional QT from four postu-
lates having a clear and direct physical meaning, which can
be stated easily and without the need of heavy formalism.
Also, contrary to [5] we write all our assumptions explicitly.

We introduce a postulate named Existence of an In-
formation Unit, which essentially states that there is only
one type of information within the theory. Consequently,
any physical process can be simulated with a suitably pro-
grammed general purpose simulator. Since the input and
output of these simulations are not necessarily classical,
this postulate is a stronger version of the Church-Turing-
Deutsch Principle (stated in [9]). On the other hand, it is
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FIG. 1: Encoder. Coding is an ideal physical transformation
which maps the unknown state ω of an arbitrary system to an
n-gbit state in a reversible way, and leaves the initial system
in a reference state 0. Reversibility means that there is an-
other ideal physical transformation, decoding, which undoes
the above, bringing the arbitrary system back to its original
state.

strictly weaker than the Subspace Axiom, introduced in [4]
and used in [5] and [6]. An alternative way to read this
postulate is that, at some level, the dynamics of any sys-
tem is substrate-independent. Within theories satisfying
the Existence of an Information Unit one can refer to states,
dynamics and measurements abstractly, without specifying
the type of system they pertain to; and this is exploited by
quantum information scientists, who design algorithms and
protocols at an abstract level, without considering whether
they will be implemented with light, atoms or any other type
of physical substrate.

More precisely, Existence of an Information Unit states
that there is a type of system, the generalized bit or gbit,
such that the state of any other system can be reversibly
encoded in a sufficient number of gbits (see Fig. 1). The
reversibility of the encoding implies a correspondence be-
tween the states of any system and the states of a multi-
gbit system (or an appropriate subspace). This correspon-
dence also extends to dynamics and measurements: if a
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Some conceptual remarks

• We will motivate GPTs via preparations, transformations, measurements.	
But this does not commit us to an instrumentalist interpretation!

• Instead, it is best understood as a minimal requirement for what a	
theory can do for you: it should at least allow us to describe	
experiments of that sort. This is a sort of minimal interpretation.

• Not saying any more than that means in particular not to make any	
further assumptions. Which is arguably a desirable feature.

• For the same reason, the framework is agnostic to the interpretation	
of probability. A Bayesian interpretation is arguably always possible.	
What is implicitly often understood in the GPT context: the idea that	
we can repeat a prescribed experiment many times and subject	
probability claims to statistical testing via observed frequencies.	
This does not imply a frequentist interpretation of probability.



More general than quantum?



More general than quantum?



• In classical physics / prob. theory:

II HOW COULD PHYSICS BE MORE GENERAL THAN QUANTUM?

depend on y and b cannot depend on x. This means that the scenario must satisfy

P (x, y,λ) = PX(x) · PY (y) · PΛ(λ), a = fA(x,λ), b = fB(y,λ).

For a more detailed explanation of how and why the causal structure of the setup
implies these assumptions, see e.g. the book by Pearl (2009). These assumptions are
typically subsumed under the notion of “local realism”, and readers who want to learn
more about this are invited to consult more specialized references. A great start-
ing point are the Quantum Foundations classes given by Rob Spekkens at Perimeter
Institute; these can be watched for free on http://pirsa.org.
Note that P (a, b|x, y,λ) = δa,fA(x,λ)δb,fB(y,λ) = PA(a|x,λ)PB(b|y,λ) (with δ the

Kronecker delta). Hence, by the chain rule of conditional probability,

P (a, b|x, y) =
∑

λ∈Λ

PA(a|x,λ)PB(b|y,λ)PΛ(λ). (1)

What we have thus shown is that any probability table in classical physics that is real-
izable within the causal structure as depicted in Figure 2 must be classical according
to the following definition:

Definition 1. A probability table P (a, b|x, y) is classical if there exists a probability
space (P,Ω,Σ) with P = PX · PY · PΛ some product distribution, Ω = X × Y × Λ,
where X = Y = {0, 1} and Λ arbitrary, such that Eq. (1) holds. If this is the case,
then we call (P,Ω,Σ) a hidden-variable model for the probability table.
Denote by C2,2,2 the set of all classical probability tables.

Instead of assuming that Λ is a finite discrete set, we could also have allowed a more
general measurable space like Rn, but here this would not change the picture because
the sets of inputs and outcomes are discrete and finite (in other words, considering
only finite discrete Λ is no loss of generality here).
In the derivation above, we have obtained a model for which PA(a|x,λ) and

PB(b|y,λ) are deterministic, i.e. take only the values zero and one. But even without
this assumption, probability tables that are of the form (1) can be realized within the
prescribed causal structure according to classical probability theory: one simply has
to add local randomness that makes the response functions PA and PB act nondeter-
ministically to their inputs. Thus, we do not need to postulate in Definition 1 that
PA and PB must be deterministic.
It is self-evident that the classical probability tables satisfy the no-signalling con-

ditions (Barrett 2007): that is, PA(a|x, y) :=
∑

b P (a, b|x, y) is independent of y,
and PB(b|x, y) :=

∑

a P (a, b|x, y) is independent of x. This means that Alice “sees”
the local marginal distribution PA(a|x, y) = PA(a|x) =

∑

λ∈Λ PA(a|x,λ)PΛ(λ) if she
doesn’t know what happens in Bob’s laboratory, regardless of Bob’s choice of input y
(and similarly with the roles of Alice and Bob exchanged). If this was not true, then
Bob could signal to Alice simply by choosing the local input to his box. The causal
structure that we have assumed from the start precludes such magic behavior.
We can reformulate what we have found above in a slightly more abstract way that

will become useful later. Note that we have found that the classical behaviors are
exactly those that can be expressed in the form (1) with PA and PB deterministic (if
we want). Thus, we have shown that

7
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• In quantum physics:

II HOW COULD PHYSICS BE MORE GENERAL THAN QUANTUM?

Lemma 2. A probability table is classical if and only if it is a convex combination of
deterministic non-signalling probability tables.

Here and in the following, we use some basic notions from convex geometry (see
e.g. the textbook by Webster 1994). If we have a finite number of elements x1, . . . , xn

of some vector space (for example probability distributions, or vectors in Rm), then
another element x is a convex combination of these if and only if there exist p1, . . . , pn ≥
0 with

∑n
i=1 pi = 1 and

∑n
i=1 pixi = x. Intuitively, we can think of x as a “probabilistic

mixture” of the xi, with weights pi. Indeed, the right-hand side of (1) defines a convex
combination of the Pλ(a, b|x, y) := PA(a|x,λ)PB(b|y,λ). These are probability tables
that are deterministic (take only values zero and one) and non-signalling (in fact,
uncorrelated).
This reformulation has intuitive appeal: classically, all probabilities can consistently

be interpreted as arising from lack of knowledge. Namely, we can put everything that
we do not know into some random variable λ. If we knew λ, we could predict the
values of all other variables with certainty.
Quantum theory, however, allows for a different set of probability tables in the

scenario of Figure 2: instead of a joint probability distribution, we can think of a
(possibly entangled) quantum state that has been distributed to Alice and Bob. The
inputs to Alice’s box can be interpreted as measurement choices (e.g. the choice of
angle for a polarization measurement), and the outcomes can correspond to the actual
measurement outcomes. This leads to the following definition:

Definition 3. A probability table P (a, b|x, y) is quantum if it can be written in the
form

P (a, b|x, y) = tr
[

ρAB(E
a
x ⊗ F b

y )
]

,

with ρAB some density operator on the product of two Hilbert spaces HA ⊗HB, mea-
surement operators Ea

x , F
b
y ≥ 0 (i.e. operators that are positive semidefinite) and

E−1
x + E+1

x = 1A as well as F−1
y + F+1

y = 1B for all x and all y.
Denote by Q2,2,2 the set of all quantum probability tables.

For our purpose, we will ignore some subtleties of this definition. For example, the
state ρAB can, without loss of generality, always be chosen pure, ρAB = |ψ〉〈ψ|AB ,
and the measurement operators can be chosen as projectors (see e.g. Navascues et al.,
2015). We will restrict our considerations to finite-dimensional Hilbert spaces; for the
subtleties of the infinite-dimensional case, see e.g. Scholz and Werner, 2008, and Ji et
al., 2020.

Lemma 4. Here are a few properties of the classical and quantum probability tables:

(i) Both C2,2,2 and Q2,2,2 are convex sets, i.e. convex combinations of classical
(quantum) probability tables are classical (quantum).

(ii) C2,2,2 ⊂ Q2,2,2.

(iii) Every P ∈ Q2,2,2 is non-signalling.

(iv) C2,2,2 is a polytope, i.e. the convex hull of a finite number of probability tables.
However, Q2,2,2 is not.
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P (a|x, y) is independent of <latexit sha1_base64="dsEvbUNT/CXSUBP1qRalk+HKi3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYxdpCG8pmO2mXbjZhdyOE0H/gxYOCePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeo4VQzbLBax6gZUo+AS24Ybgd1EIY0CgZ1gcjPzO0+oNI/lg8kS9CM6kjzkjBor3WcXg2rNrbtzkFXiFaQGBVqD6ld/GLM0QmmYoFr3PDcxfk6V4UzgtNJPNSaUTegIe5ZKGqH28/mlU3JmlSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G0y5AqZEZkllClubyVsTBVlxoZTsSF4yy+vks5l3WvUPe+uUWs2izzKcAKncA4eXEETbqEFbWAQwjO8wpszcV6cd+dj0Vpyiplj+APn8wflfo1q</latexit>y,
<latexit sha1_base64="EYaU+ErqF7ZugqPyvcqsSv1oYEU=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVf/p8Sw97ZcrTs2ZAS8TNycVyNHsl796g4gmIZOGCqJ113Vi42VEGU4Fm5R6iWYxoWMyZF1LJQmZ9rLZvRN8YpUBDiJlSxo8U39PZCTUOg192xkSM9KL3lT8z+smJrj0Mi7jxDBJ54uCRGAT4enzeMAVo0aklhCquL0V0xFRhBobUcmG4C6+vEza5zW3XnPdm3ql0cjzKMIRHEMVXLiABlxDE1pAQcAzvMIbukcv6B19zFsLKJ85hD9Anz/IT4+d</latexit>

P (b|x, y) is independent of <latexit sha1_base64="sEMnpWVm+6x8QJ4GrHc47Al5crQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoMeCF49VrC20oWy2k3bpZhN2N2IJ/QdePCiIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf2D6uHRg04yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU2A7H1zO//YhK80Tem0mKQUyHkkecUWOluye3X615rjcHWSV+QWpQoNmvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA6xa6mkMeogn186JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEV0HOZZoZlGyxKMoEMQmZvU0GXCEzYmIJZYrbWwkbUUWZseFUbAj+8surpH3h+nXX92/rtUajyKMMJ3AK5+DDJTTgBprQAgYRPMMrvDlj58V5dz4WrSWnmDmGP3A+fwDnAo1r</latexit>x.

More general than quantum?



• In classical physics / prob. theory:

II HOW COULD PHYSICS BE MORE GENERAL THAN QUANTUM?

depend on y and b cannot depend on x. This means that the scenario must satisfy

P (x, y,λ) = PX(x) · PY (y) · PΛ(λ), a = fA(x,λ), b = fB(y,λ).

For a more detailed explanation of how and why the causal structure of the setup
implies these assumptions, see e.g. the book by Pearl (2009). These assumptions are
typically subsumed under the notion of “local realism”, and readers who want to learn
more about this are invited to consult more specialized references. A great start-
ing point are the Quantum Foundations classes given by Rob Spekkens at Perimeter
Institute; these can be watched for free on http://pirsa.org.
Note that P (a, b|x, y,λ) = δa,fA(x,λ)δb,fB(y,λ) = PA(a|x,λ)PB(b|y,λ) (with δ the

Kronecker delta). Hence, by the chain rule of conditional probability,

P (a, b|x, y) =
∑

λ∈Λ

PA(a|x,λ)PB(b|y,λ)PΛ(λ). (1)

What we have thus shown is that any probability table in classical physics that is real-
izable within the causal structure as depicted in Figure 2 must be classical according
to the following definition:

Definition 1. A probability table P (a, b|x, y) is classical if there exists a probability
space (P,Ω,Σ) with P = PX · PY · PΛ some product distribution, Ω = X × Y × Λ,
where X = Y = {0, 1} and Λ arbitrary, such that Eq. (1) holds. If this is the case,
then we call (P,Ω,Σ) a hidden-variable model for the probability table.
Denote by C2,2,2 the set of all classical probability tables.

Instead of assuming that Λ is a finite discrete set, we could also have allowed a more
general measurable space like Rn, but here this would not change the picture because
the sets of inputs and outcomes are discrete and finite (in other words, considering
only finite discrete Λ is no loss of generality here).
In the derivation above, we have obtained a model for which PA(a|x,λ) and

PB(b|y,λ) are deterministic, i.e. take only the values zero and one. But even without
this assumption, probability tables that are of the form (1) can be realized within the
prescribed causal structure according to classical probability theory: one simply has
to add local randomness that makes the response functions PA and PB act nondeter-
ministically to their inputs. Thus, we do not need to postulate in Definition 1 that
PA and PB must be deterministic.
It is self-evident that the classical probability tables satisfy the no-signalling con-

ditions (Barrett 2007): that is, PA(a|x, y) :=
∑

b P (a, b|x, y) is independent of y,
and PB(b|x, y) :=

∑

a P (a, b|x, y) is independent of x. This means that Alice “sees”
the local marginal distribution PA(a|x, y) = PA(a|x) =

∑

λ∈Λ PA(a|x,λ)PΛ(λ) if she
doesn’t know what happens in Bob’s laboratory, regardless of Bob’s choice of input y
(and similarly with the roles of Alice and Bob exchanged). If this was not true, then
Bob could signal to Alice simply by choosing the local input to his box. The causal
structure that we have assumed from the start precludes such magic behavior.
We can reformulate what we have found above in a slightly more abstract way that

will become useful later. Note that we have found that the classical behaviors are
exactly those that can be expressed in the form (1) with PA and PB deterministic (if
we want). Thus, we have shown that
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• In quantum physics:

II HOW COULD PHYSICS BE MORE GENERAL THAN QUANTUM?

Lemma 2. A probability table is classical if and only if it is a convex combination of
deterministic non-signalling probability tables.

Here and in the following, we use some basic notions from convex geometry (see
e.g. the textbook by Webster 1994). If we have a finite number of elements x1, . . . , xn

of some vector space (for example probability distributions, or vectors in Rm), then
another element x is a convex combination of these if and only if there exist p1, . . . , pn ≥
0 with

∑n
i=1 pi = 1 and

∑n
i=1 pixi = x. Intuitively, we can think of x as a “probabilistic

mixture” of the xi, with weights pi. Indeed, the right-hand side of (1) defines a convex
combination of the Pλ(a, b|x, y) := PA(a|x,λ)PB(b|y,λ). These are probability tables
that are deterministic (take only values zero and one) and non-signalling (in fact,
uncorrelated).
This reformulation has intuitive appeal: classically, all probabilities can consistently

be interpreted as arising from lack of knowledge. Namely, we can put everything that
we do not know into some random variable λ. If we knew λ, we could predict the
values of all other variables with certainty.
Quantum theory, however, allows for a different set of probability tables in the

scenario of Figure 2: instead of a joint probability distribution, we can think of a
(possibly entangled) quantum state that has been distributed to Alice and Bob. The
inputs to Alice’s box can be interpreted as measurement choices (e.g. the choice of
angle for a polarization measurement), and the outcomes can correspond to the actual
measurement outcomes. This leads to the following definition:

Definition 3. A probability table P (a, b|x, y) is quantum if it can be written in the
form

P (a, b|x, y) = tr
[

ρAB(E
a
x ⊗ F b

y )
]

,

with ρAB some density operator on the product of two Hilbert spaces HA ⊗HB, mea-
surement operators Ea

x , F
b
y ≥ 0 (i.e. operators that are positive semidefinite) and

E−1
x + E+1

x = 1A as well as F−1
y + F+1

y = 1B for all x and all y.
Denote by Q2,2,2 the set of all quantum probability tables.

For our purpose, we will ignore some subtleties of this definition. For example, the
state ρAB can, without loss of generality, always be chosen pure, ρAB = |ψ〉〈ψ|AB ,
and the measurement operators can be chosen as projectors (see e.g. Navascues et al.,
2015). We will restrict our considerations to finite-dimensional Hilbert spaces; for the
subtleties of the infinite-dimensional case, see e.g. Scholz and Werner, 2008, and Ji et
al., 2020.

Lemma 4. Here are a few properties of the classical and quantum probability tables:

(i) Both C2,2,2 and Q2,2,2 are convex sets, i.e. convex combinations of classical
(quantum) probability tables are classical (quantum).

(ii) C2,2,2 ⊂ Q2,2,2.

(iii) Every P ∈ Q2,2,2 is non-signalling.

(iv) C2,2,2 is a polytope, i.e. the convex hull of a finite number of probability tables.
However, Q2,2,2 is not.
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<latexit sha1_base64="aw7pg64EmiHh9dATp62y4n5PRpM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8xXjxGMCaSLGF2MpsMmccyMyuEJV/hxYOCePVvvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHj0YFSqCW0RxZXuRNhQziRtWWY57SSaYhFx2o7GNzO//US1YUre20lCQ4GHksWMYOukx54eqX523Zj2yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowmx88RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ92jANCWWTxzBRDN3KyIjrDGxLqOSCyFYfnmVtC+qQa0aBHe1Sr2R51GEEziFcwjgEupwC01oAQEBz/AKb572Xrx372PRWvDymWP4A+/zB0wAkIw=</latexit>⇢AB

Quantum admits more general P’s due to the violation of Bell inequalities.

More general than quantum?

No-signalling conditions:
<latexit sha1_base64="+45m5AenN5Qn6jGtgsIRiVwbrpE=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVfL0eJae9ssVp+bMgJeJm5MK5Gj2y1+9QUSTkElDBdG66zqx8TKiDKeCTUq9RLOY0DEZsq6lkoRMe9ns3gk+scoAB5GyJQ2eqb8nMhJqnYa+7QyJGelFbyr+53UTE1x6GZdxYpik80VBIrCJ8PR5POCKUSNSSwhV3N6K6YgoQo2NqGRDcBdfXibt85pbr7nuTb3SaOR5FOEIjqEKLlxAA66hCS2gIOAZXuEN3aMX9I4+5q0FlM8cwh+gzx/GxY+c</latexit>

P (a|x, y) is independent of <latexit sha1_base64="dsEvbUNT/CXSUBP1qRalk+HKi3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYxdpCG8pmO2mXbjZhdyOE0H/gxYOCePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeo4VQzbLBax6gZUo+AS24Ybgd1EIY0CgZ1gcjPzO0+oNI/lg8kS9CM6kjzkjBor3WcXg2rNrbtzkFXiFaQGBVqD6ld/GLM0QmmYoFr3PDcxfk6V4UzgtNJPNSaUTegIe5ZKGqH28/mlU3JmlSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G0y5AqZEZkllClubyVsTBVlxoZTsSF4yy+vks5l3WvUPe+uUWs2izzKcAKncA4eXEETbqEFbWAQwjO8wpszcV6cd+dj0Vpyiplj+APn8wflfo1q</latexit>y,
<latexit sha1_base64="EYaU+ErqF7ZugqPyvcqsSv1oYEU=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVf/p8Sw97ZcrTs2ZAS8TNycVyNHsl796g4gmIZOGCqJ113Vi42VEGU4Fm5R6iWYxoWMyZF1LJQmZ9rLZvRN8YpUBDiJlSxo8U39PZCTUOg192xkSM9KL3lT8z+smJrj0Mi7jxDBJ54uCRGAT4enzeMAVo0aklhCquL0V0xFRhBobUcmG4C6+vEza5zW3XnPdm3ql0cjzKMIRHEMVXLiABlxDE1pAQcAzvMIbukcv6B19zFsLKJ85hD9Anz/IT4+d</latexit>

P (b|x, y) is independent of <latexit sha1_base64="sEMnpWVm+6x8QJ4GrHc47Al5crQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoMeCF49VrC20oWy2k3bpZhN2N2IJ/QdePCiIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf2D6uHRg04yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU2A7H1zO//YhK80Tem0mKQUyHkkecUWOluye3X615rjcHWSV+QWpQoNmvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA6xa6mkMeogn186JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEV0HOZZoZlGyxKMoEMQmZvU0GXCEzYmIJZYrbWwkbUUWZseFUbAj+8surpH3h+nXX92/rtUajyKMMJ3AK5+DDJTTgBprQAgYRPMMrvDlj58V5dz4WrSWnmDmGP3A+fwDnAo1r</latexit>x.



whereCHSH := |C00 + C01 + C10 − C11| ≤ 2

The Bell-CHSH inequality

Classical probability distributions satisfy Bell inequality:
<latexit sha1_base64="PZ6tYgjhG9/vrbeAfLEQVvqS8Fk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICWRoiIIhSK4rGAf0IQwmU7boZMHMxNpiFm78VfcuFDErV/gzr9x0mah1QMXDufcy733uCGjQhrGl1ZYWFxaXimultbWNza39O2dtggijkkLByzgXRcJwqhPWpJKRrohJ8hzGem440bmd+4IFzTwb2UcEttDQ58OKEZSSY6+33CSSZxeXFoekiPXTa7SCrJwP5DQvZ8cx0dVRy8bVWMK+JeYOSmDHE1H/7T6AY484kvMkBA90wilnSAuKWYkLVmRICHCYzQkPUV95BFhJ9NXUniolD4cBFyVL+FU/TmRIE+I2HNVZ3awmPcy8T+vF8nBuZ1QP4wk8fFs0SBiUAYwywX2KSdYslgRhDlVt0I8QhxhqdIrqRDM+Zf/kvZJ1Tyt1m5q5Xo9j6MI9sABqAATnIE6uAZN0AIYPIAn8AJetUftWXvT3metBS2f2QW/oH18A1Y4mgY=</latexit>

Cxy := E(a · b|x, y).
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classical QM Quantum: Bell inequality violation.
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The Bell-CHSH inequality

S. Popescu and D. Rohrlich, Found. Phys. 24, 379 (1994):

Are quantum correlations the most general	
that satisfy the no-signalling principle?
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P (a, b|x, y)

Quantum: Bell inequality violation.
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Cxy := E(a · b|x, y).
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P (a, b|x, y)

No! Counterexample: the PR-box correlations

CHSH=4

classical QM
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<latexit sha1_base64="CJoU9DmjK1RsXOheNVhruDOmw3E=">AAAB8nicbVBNSwMxEJ34WetX1aOXYBEqlLIrBT0WvHisYG2xXUo2zbah2eySZMVl7b/w4kFBvPprvPlvTNs9aOuDgcd7M8zM82PBtXGcb7Syura+sVnYKm7v7O7tlw4O73SUKMpaNBKR6vhEM8ElaxluBOvEipHQF6ztj6+mfvuBKc0jeWvSmHkhGUoecEqMle6bFVL1nx6r6Vm/VHZqzgx4mbg5KUOOZr/01RtENAmZNFQQrbuuExsvI8pwKtik2Es0iwkdkyHrWipJyLSXzS6e4FOrDHAQKVvS4Jn6eyIjodZp6NvOkJiRXvSm4n9eNzHBpZdxGSeGSTpfFCQCmwhP38cDrhg1IrWEUMXtrZiOiCLU2JCKNgR38eVl0j6vufWa697Uy41GnkcBjuEEKuDCBTTgGprQAgoSnuEV3pBGL+gdfcxbV1A+cwR/gD5/AO0mkD4=</latexit>

P (a, b|x, y)

No! Counterexample: the PR-box correlations

CHSH=4

no-signallingclassical QM

<latexit sha1_base64="PZ6tYgjhG9/vrbeAfLEQVvqS8Fk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICWRoiIIhSK4rGAf0IQwmU7boZMHMxNpiFm78VfcuFDErV/gzr9x0mah1QMXDufcy733uCGjQhrGl1ZYWFxaXimultbWNza39O2dtggijkkLByzgXRcJwqhPWpJKRrohJ8hzGem440bmd+4IFzTwb2UcEttDQ58OKEZSSY6+33CSSZxeXFoekiPXTa7SCrJwP5DQvZ8cx0dVRy8bVWMK+JeYOSmDHE1H/7T6AY484kvMkBA90wilnSAuKWYkLVmRICHCYzQkPUV95BFhJ9NXUniolD4cBFyVL+FU/TmRIE+I2HNVZ3awmPcy8T+vF8nBuZ1QP4wk8fFs0SBiUAYwywX2KSdYslgRhDlVt0I8QhxhqdIrqRDM+Zf/kvZJ1Tyt1m5q5Xo9j6MI9sABqAATnIE6uAZN0AIYPIAn8AJetUftWXvT3metBS2f2QW/oH18A1Y4mgY=</latexit>

Cxy := E(a · b|x, y).

<latexit sha1_base64="qp6YB0O15IgoUFnLurPZwG18NkQ="></latexit>

P (+1,+1|x, y) = P (�1,�1|x, y) = 1

2
if (x, y) 2 {(0, 0), (0, 1), (1, 0)}

P (+1,�1|1, 1) = P (�1,+1|1, 1) = 1

2



Physics beyond quantum?

<latexit sha1_base64="aw7pg64EmiHh9dATp62y4n5PRpM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8xXjxGMCaSLGF2MpsMmccyMyuEJV/hxYOCePVvvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHj0YFSqCW0RxZXuRNhQziRtWWY57SSaYhFx2o7GNzO//US1YUre20lCQ4GHksWMYOukx54eqX523Zj2yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowmx88RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ92jANCWWTxzBRDN3KyIjrDGxLqOSCyFYfnmVtC+qQa0aBHe1Sr2R51GEEziFcwjgEupwC01oAQEBz/AKb572Xrx372PRWvDymWP4A+/zB0wAkIw=</latexit>⇢AB

No-signalling conditions:
<latexit sha1_base64="+45m5AenN5Qn6jGtgsIRiVwbrpE=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVfL0eJae9ssVp+bMgJeJm5MK5Gj2y1+9QUSTkElDBdG66zqx8TKiDKeCTUq9RLOY0DEZsq6lkoRMe9ns3gk+scoAB5GyJQ2eqb8nMhJqnYa+7QyJGelFbyr+53UTE1x6GZdxYpik80VBIrCJ8PR5POCKUSNSSwhV3N6K6YgoQo2NqGRDcBdfXibt85pbr7nuTb3SaOR5FOEIjqEKLlxAA66hCS2gIOAZXuEN3aMX9I4+5q0FlM8cwh+gzx/GxY+c</latexit>

P (a|x, y) is independent of <latexit sha1_base64="dsEvbUNT/CXSUBP1qRalk+HKi3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYxdpCG8pmO2mXbjZhdyOE0H/gxYOCePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeo4VQzbLBax6gZUo+AS24Ybgd1EIY0CgZ1gcjPzO0+oNI/lg8kS9CM6kjzkjBor3WcXg2rNrbtzkFXiFaQGBVqD6ld/GLM0QmmYoFr3PDcxfk6V4UzgtNJPNSaUTegIe5ZKGqH28/mlU3JmlSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G0y5AqZEZkllClubyVsTBVlxoZTsSF4yy+vks5l3WvUPe+uUWs2izzKcAKncA4eXEETbqEFbWAQwjO8wpszcV6cd+dj0Vpyiplj+APn8wflfo1q</latexit>y,
<latexit sha1_base64="EYaU+ErqF7ZugqPyvcqsSv1oYEU=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVf/p8Sw97ZcrTs2ZAS8TNycVyNHsl796g4gmIZOGCqJ113Vi42VEGU4Fm5R6iWYxoWMyZF1LJQmZ9rLZvRN8YpUBDiJlSxo8U39PZCTUOg192xkSM9KL3lT8z+smJrj0Mi7jxDBJ54uCRGAT4enzeMAVo0aklhCquL0V0xFRhBobUcmG4C6+vEza5zW3XnPdm3ql0cjzKMIRHEMVXLiABlxDE1pAQcAzvMIbukcv6B19zFsLKJ85hD9Anz/IT4+d</latexit>

P (b|x, y) is independent of <latexit sha1_base64="sEMnpWVm+6x8QJ4GrHc47Al5crQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoMeCF49VrC20oWy2k3bpZhN2N2IJ/QdePCiIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf2D6uHRg04yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU2A7H1zO//YhK80Tem0mKQUyHkkecUWOluye3X615rjcHWSV+QWpQoNmvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA6xa6mkMeogn186JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEV0HOZZoZlGyxKMoEMQmZvU0GXCEzYmIJZYrbWwkbUUWZseFUbAj+8surpH3h+nXX92/rtUajyKMMJ3AK5+DDJTTgBprQAgYRPMMrvDlj58V5dz4WrSWnmDmGP3A+fwDnAo1r</latexit>x.

C Q

NS



Physics beyond quantum?

<latexit sha1_base64="aw7pg64EmiHh9dATp62y4n5PRpM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8xXjxGMCaSLGF2MpsMmccyMyuEJV/hxYOCePVvvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHj0YFSqCW0RxZXuRNhQziRtWWY57SSaYhFx2o7GNzO//US1YUre20lCQ4GHksWMYOukx54eqX523Zj2yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowmx88RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ92jANCWWTxzBRDN3KyIjrDGxLqOSCyFYfnmVtC+qQa0aBHe1Sr2R51GEEziFcwjgEupwC01oAQEBz/AKb572Xrx372PRWvDymWP4A+/zB0wAkIw=</latexit>⇢AB

No-signalling conditions:
<latexit sha1_base64="+45m5AenN5Qn6jGtgsIRiVwbrpE=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVfL0eJae9ssVp+bMgJeJm5MK5Gj2y1+9QUSTkElDBdG66zqx8TKiDKeCTUq9RLOY0DEZsq6lkoRMe9ns3gk+scoAB5GyJQ2eqb8nMhJqnYa+7QyJGelFbyr+53UTE1x6GZdxYpik80VBIrCJ8PR5POCKUSNSSwhV3N6K6YgoQo2NqGRDcBdfXibt85pbr7nuTb3SaOR5FOEIjqEKLlxAA66hCS2gIOAZXuEN3aMX9I4+5q0FlM8cwh+gzx/GxY+c</latexit>

P (a|x, y) is independent of <latexit sha1_base64="dsEvbUNT/CXSUBP1qRalk+HKi3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYxdpCG8pmO2mXbjZhdyOE0H/gxYOCePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeo4VQzbLBax6gZUo+AS24Ybgd1EIY0CgZ1gcjPzO0+oNI/lg8kS9CM6kjzkjBor3WcXg2rNrbtzkFXiFaQGBVqD6ld/GLM0QmmYoFr3PDcxfk6V4UzgtNJPNSaUTegIe5ZKGqH28/mlU3JmlSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G0y5AqZEZkllClubyVsTBVlxoZTsSF4yy+vks5l3WvUPe+uUWs2izzKcAKncA4eXEETbqEFbWAQwjO8wpszcV6cd+dj0Vpyiplj+APn8wflfo1q</latexit>y,
<latexit sha1_base64="EYaU+ErqF7ZugqPyvcqsSv1oYEU=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVf/p8Sw97ZcrTs2ZAS8TNycVyNHsl796g4gmIZOGCqJ113Vi42VEGU4Fm5R6iWYxoWMyZF1LJQmZ9rLZvRN8YpUBDiJlSxo8U39PZCTUOg192xkSM9KL3lT8z+smJrj0Mi7jxDBJ54uCRGAT4enzeMAVo0aklhCquL0V0xFRhBobUcmG4C6+vEza5zW3XnPdm3ql0cjzKMIRHEMVXLiABlxDE1pAQcAzvMIbukcv6B19zFsLKJ85hD9Anz/IT4+d</latexit>

P (b|x, y) is independent of <latexit sha1_base64="sEMnpWVm+6x8QJ4GrHc47Al5crQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoMeCF49VrC20oWy2k3bpZhN2N2IJ/QdePCiIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf2D6uHRg04yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU2A7H1zO//YhK80Tem0mKQUyHkkecUWOluye3X615rjcHWSV+QWpQoNmvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA6xa6mkMeogn186JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEV0HOZZoZlGyxKMoEMQmZvU0GXCEzYmIJZYrbWwkbUUWZseFUbAj+8surpH3h+nXX92/rtUajyKMMJ3AK5+DDJTTgBprQAgYRPMMrvDlj58V5dz4WrSWnmDmGP3A+fwDnAo1r</latexit>x.

C Q

NS

Correlations in C come from classical prob. theory,	
correlations in Q from quantum theory,	
correlations in NS from a theory called “boxworld”.



Physics beyond quantum?

<latexit sha1_base64="aw7pg64EmiHh9dATp62y4n5PRpM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8xXjxGMCaSLGF2MpsMmccyMyuEJV/hxYOCePVvvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHj0YFSqCW0RxZXuRNhQziRtWWY57SSaYhFx2o7GNzO//US1YUre20lCQ4GHksWMYOukx54eqX523Zj2yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowmx88RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18FWZMJqmlkiwWxSlHVqHZ92jANCWWTxzBRDN3KyIjrDGxLqOSCyFYfnmVtC+qQa0aBHe1Sr2R51GEEziFcwjgEupwC01oAQEBz/AKb572Xrx372PRWvDymWP4A+/zB0wAkIw=</latexit>⇢AB

No-signalling conditions:
<latexit sha1_base64="+45m5AenN5Qn6jGtgsIRiVwbrpE=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVfL0eJae9ssVp+bMgJeJm5MK5Gj2y1+9QUSTkElDBdG66zqx8TKiDKeCTUq9RLOY0DEZsq6lkoRMe9ns3gk+scoAB5GyJQ2eqb8nMhJqnYa+7QyJGelFbyr+53UTE1x6GZdxYpik80VBIrCJ8PR5POCKUSNSSwhV3N6K6YgoQo2NqGRDcBdfXibt85pbr7nuTb3SaOR5FOEIjqEKLlxAA66hCS2gIOAZXuEN3aMX9I4+5q0FlM8cwh+gzx/GxY+c</latexit>

P (a|x, y) is independent of <latexit sha1_base64="dsEvbUNT/CXSUBP1qRalk+HKi3c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYxdpCG8pmO2mXbjZhdyOE0H/gxYOCePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeo4VQzbLBax6gZUo+AS24Ybgd1EIY0CgZ1gcjPzO0+oNI/lg8kS9CM6kjzkjBor3WcXg2rNrbtzkFXiFaQGBVqD6ld/GLM0QmmYoFr3PDcxfk6V4UzgtNJPNSaUTegIe5ZKGqH28/mlU3JmlSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G0y5AqZEZkllClubyVsTBVlxoZTsSF4yy+vks5l3WvUPe+uUWs2izzKcAKncA4eXEETbqEFbWAQwjO8wpszcV6cd+dj0Vpyiplj+APn8wflfo1q</latexit>y,
<latexit sha1_base64="EYaU+ErqF7ZugqPyvcqsSv1oYEU=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPRY8OKxgrWFdinZNNuGZrNrkhWXtX/CiwcF8erP8ea/MW33oK0PBh7vzTAzz48F18ZxvlFhZXVtfaO4Wdra3tndK+8f3OkoUZS1aCQi1fGJZoJL1jLcCNaJFSOhL1jbH19N/fYDU5pH8takMfNCMpQ84JQYK3WaVf/p8Sw97ZcrTs2ZAS8TNycVyNHsl796g4gmIZOGCqJ113Vi42VEGU4Fm5R6iWYxoWMyZF1LJQmZ9rLZvRN8YpUBDiJlSxo8U39PZCTUOg192xkSM9KL3lT8z+smJrj0Mi7jxDBJ54uCRGAT4enzeMAVo0aklhCquL0V0xFRhBobUcmG4C6+vEza5zW3XnPdm3ql0cjzKMIRHEMVXLiABlxDE1pAQcAzvMIbukcv6B19zFsLKJ85hD9Anz/IT4+d</latexit>

P (b|x, y) is independent of <latexit sha1_base64="sEMnpWVm+6x8QJ4GrHc47Al5crQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoMeCF49VrC20oWy2k3bpZhN2N2IJ/QdePCiIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf2D6uHRg04yxbDFEpGoTkg1Ci6xZbgR2EkV0jgU2A7H1zO//YhK80Tem0mKQUyHkkecUWOluye3X615rjcHWSV+QWpQoNmvfvUGCctilIYJqnXX91IT5FQZzgROK71MY0rZmA6xa6mkMeogn186JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEV0HOZZoZlGyxKMoEMQmZvU0GXCEzYmIJZYrbWwkbUUWZseFUbAj+8surpH3h+nXX92/rtUajyKMMJ3AK5+DDJTTgBprQAgYRPMMrvDlj58V5dz4WrSWnmDmGP3A+fwDnAo1r</latexit>x.

C Q

NS

Correlations in C come from classical prob. theory,	
correlations in Q from quantum theory,	
correlations in NS from a theory called “boxworld”.

3 examples of a “generalized probabilistic theory”.



Generalized probabilistic theories

�

Preparation transformation measurement



�

Example: classical coin toss.

• On every push of button, the preparation device performs	
    a biased coin toss.	
• The transformation device, for example, inverts the coin	
    (if heads then tails, and vice versa).	
• The measurement outcome is "heads" or "tails".

Generalized probabilistic theories

Preparation transformation measurement



�

• On every push of button, the preparation device performs	
    a biased coin toss.	
• The transformation device, for example, inverts the coin	
    (if heads then tails, and vice versa).	
• The measurement outcome is "heads" or "tails".

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

• On every push of button, the preparation device produces	
    a biased coin toss.	
• The transformation device, for example, inverts the coin	
    (if heads then tails, and vice versa).	
• The measurement outcome is "heads" or "tails".

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

• The preparation device prepares a physical system	
• in a state ω. Here

ω =

�
Prob(heads)
Prob(tails)

�
=

�
p

1− p

�
.

?

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

• The preparation device prepares a physical system	
• in a state ω. Here

ω =

�
Prob(heads)
Prob(tails)

�
=

�
p

1− p

�
.

State space Ω: the set of all possible states

?

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

• The preparation device prepares a physical system	
• in a state ω. Here

ω =

�
Prob(heads)
Prob(tails)

�
=

�
p

1− p

�
.

State space Ω: the set of all possible states

?

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement

�
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0

�

�
0
1

�

�
1/2
1/2

�



� ?

• The preparation device prepares a physical system	
• in a state ω.

T

�
p

1− p

�
=

�
1− p
p

�

�
1
0

�

�
0
1

�

�
1/2
1/2

�

• Transformation:

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



� ?

• The preparation device prepares a physical system	
• in a state ω.

�
0
1

�

�
1/2
1/2

�

• Transformation: T

�
p

1− p

�
=

�
1− p
p

�

Maps states to states and is linear.

�
1
0

�

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

�
0
1

�

�
1/2
1/2

�

�
1
0

�
• Every measurement outcome has a probability,	
   depending linearly on the state:

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

�
0
1

�

�
1/2
1/2

�

�
1
0

�
• Every measurement outcome has a probability,	
   depending linearly on the state:

Prob(heads|!) = p =

✓
1
0

◆
·
✓

p
1� p

◆
= e · !.

Generalized probabilistic theories

Example: classical coin toss.

Preparation transformation measurement



�

Example: quantum spin-1/2 particle.

Generalized probabilistic theories

Preparation transformation measurement



�

• The preparation device prepares a spin-1/2	
• particle in quantum state ω.

Generalized probabilistic theories

Example: quantum spin-1/2 particle.

Preparation transformation measurement

<latexit sha1_base64="k3qFnKs3I6y2nJCND+/gbKK/1T8="></latexit>

|ω→ = cos
ε

2
| ↑→+ eiω sin

ε

2
| ↓→



• The preparation device prepares a spin-1/2	
• particle in quantum state ω.

Generalized probabilistic theories

Example: quantum spin-1/2 particle.

| ↑�

| ↓�

<latexit sha1_base64="k3qFnKs3I6y2nJCND+/gbKK/1T8="></latexit>

|ω→ = cos
ε

2
| ↑→+ eiω sin

ε

2
| ↓→



• The preparation device prepares a spin-1/2	
• particle in quantum state ω.

Generalized probabilistic theories

Example: quantum spin-1/2 particle.

| ↑�

| ↓�

<latexit sha1_base64="k3qFnKs3I6y2nJCND+/gbKK/1T8="></latexit>

|ω→ = cos
ε

2
| ↑→+ eiω sin

ε

2
| ↓→

More generally, it is described by a mixed	
state (density matrix)

<latexit sha1_base64="E9570euzVx8w/nzbh6d2F94UtKY="></latexit>

ω =
1

2

(
1 + rz rx → iry
rx + iry 1→ rz

)

with               (pure states have                       ), the Bloch ball.
<latexit sha1_base64="iCWuCB3XCm9WyEvB7x7Bx4ApZw0="></latexit>

ω = |ε→↑ε|<latexit sha1_base64="Pm9Or9v8wHNRcatbkgiZjFIGAso="></latexit>

|ωr| → 1



�

• Unitary transformation of the density matrix:
ω �→ UωU†.

Generalized probabilistic theories

Example: quantum spin-1/2 particle.

Preparation transformation measurement



�

• Unitary transformation of the density matrix:
ω �→ UωU†.

• Measurement in arbitrary spin direction d:
Prob(↑ |ω) = Tr(Pd ω)

Generalized probabilistic theories

Example: quantum spin-1/2 particle.

Preparation transformation measurement



• What is a state?	
It is the thing that allows us to determine, for all possible	
measurements, the probabilities of the possible outcomes.

Generalized probabilistic theories



• What is a state?	
It is the thing that allows us to determine, for all possible	
measurements, the probabilities of the possible outcomes.

Generalized probabilistic theories

QT: Density matrix 	
       Measure whether spin is up or down:

<latexit sha1_base64="kqYCupqATh/epZ4CkHtEzP+iAkI=">AAACJHicbZDNSgMxFIUz9a/Wv6pLN8EitJthRgqKIBTduKxgbaFTSibNtKGZJCQZpYx9Fze+ihsXiuLCjc9i2s5CWy+EfJxzL8k9oWRUG8/7cnJLyyura/n1wsbm1vZOcXfvVotEYdLAggnVCpEmjHLSMNQw0pKKoDhkpBkOLyd+844oTQW/MSNJOjHqcxpRjIyVusWzejkNVAwTOa6cT8mocTlQA/EQJBIpJe4DhXifkYDNrkytuN1iyXO9acFF8DMogazq3eJ70BM4iQk3mCGt274nTSdFylDMyLgQJJpIhIeoT9oWOYqJ7qTTHcfwyCo9GAllDzdwqv6eSFGs9SgObWeMzEDPexPxP6+dmOi0k1IuE0M4nj0UJQwaASeBwR5VBBs2soCwovavEA+QQtjYWAs2BH9+5UVoHrt+1fX962qpdpHlkQcH4BCUgQ9OQA1cgTpoAAwewTN4BW/Ok/PifDifs9ack83sgz/lfP8ADVOlkw==</latexit>

P (up) = tr(⇢| "ih").
<latexit sha1_base64="80DsCSnr5AxNDThbliXINd3Horw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07IRQY9FLx4ruLbQLiWbZtvQbLIkWaEs/Q1ePCiIV/+PN/+NabsHbX0w8Hhvhpl5cSa4sUHw7VXW1jc2t6rbtZ3dvf2D+uHRo1G5piykSijdiYlhgksWWm4F62SakTQWrB2Pb2d++4lpw5V8sJOMRSkZSp5wSqyTwp4eKb9fbwR+MAdaJbgkDSjR6te/egNF85RJSwUxpouDzEYF0ZZTwaa1Xm5YRuiYDFnXUUlSZqJifuwUnTllgBKlXUmL5urviYKkxkzS2HWmxI7MsjcT//O6uU2uo4LLLLdM0sWiJBfIKjT7HA24ZtSKiSOEau5uRXRENKHW5VNzIeDll1dJ+8LHlz7G95eN5k2ZRxVO4BTOAcMVNOEOWhACBQ7P8ApvnvRevHfvY9Fa8cqZY/gD7/MHI3KOuA==</latexit>⇢.



• What is a state?	
It is the thing that allows us to determine, for all possible	
measurements, the probabilities of the possible outcomes.

Generalized probabilistic theories

• What is a state space?	
It is the collection of all states that a system could	
possibly be in, closed under statistical mixtures.

QT: Density matrix 	
       Measure whether spin is up or down:

<latexit sha1_base64="kqYCupqATh/epZ4CkHtEzP+iAkI=">AAACJHicbZDNSgMxFIUz9a/Wv6pLN8EitJthRgqKIBTduKxgbaFTSibNtKGZJCQZpYx9Fze+ihsXiuLCjc9i2s5CWy+EfJxzL8k9oWRUG8/7cnJLyyura/n1wsbm1vZOcXfvVotEYdLAggnVCpEmjHLSMNQw0pKKoDhkpBkOLyd+844oTQW/MSNJOjHqcxpRjIyVusWzejkNVAwTOa6cT8mocTlQA/EQJBIpJe4DhXifkYDNrkytuN1iyXO9acFF8DMogazq3eJ70BM4iQk3mCGt274nTSdFylDMyLgQJJpIhIeoT9oWOYqJ7qTTHcfwyCo9GAllDzdwqv6eSFGs9SgObWeMzEDPexPxP6+dmOi0k1IuE0M4nj0UJQwaASeBwR5VBBs2soCwovavEA+QQtjYWAs2BH9+5UVoHrt+1fX962qpdpHlkQcH4BCUgQ9OQA1cgTpoAAwewTN4BW/Ok/PifDifs9ack83sgz/lfP8ADVOlkw==</latexit>

P (up) = tr(⇢| "ih").
<latexit sha1_base64="80DsCSnr5AxNDThbliXINd3Horw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07IRQY9FLx4ruLbQLiWbZtvQbLIkWaEs/Q1ePCiIV/+PN/+NabsHbX0w8Hhvhpl5cSa4sUHw7VXW1jc2t6rbtZ3dvf2D+uHRo1G5piykSijdiYlhgksWWm4F62SakTQWrB2Pb2d++4lpw5V8sJOMRSkZSp5wSqyTwp4eKb9fbwR+MAdaJbgkDSjR6te/egNF85RJSwUxpouDzEYF0ZZTwaa1Xm5YRuiYDFnXUUlSZqJifuwUnTllgBKlXUmL5urviYKkxkzS2HWmxI7MsjcT//O6uU2uo4LLLLdM0sWiJBfIKjT7HA24ZtSKiSOEau5uRXRENKHW5VNzIeDll1dJ+8LHlz7G95eN5k2ZRxVO4BTOAcMVNOEOWhACBQ7P8ApvnvRevHfvY9Fa8cqZY/gD7/MHI3KOuA==</latexit>⇢.



• What is a state?	
It is the thing that allows us to determine, for all possible	
measurements, the probabilities of the possible outcomes.

Generalized probabilistic theories

• What is a state space?	
It is the collection of all states that a system could	
possibly be in, closed under statistical mixtures.

even: !
odd: ⌧

� =
1

2
! +

1

2
⌧

QT: Density matrix 	
       Measure whether spin is up or down:

<latexit sha1_base64="kqYCupqATh/epZ4CkHtEzP+iAkI=">AAACJHicbZDNSgMxFIUz9a/Wv6pLN8EitJthRgqKIBTduKxgbaFTSibNtKGZJCQZpYx9Fze+ihsXiuLCjc9i2s5CWy+EfJxzL8k9oWRUG8/7cnJLyyura/n1wsbm1vZOcXfvVotEYdLAggnVCpEmjHLSMNQw0pKKoDhkpBkOLyd+844oTQW/MSNJOjHqcxpRjIyVusWzejkNVAwTOa6cT8mocTlQA/EQJBIpJe4DhXifkYDNrkytuN1iyXO9acFF8DMogazq3eJ70BM4iQk3mCGt274nTSdFylDMyLgQJJpIhIeoT9oWOYqJ7qTTHcfwyCo9GAllDzdwqv6eSFGs9SgObWeMzEDPexPxP6+dmOi0k1IuE0M4nj0UJQwaASeBwR5VBBs2soCwovavEA+QQtjYWAs2BH9+5UVoHrt+1fX962qpdpHlkQcH4BCUgQ9OQA1cgTpoAAwewTN4BW/Ok/PifDifs9ack83sgz/lfP8ADVOlkw==</latexit>

P (up) = tr(⇢| "ih").
<latexit sha1_base64="80DsCSnr5AxNDThbliXINd3Horw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07IRQY9FLx4ruLbQLiWbZtvQbLIkWaEs/Q1ePCiIV/+PN/+NabsHbX0w8Hhvhpl5cSa4sUHw7VXW1jc2t6rbtZ3dvf2D+uHRo1G5piykSijdiYlhgksWWm4F62SakTQWrB2Pb2d++4lpw5V8sJOMRSkZSp5wSqyTwp4eKb9fbwR+MAdaJbgkDSjR6te/egNF85RJSwUxpouDzEYF0ZZTwaa1Xm5YRuiYDFnXUUlSZqJifuwUnTllgBKlXUmL5urviYKkxkzS2HWmxI7MsjcT//O6uU2uo4LLLLdM0sWiJBfIKjT7HA24ZtSKiSOEau5uRXRENKHW5VNzIeDll1dJ+8LHlz7G95eN5k2ZRxVO4BTOAcMVNOEOWhACBQ7P8ApvnvRevHfvY9Fa8cqZY/gD7/MHI3KOuA==</latexit>⇢.



• What is a state?	
It is the thing that allows us to determine, for all possible	
measurements, the probabilities of the possible outcomes.

Generalized probabilistic theories

• What is a state space?	
It is the collection of all states that a system could	
possibly be in, closed under statistical mixtures.

even: !
odd: ⌧

� =
1

2
! +

1

2
⌧

QT: Density matrix 	
       Measure whether spin is up or down:

<latexit sha1_base64="kqYCupqATh/epZ4CkHtEzP+iAkI=">AAACJHicbZDNSgMxFIUz9a/Wv6pLN8EitJthRgqKIBTduKxgbaFTSibNtKGZJCQZpYx9Fze+ihsXiuLCjc9i2s5CWy+EfJxzL8k9oWRUG8/7cnJLyyura/n1wsbm1vZOcXfvVotEYdLAggnVCpEmjHLSMNQw0pKKoDhkpBkOLyd+844oTQW/MSNJOjHqcxpRjIyVusWzejkNVAwTOa6cT8mocTlQA/EQJBIpJe4DhXifkYDNrkytuN1iyXO9acFF8DMogazq3eJ70BM4iQk3mCGt274nTSdFylDMyLgQJJpIhIeoT9oWOYqJ7qTTHcfwyCo9GAllDzdwqv6eSFGs9SgObWeMzEDPexPxP6+dmOi0k1IuE0M4nj0UJQwaASeBwR5VBBs2soCwovavEA+QQtjYWAs2BH9+5UVoHrt+1fX962qpdpHlkQcH4BCUgQ9OQA1cgTpoAAwewTN4BW/Ok/PifDifs9ack83sgz/lfP8ADVOlkw==</latexit>

P (up) = tr(⇢| "ih").
<latexit sha1_base64="80DsCSnr5AxNDThbliXINd3Horw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07IRQY9FLx4ruLbQLiWbZtvQbLIkWaEs/Q1ePCiIV/+PN/+NabsHbX0w8Hhvhpl5cSa4sUHw7VXW1jc2t6rbtZ3dvf2D+uHRo1G5piykSijdiYlhgksWWm4F62SakTQWrB2Pb2d++4lpw5V8sJOMRSkZSp5wSqyTwp4eKb9fbwR+MAdaJbgkDSjR6te/egNF85RJSwUxpouDzEYF0ZZTwaa1Xm5YRuiYDFnXUUlSZqJifuwUnTllgBKlXUmL5urviYKkxkzS2HWmxI7MsjcT//O6uU2uo4LLLLdM0sWiJBfIKjT7HA24ZtSKiSOEau5uRXRENKHW5VNzIeDll1dJ+8LHlz7G95eN5k2ZRxVO4BTOAcMVNOEOWhACBQ7P8ApvnvRevHfvY9Fa8cqZY/gD7/MHI3KOuA==</latexit>⇢.

Ω
!1

!2convex



• What is a state?	
It is the thing that allows us to determine, for all possible	
measurements, the probabilities of the possible outcomes.

Generalized probabilistic theories

• What is a state space?	
It is the collection of all states that a system could	
possibly be in, closed under statistical mixtures.

QT: Density matrix 	
       Measure whether spin is up or down:

<latexit sha1_base64="kqYCupqATh/epZ4CkHtEzP+iAkI=">AAACJHicbZDNSgMxFIUz9a/Wv6pLN8EitJthRgqKIBTduKxgbaFTSibNtKGZJCQZpYx9Fze+ihsXiuLCjc9i2s5CWy+EfJxzL8k9oWRUG8/7cnJLyyura/n1wsbm1vZOcXfvVotEYdLAggnVCpEmjHLSMNQw0pKKoDhkpBkOLyd+844oTQW/MSNJOjHqcxpRjIyVusWzejkNVAwTOa6cT8mocTlQA/EQJBIpJe4DhXifkYDNrkytuN1iyXO9acFF8DMogazq3eJ70BM4iQk3mCGt274nTSdFylDMyLgQJJpIhIeoT9oWOYqJ7qTTHcfwyCo9GAllDzdwqv6eSFGs9SgObWeMzEDPexPxP6+dmOi0k1IuE0M4nj0UJQwaASeBwR5VBBs2soCwovavEA+QQtjYWAs2BH9+5UVoHrt+1fX962qpdpHlkQcH4BCUgQ9OQA1cgTpoAAwewTN4BW/Ok/PifDifs9ack83sgz/lfP8ADVOlkw==</latexit>

P (up) = tr(⇢| "ih").
<latexit sha1_base64="80DsCSnr5AxNDThbliXINd3Horw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07IRQY9FLx4ruLbQLiWbZtvQbLIkWaEs/Q1ePCiIV/+PN/+NabsHbX0w8Hhvhpl5cSa4sUHw7VXW1jc2t6rbtZ3dvf2D+uHRo1G5piykSijdiYlhgksWWm4F62SakTQWrB2Pb2d++4lpw5V8sJOMRSkZSp5wSqyTwp4eKb9fbwR+MAdaJbgkDSjR6te/egNF85RJSwUxpouDzEYF0ZZTwaa1Xm5YRuiYDFnXUUlSZqJifuwUnTllgBKlXUmL5urviYKkxkzS2HWmxI7MsjcT//O6uU2uo4LLLLdM0sWiJBfIKjT7HA24ZtSKiSOEau5uRXRENKHW5VNzIeDll1dJ+8LHlz7G95eN5k2ZRxVO4BTOAcMVNOEOWhACBQ7P8ApvnvRevHfvY9Fa8cqZY/gD7/MHI3KOuA==</latexit>⇢.

Ω
!1

!2

QT:
<latexit sha1_base64="0uc4pHpQB7Jg/+l02L/tMnpSoUw="></latexit>

⌦ = {⇢ 2 HN (C) | tr(⇢) = 1, ⇢ � 0}.

convex



• What is a state?	
It is the thing that allows us to determine, for all possible	
measurements, the probabilities of the possible outcomes.

Generalized probabilistic theories

• What is a state space?	
It is the collection of all states that a system could	
possibly be in, closed under statistical mixtures.

QT: Density matrix 	
       Measure whether spin is up or down:

<latexit sha1_base64="kqYCupqATh/epZ4CkHtEzP+iAkI=">AAACJHicbZDNSgMxFIUz9a/Wv6pLN8EitJthRgqKIBTduKxgbaFTSibNtKGZJCQZpYx9Fze+ihsXiuLCjc9i2s5CWy+EfJxzL8k9oWRUG8/7cnJLyyura/n1wsbm1vZOcXfvVotEYdLAggnVCpEmjHLSMNQw0pKKoDhkpBkOLyd+844oTQW/MSNJOjHqcxpRjIyVusWzejkNVAwTOa6cT8mocTlQA/EQJBIpJe4DhXifkYDNrkytuN1iyXO9acFF8DMogazq3eJ70BM4iQk3mCGt274nTSdFylDMyLgQJJpIhIeoT9oWOYqJ7qTTHcfwyCo9GAllDzdwqv6eSFGs9SgObWeMzEDPexPxP6+dmOi0k1IuE0M4nj0UJQwaASeBwR5VBBs2soCwovavEA+QQtjYWAs2BH9+5UVoHrt+1fX962qpdpHlkQcH4BCUgQ9OQA1cgTpoAAwewTN4BW/Ok/PifDifs9ack83sgz/lfP8ADVOlkw==</latexit>

P (up) = tr(⇢| "ih").
<latexit sha1_base64="80DsCSnr5AxNDThbliXINd3Horw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07IRQY9FLx4ruLbQLiWbZtvQbLIkWaEs/Q1ePCiIV/+PN/+NabsHbX0w8Hhvhpl5cSa4sUHw7VXW1jc2t6rbtZ3dvf2D+uHRo1G5piykSijdiYlhgksWWm4F62SakTQWrB2Pb2d++4lpw5V8sJOMRSkZSp5wSqyTwp4eKb9fbwR+MAdaJbgkDSjR6te/egNF85RJSwUxpouDzEYF0ZZTwaa1Xm5YRuiYDFnXUUlSZqJifuwUnTllgBKlXUmL5urviYKkxkzS2HWmxI7MsjcT//O6uU2uo4LLLLdM0sWiJBfIKjT7HA24ZtSKiSOEau5uRXRENKHW5VNzIeDll1dJ+8LHlz7G95eN5k2ZRxVO4BTOAcMVNOEOWhACBQ7P8ApvnvRevHfvY9Fa8cqZY/gD7/MHI3KOuA==</latexit>⇢.

Ω
!1

!2

QT:
<latexit sha1_base64="0uc4pHpQB7Jg/+l02L/tMnpSoUw="></latexit>

⌦ = {⇢ 2 HN (C) | tr(⇢) = 1, ⇢ � 0}.

CPT:
<latexit sha1_base64="EtVPggItS4QzmPMY3cvEB3A62WY="></latexit>

⌦ = {(p1, . . . , pN ) | pi � 0,
X

i

pi = 1}.

convex



• What is a transformation?	
Maps an incoming state to an outgoing state, must be linear.	
T is reversible if            is also a transformation.

Generalized probabilistic theories

Ω
!1

!2convex

<latexit sha1_base64="DEOVLSvp5adCTzPtX91ZZl1bpIE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXinosePFYoV/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCorWWiCG0RyaXqBlhTzgRtGWY47caK4ijgtBNMbjO/80SVZlI0zTSmfoRHgoWMYGOldvMhvfBmg3LFrbpzoFXi5aQCORqD8ld/KEkSUWEIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNU4IhqP51fO0NnVhmiUCpbwqC5+nsixZHW0yiwnRE2Y73sZeJ/Xi8x4Y2fMhEnhgqyWBQmHBmJstfRkClKDJ9agoli9lZExlhhYmxAJRuCt/zyKmlfVr2rau2+VqnX8ziKcAKncA4eXEMd7qABLSDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcEqY7F</latexit>

T�1

<latexit sha1_base64="+xZdS2dyVFxhkI7up7MZ+1nqbtU=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCvIRdCepFCHjxGCEvyC5hdjJJhsxjmZmNhDWf4sWDIl79Em/+jZNkD5pY0FBUddPdFcWMauN5305uY3Nreye/W9jbPzg8covHLS0ThUkTSyZVJ0KaMCpI01DDSCdWBPGIkXY0vpv77QlRmkrRMNOYhBwNBR1QjIyVem6xUQ4kJ0N0cRtMkIpHtOeWvIq3AFwnfkZKIEO9534FfYkTToTBDGnd9b3YhClShmJGZoUg0SRGeIyGpGupQJzoMF2cPoPnVunDgVS2hIEL9fdEirjWUx7ZTo7MSK96c/E/r5uYwU2YUhEnhgi8XDRIGDQSznOAfaoINmxqCcKK2lshHiGFsLFpFWwI/urL66R1WfGvKtWHaqlWy+LIg1NwBsrAB9egBu5BHTQBBo/gGbyCN+fJeXHenY9la87JZk7AHzifP4Vok4k=</latexit>

T (!) = '



• What is a transformation?	
Maps an incoming state to an outgoing state, must be linear.	
T is reversible if            is also a transformation.

Generalized probabilistic theories

QT: Completely positive, trace-non-increasing maps. 	
       Reversible transformations: unitary maps,

Ω
!1

!2convex

<latexit sha1_base64="DEOVLSvp5adCTzPtX91ZZl1bpIE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXinosePFYoV/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCorWWiCG0RyaXqBlhTzgRtGWY47caK4ijgtBNMbjO/80SVZlI0zTSmfoRHgoWMYGOldvMhvfBmg3LFrbpzoFXi5aQCORqD8ld/KEkSUWEIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNU4IhqP51fO0NnVhmiUCpbwqC5+nsixZHW0yiwnRE2Y73sZeJ/Xi8x4Y2fMhEnhgqyWBQmHBmJstfRkClKDJ9agoli9lZExlhhYmxAJRuCt/zyKmlfVr2rau2+VqnX8ziKcAKncA4eXEMd7qABLSDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcEqY7F</latexit>

T�1

<latexit sha1_base64="+xZdS2dyVFxhkI7up7MZ+1nqbtU=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCvIRdCepFCHjxGCEvyC5hdjJJhsxjmZmNhDWf4sWDIl79Em/+jZNkD5pY0FBUddPdFcWMauN5305uY3Nreye/W9jbPzg8covHLS0ThUkTSyZVJ0KaMCpI01DDSCdWBPGIkXY0vpv77QlRmkrRMNOYhBwNBR1QjIyVem6xUQ4kJ0N0cRtMkIpHtOeWvIq3AFwnfkZKIEO9534FfYkTToTBDGnd9b3YhClShmJGZoUg0SRGeIyGpGupQJzoMF2cPoPnVunDgVS2hIEL9fdEirjWUx7ZTo7MSK96c/E/r5uYwU2YUhEnhgi8XDRIGDQSznOAfaoINmxqCcKK2lshHiGFsLFpFWwI/urL66R1WfGvKtWHaqlWy+LIg1NwBsrAB9egBu5BHTQBBo/gGbyCN+fJeXHenY9la87JZk7AHzifP4Vok4k=</latexit>

T (!) = '

<latexit sha1_base64="W7TYHEQ1k8XGa3LI/8fgka/WBBY=">AAACBXicbVBPS8MwHE3nvzn/VT3qITgET6WVoR4HXjxOsNtgrSNN0y4saUuSCqPs4sWv4sWDIl79Dt78NqZbD7r5IPDy3u9H8l6QMSqVbX8btZXVtfWN+mZja3tnd8/cP+jKNBeYuDhlqegHSBJGE+IqqhjpZ4IgHjDSC8bXpd97IELSNLlTk4z4HMUJjShGSktD89gTo9TjKJMqhW55ge69F6I4JsIamk3bsmeAy8SpSBNU6AzNLy9Mcc5JojBDUg4cO1N+gYSimJFpw8slyRAeo5gMNE0QJ9IvZimm8FQrIYxSoU+i4Ez9vVEgLuWEB3qSIzWSi14p/ucNchVd+QVNslyRBM8finIGdeKyEhhSQbBiE00QFlT/FeIREggrXVxDl+AsRl4m3XPLubBat61mu13VUQdH4AScAQdcgja4AR3gAgwewTN4BW/Gk/FivBsf89GaUe0cgj8wPn8AAH6YQA==</latexit>

⇢ 7! U⇢U †.



• What is a transformation?	
Maps an incoming state to an outgoing state, must be linear.	
T is reversible if            is also a transformation.

Generalized probabilistic theories

QT: Completely positive, trace-non-increasing maps. 	
       Reversible transformations: unitary maps,
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⇢ 7! U⇢U †.

• How to describe measurements?	
By a collection of linear functionals	
such that the probability of outcome i is
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FIG. 6: The set of pure states in Q3 is connected, but for the
cylinder the pure states form two circles.

FIG. 7: This is now the convex hull of a single space curve,
but one cannot inscribe copies of the classical set ∆2 in it.

we consider the space curve

�x(t) =
�
cos(t) cos(3t), cos(t) sin(3t), − sin(t)

�T
. (16)

Note that the curve is closed, �x(t) = �x(t + 2π), and be-
longs to the unit sphere, ||�x(t)|| = 1. Moreover

||�x(t)− �x(t+ 1
32π)|| =

√
3 (17)

for every value of t. Hence every point �x(t) belongs to
an equilateral triangle with vertices at

�x(t), �x(t+ 1
32π), and �x(t+ 2

32π) .

They span a plane including the z-axis for all times t.
During the time ∆t = 2π

3 this plane makes a full turn
about the z-axis, while the triangle rotates by the angle
2π/3 within the plane—so the triangle has returned to a
congruent position. The curve �x(t) is shown in Fig. 8 a)
together with exemplary positions of the rotating trian-
gle, and Fig. 8 b) shows its convex hull C. This convex
hull is symmetric under reflections in the (x-y) and (x-z)

FIG. 8: a) The space curve �x(t) modelling pure quantum
states is obtained by rotating an equilateral triangle according
to Eq. (16) —three positions of the triangle are shown); b)
The convex hull C of the curve models the set of all quantum
states.

planes. Since the set of pure states is connected this is
our best model so far of the set of quantum pure states,
although the likeness is not perfect.

It is interesting to think a bit more about the boundary
of C. There are three flat faces, two triangular ones and
one rectangular. The remaining part of the boundary
consists of ruled surfaces: they are curved, but contain
one dimensional faces (straight lines). The boundary of
the set shown in Fig. 7 has similar properties. The ruled
surfaces of C have an analogue in the boundary of the
set of quantum states Q3, we have already noted that a
generic point in the boundary of Q3 belongs to a copy of
Q2 (the Bloch ball), arising as the intersection of Q3 with
a hyperplane. The flat pieces of C have no analogues in
the boundary of Q3, apart from Bloch balls (rank two)
and pure states (rank one) no other faces exist.

Still this model is not perfect: Its set of pure states
has self-intersections. Although it is created by rotating
a triangle, the triangles are not cross-sections of C. It
is not true that every point on the boundary belongs
to a face that touches the largest inscribed sphere, as
it happens for the set of quantum states [17]. Indeed its
boundary is not quite what we want it to be, in particular

Quantum trit:	
8D and complicated!

Generalized probabilistic theories



Generalized probabilistic theories

There is a large landscape of state spaces, or theories (collections	
of allowed state spaces):

I WHAT KIND OF “QUANTUM FOUNDATIONS”?

can be regarded as determining Alice’s and Bob’s outcomes. But Bell’s Theorem (Bell,
1964) tells us that the statistics of some measurements on some entangled states are
inconsistent with such a (suitably formalized) notion of hidden variables, unless those
variables are allowed to exert nonlocal influence. This guarantees that Alice’s and
Bob’s key is secure in such cases, as long as there is no superluminal signalling be-
tween their devices and Eve. The conclusion holds even if Alice and Bob have no idea
about the inner workings of their devices — or, in the worst possible case, have bought
these devices from Eve. This intuition can indeed be made mathematically rigorous,
and has led to the fascinating field of device-independent cryptography (Barrett, Hardy,
Kent (2005)) and randomness expansion (Colbeck (2006), Colbeck and Kent (2011),
Pironio et al. (2010)).
The preconception that Quantum Foundations research is somehow motivated by

the desire to return to a classical worldview is also sometimes arising in the con-
text of question (ii) above. It is true that the perhaps better known instance of this
question asks whether QT would somehow break down and become classical in the
macroscopic regime: for example, spontaneous collapse models (Ghirardi, Rimini, and
Weber (1986), Bassi et al. (2013)) try to account for the emergence of a classical
world from quantum mechanics via dynamical modifications of the Schödinger equa-
tion. However, a fascinating complementary development in Quantum Foundations
research — the one that these lectures will be focusing on — is to explore the exact
opposite: could nature be even “more crazy” than quantum? Could physics allow for
even stronger-than-quantum-correlations, produce more involved interference patterns
than allowed by QT, or enable even more magic technology than what we currently
consider possible? If classical physics is an approximation of quantum physics, could
quantum physics be an approximation of something even more general?
As we will see in the course of these lectures, the answer to these questions is “yes”:

nature could in principle be “more crazy”. The main insight will be that QT is just
one instance of a large class of probabilistic theories : theories that allow us to describe
probabilities of measurement outcomes and their correlations over time and space.
Another example is “classical probability theory” (CPT) as defined below, but there
are many other ones that are equally consistent.

QT CPT

operator-algebraic theories

“boxworld”

other
theories

Euclidean

physically realized

hyperbolic

other
theories

Minkowski

FIG. 1: Left: the “landscape” of probabilistic theories. QT is for quantum theory and CPT
for classical probability theory (as defined later). Right: as a suggestive analogy (see main
text), the “landscape of theories of (spacetime) geometry”.

As we will see, not only is there a simple and beautiful mathematical formalism that
allows us to describe all such theories, but the new approach to QT “from the outside”
provides a very illuminating perspective on QT itself: it allows us to understand
which features are uniquely quantum and which others are just general properties of
probabilistic theories. Moreover, it gives us the right mathematical tools to describe
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planes. Since the set of pure states is connected this is
our best model so far of the set of quantum pure states,
although the likeness is not perfect.

It is interesting to think a bit more about the boundary
of C. There are three flat faces, two triangular ones and
one rectangular. The remaining part of the boundary
consists of ruled surfaces: they are curved, but contain
one dimensional faces (straight lines). The boundary of
the set shown in Fig. 7 has similar properties. The ruled
surfaces of C have an analogue in the boundary of the
set of quantum states Q3, we have already noted that a
generic point in the boundary of Q3 belongs to a copy of
Q2 (the Bloch ball), arising as the intersection of Q3 with
a hyperplane. The flat pieces of C have no analogues in
the boundary of Q3, apart from Bloch balls (rank two)
and pure states (rank one) no other faces exist.

Still this model is not perfect: Its set of pure states
has self-intersections. Although it is created by rotating
a triangle, the triangles are not cross-sections of C. It
is not true that every point on the boundary belongs
to a face that touches the largest inscribed sphere, as
it happens for the set of quantum states [17]. Indeed its
boundary is not quite what we want it to be, in particular
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Main objection: reconstructions leave explanatory work unfinished.	
But many physicists happy with structural rather than mechanistic explanations.
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Physical properties depend (strongly!) on the shape of the state space.

Generalized probabilistic theories

quantum	
bit (over     )

The qubit admits “much more” reversible transformations than the gbit.

<latexit sha1_base64="MHYYQvP7X3Ri8MfGeQ0XuHMFlhQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsq9oHtUDJp2oZmMkNyRyhD/8KNC0Xc+jfu/Bsz7Sy0eiBwOOdecu4JYikMuu6XU1haXlldK66XNja3tnfKu3tNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4OvNbj1wbEal7nMTcD+lQiYFgFK300A0pjoIgvZv2yhW36s5A/hIvJxXIUe+VP7v9iCUhV8gkNabjuTH6KdUomOTTUjcxPKZsTIe8Y6miITd+Oks8JUdW6ZNBpO1TSGbqz42UhsZMwsBOZgnNopeJ/3mdBAeXfipUnCBXbP7RIJEEI5KdT/pCc4ZyYgllWtishI2opgxtSSVbgrd48l/SPKl659Wz29NK7SqvowgHcAjH4MEF1OAG6tAABgqe4AVeHeM8O2/O+3y04OQ7+/ALzsc3wJ+Q/A==</latexit>R
"gbit"

(neither classical nor quantum)



Physical properties depend (strongly!) on the shape of the state space.

Generalized probabilistic theories

quantum	
bit (over     )

The qubit admits “much more” reversible transformations than the gbit.

<latexit sha1_base64="MHYYQvP7X3Ri8MfGeQ0XuHMFlhQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsq9oHtUDJp2oZmMkNyRyhD/8KNC0Xc+jfu/Bsz7Sy0eiBwOOdecu4JYikMuu6XU1haXlldK66XNja3tnfKu3tNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4OvNbj1wbEal7nMTcD+lQiYFgFK300A0pjoIgvZv2yhW36s5A/hIvJxXIUe+VP7v9iCUhV8gkNabjuTH6KdUomOTTUjcxPKZsTIe8Y6miITd+Oks8JUdW6ZNBpO1TSGbqz42UhsZMwsBOZgnNopeJ/3mdBAeXfipUnCBXbP7RIJEEI5KdT/pCc4ZyYgllWtishI2opgxtSSVbgrd48l/SPKl659Wz29NK7SqvowgHcAjH4MEF1OAG6tAABgqe4AVeHeM8O2/O+3y04OQ7+/ALzsc3wJ+Q/A==</latexit>R
<latexit sha1_base64="qCSatIQ/mMk1JYJAxvVB081mhNU=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiTF17LoQndWtA9oQplMJ+3QmSTOTIQSsnLjr7hxoYhbv8Gdf+OkzUJbD1w4nHMv997jRYxKZVnfxtz8wuLScmGluLq2vrFpbm03ZRgLTBo4ZKFoe0gSRgPSUFQx0o4EQdxjpOUNLzK/9UCEpGFwp0YRcTnqB9SnGCktdc09hyM1wIgll6kjKSf3MHEEh7fXabl62DVLVsUaA84SOyclkKPeNb+cXohjTgKFGZKyY1uRchMkFMWMpEUnliRCeIj6pKNpgDiRbjJ+I4UHWulBPxS6AgXH6u+JBHEpR9zTndnRctrLxP+8Tqz8MzehQRQrEuDJIj9mUIUwywT2qCBYsZEmCAuqb4V4gATCSidX1CHY0y/Pkma1Yp9Ujm+OSrXzPI4C2AX7oAxscApq4ArUQQNg8AiewSt4M56MF+Pd+Ji0zhn5zA74A+PzB0/dmF8=</latexit>

G ' SO(2)
<latexit sha1_base64="PAdRh7uFwFz/BCQUPCf20Exyr1w=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsxIfSyLCrqsYB/QGYZMmmlDk8yYZIQyFPwVNy4Ucet3uPNvzLSz0NYDgcM593JPTpgwqrTjfFsLi0vLK6ultfL6xubWtr2z21JxKjFp4pjFshMiRRgVpKmpZqSTSIJ4yEg7HF7lfvuRSEVjca9HCfE56gsaUYy0kQJ73+NIDzBi2c3YU5STB3gd1AK74lSdCeA8cQtSAQUagf3l9WKcciI0Zkiprusk2s+Q1BQzMi57qSIJwkPUJ11DBeJE+dkk/hgeGaUHo1iaJzScqL83MsSVGvHQTOZh1ayXi/953VRHF35GRZJqIvD0UJQyqGOYdwF7VBKs2cgQhCU1WSEeIImwNo2VTQnu7JfnSeuk6p5VT+9qlfplUUcJHIBDcAxccA7q4BY0QBNgkIFn8ArerCfrxXq3PqajC1axswf+wPr8Ad4tlW4=</latexit>

G ' D4 (dihedral group)

"gbit"
(neither classical nor quantum)



Physical properties depend (strongly!) on the shape of the state space.

Generalized probabilistic theories

quantum	
bit (over     )

The qubit admits “much more” reversible transformations than the gbit.

<latexit sha1_base64="MHYYQvP7X3Ri8MfGeQ0XuHMFlhQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsq9oHtUDJp2oZmMkNyRyhD/8KNC0Xc+jfu/Bsz7Sy0eiBwOOdecu4JYikMuu6XU1haXlldK66XNja3tnfKu3tNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4OvNbj1wbEal7nMTcD+lQiYFgFK300A0pjoIgvZv2yhW36s5A/hIvJxXIUe+VP7v9iCUhV8gkNabjuTH6KdUomOTTUjcxPKZsTIe8Y6miITd+Oks8JUdW6ZNBpO1TSGbqz42UhsZMwsBOZgnNopeJ/3mdBAeXfipUnCBXbP7RIJEEI5KdT/pCc4ZyYgllWtishI2opgxtSSVbgrd48l/SPKl659Wz29NK7SqvowgHcAjH4MEF1OAG6tAABgqe4AVeHeM8O2/O+3y04OQ7+/ALzsc3wJ+Q/A==</latexit>R

In particular, the qubit admits continuous reversible time evolution,	
but the gbit does not.

<latexit sha1_base64="qCSatIQ/mMk1JYJAxvVB081mhNU=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiTF17LoQndWtA9oQplMJ+3QmSTOTIQSsnLjr7hxoYhbv8Gdf+OkzUJbD1w4nHMv997jRYxKZVnfxtz8wuLScmGluLq2vrFpbm03ZRgLTBo4ZKFoe0gSRgPSUFQx0o4EQdxjpOUNLzK/9UCEpGFwp0YRcTnqB9SnGCktdc09hyM1wIgll6kjKSf3MHEEh7fXabl62DVLVsUaA84SOyclkKPeNb+cXohjTgKFGZKyY1uRchMkFMWMpEUnliRCeIj6pKNpgDiRbjJ+I4UHWulBPxS6AgXH6u+JBHEpR9zTndnRctrLxP+8Tqz8MzehQRQrEuDJIj9mUIUwywT2qCBYsZEmCAuqb4V4gATCSidX1CHY0y/Pkma1Yp9Ujm+OSrXzPI4C2AX7oAxscApq4ArUQQNg8AiewSt4M56MF+Pd+Ji0zhn5zA74A+PzB0/dmF8=</latexit>

G ' SO(2)
<latexit sha1_base64="PAdRh7uFwFz/BCQUPCf20Exyr1w=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsxIfSyLCrqsYB/QGYZMmmlDk8yYZIQyFPwVNy4Ucet3uPNvzLSz0NYDgcM593JPTpgwqrTjfFsLi0vLK6ultfL6xubWtr2z21JxKjFp4pjFshMiRRgVpKmpZqSTSIJ4yEg7HF7lfvuRSEVjca9HCfE56gsaUYy0kQJ73+NIDzBi2c3YU5STB3gd1AK74lSdCeA8cQtSAQUagf3l9WKcciI0Zkiprusk2s+Q1BQzMi57qSIJwkPUJ11DBeJE+dkk/hgeGaUHo1iaJzScqL83MsSVGvHQTOZh1ayXi/953VRHF35GRZJqIvD0UJQyqGOYdwF7VBKs2cgQhCU1WSEeIImwNo2VTQnu7JfnSeuk6p5VT+9qlfplUUcJHIBDcAxccA7q4BY0QBNgkIFn8ArerCfrxXq3PqajC1axswf+wPr8Ad4tlW4=</latexit>

G ' D4 (dihedral group)

"gbit"
(neither classical nor quantum)



Physical properties depend (strongly!) on the shape of the state space.

quantum	
bit

Generalized probabilistic theories

1 1

11

00
<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x <latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z <latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

"gbit"
(neither classical nor quantum)



Physical properties depend (strongly!) on the shape of the state space.

quantum	
bit

Generalized probabilistic theories

1 1

11

00
<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x <latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

In both cases, can think of a 2-outcome “X”-measurement with
<latexit sha1_base64="NOjBWaMFOKu/9I8hFfHEhfVILD8=">AAACMnicbVDLSgMxFM34tr6qLt0Ei6BQy4yIuhFEN7qrYG2hU0omvW1D8xiTjFjGfpMbv0RwoQtF3PoRprWLWj0QOJxzLjf3RDFnxvr+izcxOTU9Mzs3n1lYXFpeya6uXRuVaAolqrjSlYgY4ExCyTLLoRJrICLiUI46Z32/fAvaMCWvbDeGmiAtyZqMEuukevYiDbXARa2i3vaAdsH07iv5UAlokZ3ju3x4k5AGHo9JNZoKdu8K9WzOL/gD4L8kGJIcGqJYzz6FDUUTAdJSToypBn5saynRllEOvUyYGIgJ7ZAWVB2VRICppYOTe3jLKQ3cVNo9afFAHZ1IiTCmKyKXFMS2zbjXF//zqoltHtVSJuPEgqQ/i5oJx1bhfn+4wTRQy7uOEKqZ+yumbaIJta7ljCshGD/5L7neKwQHhf3L/dzJ6bCOObSBNtE2CtAhOkHnqIhKiKIH9Ize0Lv36L16H97nT3TCG86so1/wvr4B4Sep4w==</latexit>

Prob(yes|X,!) = x, Prob(no|X,!) = 1� x.

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z <latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

"gbit"
(neither classical nor quantum)



Physical properties depend (strongly!) on the shape of the state space.

quantum	
bit

Generalized probabilistic theories

1

1

0
<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

In both cases, can think of a 2-outcome “X”-measurement with

Distinguishes two states                  perfectly (deterministically).<latexit sha1_base64="KMbCbRJvClOFvqfLDzrbadHXp9s=">AAAB+nicbZDLSgMxFIYz9VbrbapLN8EiuJAyU4q6LLpxWcFeoB2GTJppQ3MZkoxSxj6KGxeKuPVJ3Pk2pu0stPWHwMd/zuGc/FHCqDae9+0U1tY3NreK26Wd3b39A7d82NYyVZi0sGRSdSOkCaOCtAw1jHQTRRCPGOlE45tZvfNAlKZS3JtJQgKOhoLGFCNjrdAt9yUnQxT65znUQrfiVb254Cr4OVRArmbofvUHEqecCIMZ0rrne4kJMqQMxYxMS/1UkwThMRqSnkWBONFBNj99Ck+tM4CxVPYJA+fu74kMca0nPLKdHJmRXq7NzP9qvdTEV0FGRZIaIvBiUZwyaCSc5QAHVBFs2MQCworaWyEeIYWwsWmVbAj+8pdXoV2r+hfV+l290rjO4yiCY3ACzoAPLkED3IImaAEMHsEzeAVvzpPz4rw7H4vWgpPPHIE/cj5/AGhJk3U=</latexit>!1,!2

<latexit sha1_base64="DCQMWsRYyuUP5uNUsbgAqGAqsec=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe4H/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOb3TtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwhweIZXePMevRfv3ftYtBa8fOYY/sD7/AG8dY/I</latexit>!1
<latexit sha1_base64="rxkB7JKAxqZ41O1XQ0q6YWrNb/c=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPQi8cI5gHJEmYns8mQeawzs0JY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZM6PSXoEPer/VLZr/hzoFUS5KQMORr90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo6EIIll9eJa1qJbis1O5r5fpNHkcBTuEMLiCAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWte8fOYE/sD7/AG9+Y/J</latexit>!2

1

1

0
<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="DCQMWsRYyuUP5uNUsbgAqGAqsec=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe4H/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOb3TtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwhweIZXePMevRfv3ftYtBa8fOYY/sD7/AG8dY/I</latexit>!1

<latexit sha1_base64="rxkB7JKAxqZ41O1XQ0q6YWrNb/c=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPQi8cI5gHJEmYns8mQeawzs0JY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZM6PSXoEPer/VLZr/hzoFUS5KQMORr90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo6EIIll9eJa1qJbis1O5r5fpNHkcBTuEMLiCAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWte8fOYE/sD7/AG9+Y/J</latexit>!2

<latexit sha1_base64="NOjBWaMFOKu/9I8hFfHEhfVILD8=">AAACMnicbVDLSgMxFM34tr6qLt0Ei6BQy4yIuhFEN7qrYG2hU0omvW1D8xiTjFjGfpMbv0RwoQtF3PoRprWLWj0QOJxzLjf3RDFnxvr+izcxOTU9Mzs3n1lYXFpeya6uXRuVaAolqrjSlYgY4ExCyTLLoRJrICLiUI46Z32/fAvaMCWvbDeGmiAtyZqMEuukevYiDbXARa2i3vaAdsH07iv5UAlokZ3ju3x4k5AGHo9JNZoKdu8K9WzOL/gD4L8kGJIcGqJYzz6FDUUTAdJSToypBn5saynRllEOvUyYGIgJ7ZAWVB2VRICppYOTe3jLKQ3cVNo9afFAHZ1IiTCmKyKXFMS2zbjXF//zqoltHtVSJuPEgqQ/i5oJx1bhfn+4wTRQy7uOEKqZ+yumbaIJta7ljCshGD/5L7neKwQHhf3L/dzJ6bCOObSBNtE2CtAhOkHnqIhKiKIH9Ize0Lv36L16H97nT3TCG86so1/wvr4B4Sep4w==</latexit>

Prob(yes|X,!) = x, Prob(no|X,!) = 1� x.

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z <latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

"gbit"
(neither classical nor quantum)



Physical properties depend (strongly!) on the shape of the state space.

quantum	
bit

Generalized probabilistic theories

1

1

0
<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

In both cases, the maximal number of perfectly distinguishable states is 2:

<latexit sha1_base64="DCQMWsRYyuUP5uNUsbgAqGAqsec=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe4H/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOb3TtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwhweIZXePMevRfv3ftYtBa8fOYY/sD7/AG8dY/I</latexit>!1
<latexit sha1_base64="rxkB7JKAxqZ41O1XQ0q6YWrNb/c=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPQi8cI5gHJEmYns8mQeawzs0JY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZM6PSXoEPer/VLZr/hzoFUS5KQMORr90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo6EIIll9eJa1qJbis1O5r5fpNHkcBTuEMLiCAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWte8fOYE/sD7/AG9+Y/J</latexit>!2

1

1

0
<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="DCQMWsRYyuUP5uNUsbgAqGAqsec=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe4H/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOb3TtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwhweIZXePMevRfv3ftYtBa8fOYY/sD7/AG8dY/I</latexit>!1

<latexit sha1_base64="rxkB7JKAxqZ41O1XQ0q6YWrNb/c=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPQi8cI5gHJEmYns8mQeawzs0JY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZM6PSXoEPer/VLZr/hzoFUS5KQMORr90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo6EIIll9eJa1qJbis1O5r5fpNHkcBTuEMLiCAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWte8fOYE/sD7/AG9+Y/J</latexit>!2

<latexit sha1_base64="pJ3efEon3z7KO9SXGWhh3+wDzNc=">AAACAXicbVDLSgMxFM3UV62vqhvBTbAILkqZkaIui25cVrAP6Awlk8m0oXkMSUYoQ934K25cKOLWv3Dn35i2s9DWAxdOzrmX3HvChFFtXPfbKaysrq1vFDdLW9s7u3vl/YO2lqnCpIUlk6obIk0YFaRlqGGkmyiCeMhIJxzdTP3OA1GaSnFvxgkJOBoIGlOMjJX65SNfcjJAfa/qs0gaXc3f1qq4NXcGuEy8nFRAjma//OVHEqecCIMZ0rrnuYkJMqQMxYxMSn6qSYLwCA1Iz1KBONFBNrtgAk+tEsFYKlvCwJn6eyJDXOsxD20nR2aoF72p+J/XS018FWRUJKkhAs8/ilMGjYTTOGBEFcGGjS1BWFG7K8RDpBA2NrSSDcFbPHmZtM9r3kWtflevNK7zOIrgGJyAM+CBS9AAt6AJWgCDR/AMXsGb8+S8OO/Ox7y14OQzh+APnM8fCz2WpQ==</latexit>!1, . . . ,!n states,
<latexit sha1_base64="FkjFMZvl54bSKyjJqVKbMPJG8eM=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8lLIrRT0WvXisYD+gXZdsdtqGZpMlySpl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzwoQzbVz321lZXVvf2CxsFbd3dvf2SweHLS1TRaFJJZeqExINnAloGmY4dBIFJA45tMPRzdRvP4LSTIp7M07Aj8lAsD6jxFjpAQKv0uORNLoCgQhKZbfqzoCXiZeTMsrRCEpfvUjSNAZhKCdadz03MX5GlGGUw6TYSzUkhI7IALqWChKD9rPZ1RN8apUI96WyJQyeqb8nMhJrPY5D2xkTM9SL3lT8z+umpn/lZ0wkqQFB54v6KcdG4mkEOGIKqOFjSwhVzN6K6ZAoQo0NqmhD8BZfXiat86p3Ua3d1cr16zyOAjpGJ+gMeegS1dEtaqAmokihZ/SK3pwn58V5dz7mrStOPnOE/sD5/AHImZIQ</latexit>e1, . . . , en effects summing to unit effect,

<latexit sha1_base64="rx6Aj5vkclLOlPSVDqdX7GiNvU8="></latexit>

ei(!j) = �ij ) n  2. Thus, these are both “bits”.

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z <latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

"gbit"
(neither classical nor quantum)



Physical properties depend (strongly!) on the shape of the state space.

quantum	
bit

Generalized probabilistic theories

1

1

0
<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

In both cases, the maximal number of perfectly distinguishable states is 2:

<latexit sha1_base64="DCQMWsRYyuUP5uNUsbgAqGAqsec=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe4H/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOb3TtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwhweIZXePMevRfv3ftYtBa8fOYY/sD7/AG8dY/I</latexit>!1
<latexit sha1_base64="rxkB7JKAxqZ41O1XQ0q6YWrNb/c=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPQi8cI5gHJEmYns8mQeawzs0JY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZM6PSXoEPer/VLZr/hzoFUS5KQMORr90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo6EIIll9eJa1qJbis1O5r5fpNHkcBTuEMLiCAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWte8fOYE/sD7/AG9+Y/J</latexit>!2

1

1

0
<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="DCQMWsRYyuUP5uNUsbgAqGAqsec=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe4H/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOb3TtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwhweIZXePMevRfv3ftYtBa8fOYY/sD7/AG8dY/I</latexit>!1

<latexit sha1_base64="rxkB7JKAxqZ41O1XQ0q6YWrNb/c=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPQi8cI5gHJEmYns8mQeawzs0JY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZM6PSXoEPer/VLZr/hzoFUS5KQMORr90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo6EIIll9eJa1qJbis1O5r5fpNHkcBTuEMLiCAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWte8fOYE/sD7/AG9+Y/J</latexit>!2

<latexit sha1_base64="pJ3efEon3z7KO9SXGWhh3+wDzNc=">AAACAXicbVDLSgMxFM3UV62vqhvBTbAILkqZkaIui25cVrAP6Awlk8m0oXkMSUYoQ934K25cKOLWv3Dn35i2s9DWAxdOzrmX3HvChFFtXPfbKaysrq1vFDdLW9s7u3vl/YO2lqnCpIUlk6obIk0YFaRlqGGkmyiCeMhIJxzdTP3OA1GaSnFvxgkJOBoIGlOMjJX65SNfcjJAfa/qs0gaXc3f1qq4NXcGuEy8nFRAjma//OVHEqecCIMZ0rrnuYkJMqQMxYxMSn6qSYLwCA1Iz1KBONFBNrtgAk+tEsFYKlvCwJn6eyJDXOsxD20nR2aoF72p+J/XS018FWRUJKkhAs8/ilMGjYTTOGBEFcGGjS1BWFG7K8RDpBA2NrSSDcFbPHmZtM9r3kWtflevNK7zOIrgGJyAM+CBS9AAt6AJWgCDR/AMXsGb8+S8OO/Ox7y14OQzh+APnM8fCz2WpQ==</latexit>!1, . . . ,!n states,
<latexit sha1_base64="FkjFMZvl54bSKyjJqVKbMPJG8eM=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8lLIrRT0WvXisYD+gXZdsdtqGZpMlySpl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzwoQzbVz321lZXVvf2CxsFbd3dvf2SweHLS1TRaFJJZeqExINnAloGmY4dBIFJA45tMPRzdRvP4LSTIp7M07Aj8lAsD6jxFjpAQKv0uORNLoCgQhKZbfqzoCXiZeTMsrRCEpfvUjSNAZhKCdadz03MX5GlGGUw6TYSzUkhI7IALqWChKD9rPZ1RN8apUI96WyJQyeqb8nMhJrPY5D2xkTM9SL3lT8z+umpn/lZ0wkqQFB54v6KcdG4mkEOGIKqOFjSwhVzN6K6ZAoQo0NqmhD8BZfXiat86p3Ua3d1cr16zyOAjpGJ+gMeegS1dEtaqAmokihZ/SK3pwn58V5dz7mrStOPnOE/sD5/AHImZIQ</latexit>e1, . . . , en effects summing to unit effect,

<latexit sha1_base64="rx6Aj5vkclLOlPSVDqdX7GiNvU8="></latexit>

ei(!j) = �ij ) n  2. Thus, these are both “bits”.

Both feature “complementarity”: cannot predict X and Z simultaneously.

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z <latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

"gbit"
(neither classical nor quantum)



Physical properties depend (strongly!) on the shape of the state space.

quantum	
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<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x <latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="DCQMWsRYyuUP5uNUsbgAqGAqsec=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe4H/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOb3TtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwhweIZXePMevRfv3ftYtBa8fOYY/sD7/AG8dY/I</latexit>!1 <latexit sha1_base64="DCQMWsRYyuUP5uNUsbgAqGAqsec=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe4H/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOb3TtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwhweIZXePMevRfv3ftYtBa8fOYY/sD7/AG8dY/I</latexit>!1

<latexit sha1_base64="rxkB7JKAxqZ41O1XQ0q6YWrNb/c=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPQi8cI5gHJEmYns8mQeawzs0JY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZM6PSXoEPer/VLZr/hzoFUS5KQMORr90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo6EIIll9eJa1qJbis1O5r5fpNHkcBTuEMLiCAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWte8fOYE/sD7/AG9+Y/J</latexit>!2

<latexit sha1_base64="rxkB7JKAxqZ41O1XQ0q6YWrNb/c=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPQi8cI5gHJEmYns8mQeawzs0JY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZM6PSXoEPer/VLZr/hzoFUS5KQMORr90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo6EIIll9eJa1qJbis1O5r5fpNHkcBTuEMLiCAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWte8fOYE/sD7/AG9+Y/J</latexit>!2

However, the qubit features uncertainty relations, but not the gbit.
<latexit sha1_base64="Vb7+K80YYWPSOzxvrJOgNZeuJS0="></latexit>

Prob(yes|X,!) = 0 or 1 ) Prob(yes|Y,!) = 1

2
.Qubit:

Gbit: results of both measurements can be simultaneously predetermined.

<latexit sha1_base64="fp4rFY9R2CFFaZgZDA15uOzjTwM=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbsegF49RzILJEHo6NUmTnp6hu0cIQ/7AiwdFvPpH3vwbO8tBEx8UPN6roqpekAiujet+O7ml5ZXVtfx6YWNza3unuLtX13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8HgZuw3nlBpHssHM0zQj2hP8pAzaqx0/3jSKZbcsjsBWSTejJRghmqn+NXuxiyNUBomqNYtz02Mn1FlOBM4KrRTjQllA9rDlqWSRqj9bHLpiBxZpUvCWNmShkzU3xMZjbQeRoHtjKjp63lvLP7ntVITXvkZl0lqULLpojAVxMRk/DbpcoXMiKEllClubyWsTxVlxoZTsCF48y8vkvpp2bson9+dlSrXszjycACHcAweXEIFbqEKNWAQwjO8wpszcF6cd+dj2ppzZjP78AfO5w8j/o0e</latexit>

Z,

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z <latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

"gbit"
(neither classical nor quantum)



Physical properties depend (strongly!) on the shape of the state space.

quantum	
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<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x <latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="DCQMWsRYyuUP5uNUsbgAqGAqsec=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe4H/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOb3TtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwhweIZXePMevRfv3ftYtBa8fOYY/sD7/AG8dY/I</latexit>!1 <latexit sha1_base64="DCQMWsRYyuUP5uNUsbgAqGAqsec=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe4H/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOb3TtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwhweIZXePMevRfv3ftYtBa8fOYY/sD7/AG8dY/I</latexit>!1

<latexit sha1_base64="rxkB7JKAxqZ41O1XQ0q6YWrNb/c=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPQi8cI5gHJEmYns8mQeawzs0JY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZM6PSXoEPer/VLZr/hzoFUS5KQMORr90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo6EIIll9eJa1qJbis1O5r5fpNHkcBTuEMLiCAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWte8fOYE/sD7/AG9+Y/J</latexit>!2

<latexit sha1_base64="rxkB7JKAxqZ41O1XQ0q6YWrNb/c=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPQi8cI5gHJEmYns8mQeawzs0JY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZM6PSXoEPer/VLZr/hzoFUS5KQMORr90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo6EIIll9eJa1qJbis1O5r5fpNHkcBTuEMLiCAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWte8fOYE/sD7/AG9+Y/J</latexit>!2
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Figure 2. AMach–Zehnder interferometer viewed by two observers. Twomoving observers Rachael (R) and Steven (S) witness
the operation of an interferometer (described in (gure 1). The dashed grey lines show the simultaneous lines of progress for
a particle travelling down either branch. (a) This as judged by Rachael, (b) by Steven. Rachael therefore witnesses event A
happeningbefore eventB;whereas Stevenwitnesses theopposite. If the transformations inducedatAandatBdidnot commute,
the observers would disagree about the ultimate detector click statistics. (Online version in colour.)

and it is well known that the only representation of this kind is the trivial representation [44].
Moreover, the ‘which path’ degree of freedom is not a geometric degree of freedom2 relative to
some Lorentz covariant property, say, a particle’s momentum direction (like photon polarization,
for example), which is why also Wigner’s little group does not apply. Thus TΛ = I for all Λ, and
the transformations done by Alice and Bob appear the same in every reference frame.

5. Consequences of relativity of simultaneity
We now analyse in detail the idea [40] that relativity of simultaneity might impose further
restrictions on the probabilistic behaviour of spatially extended interferometers. While doing so,
we follow the spirit of [45], but take Peres’ argumentation beyond quantum theory. As before,
consider the situation in figure 2, with two agents: Alice, who acts on the upper branch, and
Bob, who acts on the lower branch. As the branches are space-like separated, the transformations
applied by Alice and Bob should not cause the particle to jump from one branch to another, and so
will belong to the phase group Gφ := O(d − 1) ∩ G associated with the ‘which path’ measurement.
More generally, there will be a subgroup of transformations that can be locally applied by Alice,
GA ⊆ Gφ , and a subgroup locally applicable by Bob, GB ⊆ Gφ .

If there is at least one pair of transformations TA ∈ GA and TB ∈ GB such that [TA, TB] %= 0, then
the order in which Alice and Bob choose to apply their transformations will have an observable
effect on the output statistics of the interferometer at least for some states. This is particularly
problematic for a space-like separation between Alice and Bob: consider again the two observers
Rachael and Steven, moving at relativistic speed relative to each other, as in figure 2. Although
Rachael and Steven must agree what effect either action TA or action TB would have on the
interferometer individually (from the Lorentz invariance of transformations), Steven could in
general disagree with Rachael about the order in which the two events occur [21].

In particular, let us say that Rachael observes the application of TA by Alice followed by TB
by Bob; the compound operation is then TBTA. When changing into Steven’s reference frame, the
compound operation should be the same. However, Steven may observe instead that TB happens
before TA, describing the compound operation by TATB. This will lead to contradiction unless
TATB = TBTA in all cases; that is, [TA, TB] = 0 for all TA ∈ GA and TB ∈ GB.

In summary, we can formalize an additional assumption that will enter our analysis below:

REL. Relativity of simultaneity for the local operations at A and B implies that [GA,GB] = 0.

2One can imagine that the two material interferometer arms carry classical labels (like ‘A’ and ‘B’, or ‘passing Earth’ versus
‘passing Mars’). Then different observers will agree on whether a particle is detected in arm A or arm B, and thus on the
description of quantum states, regardless of their space–time frames of reference.
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Does information play a significant role in the foundations of physics? Information is the abstraction that
allows us to refer to the states of systems when we choose to ignore the systems themselves. This is only
possible in very particular frameworks, like in classical or quantum theory, or more generally, whenever
there exists an information unit such that the state of any system can be reversibly encoded in a sufficient
number of such units. In this work we show how the abstract formalism of quantum theory can be deduced
solely from the existence of an information unit with suitable properties, together with two further natural
assumptions: the continuity and reversibility of dynamics, and the possibility of characterizing the state of
a composite system by local measurements. This constitutes a new set of postulates for quantum theory
with a simple and direct physical meaning, like the ones of special relativity or thermodynamics, and it
articulates a strong connection between physics and information.

I. INTRODUCTION

Quantum theory (QT) provides the foundation on top of
which most of our physical theories and our understanding
of nature sits. This peculiarly important role contrasts with
our limited understanding of QT itself, and the lack of con-
sensus among physicists about what this theory is saying
about how nature works. Particularly, the standard postu-
lates of QT are expressed in abstract mathematical terms
involving Hilbert spaces and operators acting on them, and
lack a clear physical meaning. In other physical theories,
like special relativity or thermodynamics, the formalism can
be derived from postulates having a direct physical mean-
ing, often in terms of the possibility or impossibility of cer-
tain tasks. In this work we show that this is also possible
for QT.

The importance of this goal is reflected by the long his-
tory of research on alternative axiomatizations of QT, which
goes back to Birkhoff and von Neumann [1–3]. More re-
cently, initiated by Hardy’s work [4], and influenced by the
perspective of quantum information theory, there has been
a wave of contributions taking a more physical and less
mathematical approach [4–8]. These reconstructions of
QT constitute a big achievement because they are based
on postulates having a more physical meaning. However
some of these meanings are not very direct, and a lot of
formalism has to be introduced in order to state them. In
this work we derive finite-dimensional QT from four postu-
lates having a clear and direct physical meaning, which can
be stated easily and without the need of heavy formalism.
Also, contrary to [5] we write all our assumptions explicitly.

We introduce a postulate named Existence of an In-
formation Unit, which essentially states that there is only
one type of information within the theory. Consequently,
any physical process can be simulated with a suitably pro-
grammed general purpose simulator. Since the input and
output of these simulations are not necessarily classical,
this postulate is a stronger version of the Church-Turing-
Deutsch Principle (stated in [9]). On the other hand, it is
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FIG. 1: Encoder. Coding is an ideal physical transformation
which maps the unknown state ω of an arbitrary system to an
n-gbit state in a reversible way, and leaves the initial system
in a reference state 0. Reversibility means that there is an-
other ideal physical transformation, decoding, which undoes
the above, bringing the arbitrary system back to its original
state.

strictly weaker than the Subspace Axiom, introduced in [4]
and used in [5] and [6]. An alternative way to read this
postulate is that, at some level, the dynamics of any sys-
tem is substrate-independent. Within theories satisfying
the Existence of an Information Unit one can refer to states,
dynamics and measurements abstractly, without specifying
the type of system they pertain to; and this is exploited by
quantum information scientists, who design algorithms and
protocols at an abstract level, without considering whether
they will be implemented with light, atoms or any other type
of physical substrate.

More precisely, Existence of an Information Unit states
that there is a type of system, the generalized bit or gbit,
such that the state of any other system can be reversibly
encoded in a sufficient number of gbits (see Fig. 1). The
reversibility of the encoding implies a correspondence be-
tween the states of any system and the states of a multi-
gbit system (or an appropriate subspace). This correspon-
dence also extends to dynamics and measurements: if a
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Moreover, the ‘which path’ degree of freedom is not a geometric degree of freedom2 relative to
some Lorentz covariant property, say, a particle’s momentum direction (like photon polarization,
for example), which is why also Wigner’s little group does not apply. Thus TΛ = I for all Λ, and
the transformations done by Alice and Bob appear the same in every reference frame.
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we follow the spirit of [45], but take Peres’ argumentation beyond quantum theory. As before,
consider the situation in figure 2, with two agents: Alice, who acts on the upper branch, and
Bob, who acts on the lower branch. As the branches are space-like separated, the transformations
applied by Alice and Bob should not cause the particle to jump from one branch to another, and so
will belong to the phase group Gφ := O(d − 1) ∩ G associated with the ‘which path’ measurement.
More generally, there will be a subgroup of transformations that can be locally applied by Alice,
GA ⊆ Gφ , and a subgroup locally applicable by Bob, GB ⊆ Gφ .

If there is at least one pair of transformations TA ∈ GA and TB ∈ GB such that [TA, TB] %= 0, then
the order in which Alice and Bob choose to apply their transformations will have an observable
effect on the output statistics of the interferometer at least for some states. This is particularly
problematic for a space-like separation between Alice and Bob: consider again the two observers
Rachael and Steven, moving at relativistic speed relative to each other, as in figure 2. Although
Rachael and Steven must agree what effect either action TA or action TB would have on the
interferometer individually (from the Lorentz invariance of transformations), Steven could in
general disagree with Rachael about the order in which the two events occur [21].

In particular, let us say that Rachael observes the application of TA by Alice followed by TB
by Bob; the compound operation is then TBTA. When changing into Steven’s reference frame, the
compound operation should be the same. However, Steven may observe instead that TB happens
before TA, describing the compound operation by TATB. This will lead to contradiction unless
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tem is substrate-independent. Within theories satisfying
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Theorem. There are exactly two GPTs satisfying the following three axioms:	
I. Reversibility	
II. Local Tomography	
III. Subspace Axiom

These are:	
• Classical Probability Theory

• Quantum Theory

Capacity-n states are the probability vectors	
reversible transformations are permutations; the usual measurements.
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(p1, . . . , pn);
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Figure 2. AMach–Zehnder interferometer viewed by two observers. Twomoving observers Rachael (R) and Steven (S) witness
the operation of an interferometer (described in (gure 1). The dashed grey lines show the simultaneous lines of progress for
a particle travelling down either branch. (a) This as judged by Rachael, (b) by Steven. Rachael therefore witnesses event A
happeningbefore eventB;whereas Stevenwitnesses theopposite. If the transformations inducedatAandatBdidnot commute,
the observers would disagree about the ultimate detector click statistics. (Online version in colour.)

and it is well known that the only representation of this kind is the trivial representation [44].
Moreover, the ‘which path’ degree of freedom is not a geometric degree of freedom2 relative to
some Lorentz covariant property, say, a particle’s momentum direction (like photon polarization,
for example), which is why also Wigner’s little group does not apply. Thus TΛ = I for all Λ, and
the transformations done by Alice and Bob appear the same in every reference frame.

5. Consequences of relativity of simultaneity
We now analyse in detail the idea [40] that relativity of simultaneity might impose further
restrictions on the probabilistic behaviour of spatially extended interferometers. While doing so,
we follow the spirit of [45], but take Peres’ argumentation beyond quantum theory. As before,
consider the situation in figure 2, with two agents: Alice, who acts on the upper branch, and
Bob, who acts on the lower branch. As the branches are space-like separated, the transformations
applied by Alice and Bob should not cause the particle to jump from one branch to another, and so
will belong to the phase group Gφ := O(d − 1) ∩ G associated with the ‘which path’ measurement.
More generally, there will be a subgroup of transformations that can be locally applied by Alice,
GA ⊆ Gφ , and a subgroup locally applicable by Bob, GB ⊆ Gφ .

If there is at least one pair of transformations TA ∈ GA and TB ∈ GB such that [TA, TB] %= 0, then
the order in which Alice and Bob choose to apply their transformations will have an observable
effect on the output statistics of the interferometer at least for some states. This is particularly
problematic for a space-like separation between Alice and Bob: consider again the two observers
Rachael and Steven, moving at relativistic speed relative to each other, as in figure 2. Although
Rachael and Steven must agree what effect either action TA or action TB would have on the
interferometer individually (from the Lorentz invariance of transformations), Steven could in
general disagree with Rachael about the order in which the two events occur [21].

In particular, let us say that Rachael observes the application of TA by Alice followed by TB
by Bob; the compound operation is then TBTA. When changing into Steven’s reference frame, the
compound operation should be the same. However, Steven may observe instead that TB happens
before TA, describing the compound operation by TATB. This will lead to contradiction unless
TATB = TBTA in all cases; that is, [TA, TB] = 0 for all TA ∈ GA and TB ∈ GB.

In summary, we can formalize an additional assumption that will enter our analysis below:

REL. Relativity of simultaneity for the local operations at A and B implies that [GA,GB] = 0.

2One can imagine that the two material interferometer arms carry classical labels (like ‘A’ and ‘B’, or ‘passing Earth’ versus
‘passing Mars’). Then different observers will agree on whether a particle is detected in arm A or arm B, and thus on the
description of quantum states, regardless of their space–time frames of reference.
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Does information play a significant role in the foundations of physics? Information is the abstraction that
allows us to refer to the states of systems when we choose to ignore the systems themselves. This is only
possible in very particular frameworks, like in classical or quantum theory, or more generally, whenever
there exists an information unit such that the state of any system can be reversibly encoded in a sufficient
number of such units. In this work we show how the abstract formalism of quantum theory can be deduced
solely from the existence of an information unit with suitable properties, together with two further natural
assumptions: the continuity and reversibility of dynamics, and the possibility of characterizing the state of
a composite system by local measurements. This constitutes a new set of postulates for quantum theory
with a simple and direct physical meaning, like the ones of special relativity or thermodynamics, and it
articulates a strong connection between physics and information.

I. INTRODUCTION

Quantum theory (QT) provides the foundation on top of
which most of our physical theories and our understanding
of nature sits. This peculiarly important role contrasts with
our limited understanding of QT itself, and the lack of con-
sensus among physicists about what this theory is saying
about how nature works. Particularly, the standard postu-
lates of QT are expressed in abstract mathematical terms
involving Hilbert spaces and operators acting on them, and
lack a clear physical meaning. In other physical theories,
like special relativity or thermodynamics, the formalism can
be derived from postulates having a direct physical mean-
ing, often in terms of the possibility or impossibility of cer-
tain tasks. In this work we show that this is also possible
for QT.

The importance of this goal is reflected by the long his-
tory of research on alternative axiomatizations of QT, which
goes back to Birkhoff and von Neumann [1–3]. More re-
cently, initiated by Hardy’s work [4], and influenced by the
perspective of quantum information theory, there has been
a wave of contributions taking a more physical and less
mathematical approach [4–8]. These reconstructions of
QT constitute a big achievement because they are based
on postulates having a more physical meaning. However
some of these meanings are not very direct, and a lot of
formalism has to be introduced in order to state them. In
this work we derive finite-dimensional QT from four postu-
lates having a clear and direct physical meaning, which can
be stated easily and without the need of heavy formalism.
Also, contrary to [5] we write all our assumptions explicitly.

We introduce a postulate named Existence of an In-
formation Unit, which essentially states that there is only
one type of information within the theory. Consequently,
any physical process can be simulated with a suitably pro-
grammed general purpose simulator. Since the input and
output of these simulations are not necessarily classical,
this postulate is a stronger version of the Church-Turing-
Deutsch Principle (stated in [9]). On the other hand, it is
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FIG. 1: Encoder. Coding is an ideal physical transformation
which maps the unknown state ω of an arbitrary system to an
n-gbit state in a reversible way, and leaves the initial system
in a reference state 0. Reversibility means that there is an-
other ideal physical transformation, decoding, which undoes
the above, bringing the arbitrary system back to its original
state.

strictly weaker than the Subspace Axiom, introduced in [4]
and used in [5] and [6]. An alternative way to read this
postulate is that, at some level, the dynamics of any sys-
tem is substrate-independent. Within theories satisfying
the Existence of an Information Unit one can refer to states,
dynamics and measurements abstractly, without specifying
the type of system they pertain to; and this is exploited by
quantum information scientists, who design algorithms and
protocols at an abstract level, without considering whether
they will be implemented with light, atoms or any other type
of physical substrate.

More precisely, Existence of an Information Unit states
that there is a type of system, the generalized bit or gbit,
such that the state of any other system can be reversibly
encoded in a sufficient number of gbits (see Fig. 1). The
reversibility of the encoding implies a correspondence be-
tween the states of any system and the states of a multi-
gbit system (or an appropriate subspace). This correspon-
dence also extends to dynamics and measurements: if a
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and it is well known that the only representation of this kind is the trivial representation [44].
Moreover, the ‘which path’ degree of freedom is not a geometric degree of freedom2 relative to
some Lorentz covariant property, say, a particle’s momentum direction (like photon polarization,
for example), which is why also Wigner’s little group does not apply. Thus TΛ = I for all Λ, and
the transformations done by Alice and Bob appear the same in every reference frame.

5. Consequences of relativity of simultaneity
We now analyse in detail the idea [40] that relativity of simultaneity might impose further
restrictions on the probabilistic behaviour of spatially extended interferometers. While doing so,
we follow the spirit of [45], but take Peres’ argumentation beyond quantum theory. As before,
consider the situation in figure 2, with two agents: Alice, who acts on the upper branch, and
Bob, who acts on the lower branch. As the branches are space-like separated, the transformations
applied by Alice and Bob should not cause the particle to jump from one branch to another, and so
will belong to the phase group Gφ := O(d − 1) ∩ G associated with the ‘which path’ measurement.
More generally, there will be a subgroup of transformations that can be locally applied by Alice,
GA ⊆ Gφ , and a subgroup locally applicable by Bob, GB ⊆ Gφ .

If there is at least one pair of transformations TA ∈ GA and TB ∈ GB such that [TA, TB] %= 0, then
the order in which Alice and Bob choose to apply their transformations will have an observable
effect on the output statistics of the interferometer at least for some states. This is particularly
problematic for a space-like separation between Alice and Bob: consider again the two observers
Rachael and Steven, moving at relativistic speed relative to each other, as in figure 2. Although
Rachael and Steven must agree what effect either action TA or action TB would have on the
interferometer individually (from the Lorentz invariance of transformations), Steven could in
general disagree with Rachael about the order in which the two events occur [21].

In particular, let us say that Rachael observes the application of TA by Alice followed by TB
by Bob; the compound operation is then TBTA. When changing into Steven’s reference frame, the
compound operation should be the same. However, Steven may observe instead that TB happens
before TA, describing the compound operation by TATB. This will lead to contradiction unless
TATB = TBTA in all cases; that is, [TA, TB] = 0 for all TA ∈ GA and TB ∈ GB.

In summary, we can formalize an additional assumption that will enter our analysis below:

REL. Relativity of simultaneity for the local operations at A and B implies that [GA,GB] = 0.

2One can imagine that the two material interferometer arms carry classical labels (like ‘A’ and ‘B’, or ‘passing Earth’ versus
‘passing Mars’). Then different observers will agree on whether a particle is detected in arm A or arm B, and thus on the
description of quantum states, regardless of their space–time frames of reference.

Overview

1. An (incomplete and physicists') historical perspective

2. Generalized probabilistic theories

3. An example reconstruction of QT

Existence of an information unit as a postulate of quantum theory

Lluís Masanes,1 Markus P. Müller,2 Remigiusz Augusiak,3 and David Pérez-García4

1H.H.Wills Physics Laboratory, University of Bristol, Tyndall Avenue, Bristol BS8 1TL, U.K.
2Perimeter Institute for Theoretical Physics, 31 Caroline Street North, Waterloo, ON N2L 2Y5, Canada

3ICFO-Institut de Ciències Fotòniques, Mediterranean Technology Park, 08860 Castelldefels (Barcelona), Spain
4Dpto. Analisis Matemático and IMI, Universidad Complutense de Madrid, 28040 Madrid, Spain

(Dated: October 23, 2013)
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allows us to refer to the states of systems when we choose to ignore the systems themselves. This is only
possible in very particular frameworks, like in classical or quantum theory, or more generally, whenever
there exists an information unit such that the state of any system can be reversibly encoded in a sufficient
number of such units. In this work we show how the abstract formalism of quantum theory can be deduced
solely from the existence of an information unit with suitable properties, together with two further natural
assumptions: the continuity and reversibility of dynamics, and the possibility of characterizing the state of
a composite system by local measurements. This constitutes a new set of postulates for quantum theory
with a simple and direct physical meaning, like the ones of special relativity or thermodynamics, and it
articulates a strong connection between physics and information.

I. INTRODUCTION

Quantum theory (QT) provides the foundation on top of
which most of our physical theories and our understanding
of nature sits. This peculiarly important role contrasts with
our limited understanding of QT itself, and the lack of con-
sensus among physicists about what this theory is saying
about how nature works. Particularly, the standard postu-
lates of QT are expressed in abstract mathematical terms
involving Hilbert spaces and operators acting on them, and
lack a clear physical meaning. In other physical theories,
like special relativity or thermodynamics, the formalism can
be derived from postulates having a direct physical mean-
ing, often in terms of the possibility or impossibility of cer-
tain tasks. In this work we show that this is also possible
for QT.

The importance of this goal is reflected by the long his-
tory of research on alternative axiomatizations of QT, which
goes back to Birkhoff and von Neumann [1–3]. More re-
cently, initiated by Hardy’s work [4], and influenced by the
perspective of quantum information theory, there has been
a wave of contributions taking a more physical and less
mathematical approach [4–8]. These reconstructions of
QT constitute a big achievement because they are based
on postulates having a more physical meaning. However
some of these meanings are not very direct, and a lot of
formalism has to be introduced in order to state them. In
this work we derive finite-dimensional QT from four postu-
lates having a clear and direct physical meaning, which can
be stated easily and without the need of heavy formalism.
Also, contrary to [5] we write all our assumptions explicitly.

We introduce a postulate named Existence of an In-
formation Unit, which essentially states that there is only
one type of information within the theory. Consequently,
any physical process can be simulated with a suitably pro-
grammed general purpose simulator. Since the input and
output of these simulations are not necessarily classical,
this postulate is a stronger version of the Church-Turing-
Deutsch Principle (stated in [9]). On the other hand, it is
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strictly weaker than the Subspace Axiom, introduced in [4]
and used in [5] and [6]. An alternative way to read this
postulate is that, at some level, the dynamics of any sys-
tem is substrate-independent. Within theories satisfying
the Existence of an Information Unit one can refer to states,
dynamics and measurements abstractly, without specifying
the type of system they pertain to; and this is exploited by
quantum information scientists, who design algorithms and
protocols at an abstract level, without considering whether
they will be implemented with light, atoms or any other type
of physical substrate.

More precisely, Existence of an Information Unit states
that there is a type of system, the generalized bit or gbit,
such that the state of any other system can be reversibly
encoded in a sufficient number of gbits (see Fig. 1). The
reversibility of the encoding implies a correspondence be-
tween the states of any system and the states of a multi-
gbit system (or an appropriate subspace). This correspon-
dence also extends to dynamics and measurements: if a
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Figure 3. Relational interference. The strong assumption A3* that GA = GB corresponds to a situation where every
transformation on Alice’s arm can be ‘undone’ by a suitable transformation on Bob’s arm (and vice versa). This is the case for
the complex quantum bit, but not for the quaternionic quantum bit. (Online version in colour.)

at the identity, which we denote by G0
AB, must be transitive on the (d − 2)-sphere [46]. In general,

not only the orthogonal groups O(d − 1) and SO(d − 1) are transitive on the (d − 2)-sphere Sd−2,
but also subgroups like SU((d − 1)/2) for odd d [46]. It is possible to exhaustively list the compact
connected Lie groups [47,48] that act transitively (and effectively3) on Sd−2, and A1, A2 and A3*
imply that GAB = GA = GB must be one of them. However, in this infinite list of groups, only one
of them is Abelian, as dictated by REL: this is U(1) = SO(2), acting on the surface of Bd−1 = B2 (the
circle). !

In several recent derivations of quantum theory from simple postulates [46,49], the condition
that ‘GAB is non-trivial and Abelian’ appeared as a crucial mathematical property (though in
different context and notation) in the proofs which showed that the Bloch ball must be three
dimensional. Here, we obtain an intriguing physical interpretation of this mathematical fact,
related to special relativity. Furthermore, the derivation above is much easier, and represents one
of the simplest arguments for why there are three degrees of freedom in a quantum bit.4

Clearly, the assumption A3* (i.e. that GA = GB), as sketched in figure 3, is very strong. Let us
now therefore relax it.

(b) Weaker assumption:GA ≃ GB
If we look at the symmetry of the interferometric set-up, it is reasonable to expect that the physics
is ‘the same’ for Alice and Bob: the set of ‘phase plates’ (or their beyond-quantum generalizations)
available to Alice should be in one-to-one correspondence to the set of phase plates available to
Bob. While this still allows that these plates act differently on the delocalized particle, it suggests
the following assumption (superseding assumption A3*):

A3. The transformations that Alice and Bob can perform locally in their arms are isomorphic
as topological groups: GA ≃ GB.

Similarly as in the previous subsection, we can work out the consequences of A3 and our previous
assumptions. We obtain the following generalization of theorem 6.1.

Theorem 6.2. Under the assumptions A1, A2, A3, relativity of simultaneity (REL) allows for the
following possibilities and not more:

— d = 1 (the classical bit), with GA = GB = {1} (i.e. without any non-trivial local transformations),
— d = 2 (the quantum bit over the real numbers), with GA = GB = Z2,

3This means that no two different group elements act in exactly the same way on the sphere. This is a technical assumption
that is needed in the mathematical classification results that we are using (otherwise one could always consider the product
of a transitive group with another arbitrary group that is supposed to act trivially). In our context, this condition is obviously
satisfied, because we define the group by its action on the states.
4For another very simple recent derivation of the three-dimensionality of the Bloch ball, see [50,51]. A complementary
approach to relate the structures of the Bloch ball and of space–time can be found in [52].
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— d = 3 (the standard quantum bit over the complex numbers), with GA = GB = SO(2) = U(1),
— d = 5 (the quaternionic quantum bit), with GAB = SO(4), GA the left- and GB the right-isoclinic

rotations in SO(4) (or vice versa) which are both isomorphic to SU(2), and GA ∩ GB = {+I, −I}.

As in theorem 6.1, d is the dimension of the Bloch ball, GA and GB are the local transformations in the
interferometer arms, and now GAB is the group generated by all local transformations in GA and GB.

That is, a unique additional solution shows up: the quaternionic quantum bit. This
quaternionic case will necessarily violate the experimental behaviour sketched in figure 3: except
for the reflection map −I (and the identity map I itself), no other of Alice’s local operations can be
undone by Bob. However, the ability to undo just these two operations is sufficiently permissive
to allow the d = 5 interferometer to implement the Deutsch–Jozsa algorithm [53], suggesting that
this additional case is computationally interesting.

Proof of theorem 6.2. If GA = GB, then we are back in the case that is treated in theorem 6.1,
leading to the first three cases d = 1, 2, 3 listed above (and no other ones). Let us therefore assume
that GA ̸= GB, which implies in particular that GB contains more than just the identity element. We
may also assume that d ≥ 3, because we have already enumerated all the cases with d = 1, 2. It is
easy to see that the commutant

G′
A := {G ∈ GAB | GX = XG for all X ∈ GA}

is a normal subgroup of GAB. Consider first the case G′
A = GAB. As GA ⊆ GAB, this implies that GA

is Abelian, and then A3 implies that GB is Abelian too. Owing to REL, it follows that arbitrary
products of elements of GA ∪ GB can be ordered in arbitrary ways, which implies that GAB must
be Abelian too. But A1 and A2 imply that GAB is transitive on the (d − 2)-sphere, and then we
are back in the case discussed in the proof of theorem 6.1: only the case of the standard complex
quantum bit, d = 3, is possible.

Now, consider the second case G′
A ! GAB, and let G0

AB be its connected component at the
identity, which must then also be transitive on the (d − 2)-sphere due to A1 and A2. We may also
assume that G0

AB is non-Abelian, as otherwise we fall back into the previous case. REL implies
that GB ⊆ G′

A, thus G′
A is non-trivial. Suppose that GB was a discrete group, then so would be

GA; and as GAB ⊆ {TATB | TA ∈ GA, TB ∈ GB} due to REL, this would imply that GAB is discrete too,
contradicting its transitivity on the (d − 2)-sphere (and hence contradicting A1 and A2). Therefore,
GB is not discrete, hence G′

A has a non-trivial connected component at the identity, G′
A,0. It is easy

to see that G′
A,0 inherits normality from G′

A. That is, G′
A,0 is a non-trivial connected proper normal

subgroup of GAB, and thus of G0
AB. In other words, G0

AB is not a simple Lie group, and it is also
non-Abelian.

Looking again at the list of compact connected Lie groups that act transitively and effectively
on the spheres, this leaves only the following possibilities for G0

AB: SO(4) for d = 5, and
essentially5 Sp((d − 1)/4) × U(1) for d − 1 = 8, 12, 16 . . . as well as essentially Sp((d − 1)/4) × SU(2)
for d − 1 = 4, 8, 12, . . .. As the Lie algebras of SO(4) and Sp((d − 1)/2) × SU(2) are semisimple, the
decomposition of these Lie algebras into ideals is unique, and thus the sets of normal connected
Lie subgroups of these groups can be read off directly (in particular, the symplectic groups are
simple [47]). If G0

AB = SO(4), then G′
A,0 must be either the left- or the right-isoclinic rotations in

SO(4) because these are the only non-trivial connected normal subgroups. Suppose G′
A,0 = SO(4)R,

the right-isoclinic rotations (otherwise relabel A ↔ B). Then G′
A ⊇ SO(4)R, and so every X ∈ GA

must commute with every G ∈ SO(4)R. It is easy to see that no reflection X ∈ O(4) with det X = −1
can have this property; among the rotations, only the left-isoclinic rotations satisfy this. Thus
GA ⊆ SO(4)L. As GA ≃ GB, this implies that GB does not contain any reflections either, and so
GAB = G0

AB = SO(4). Furthermore, this implies that GB ⊆ G′
A = G′

0,A = SO(4)R. However, if GA (or
GB) were proper Lie subgroups of SO(4)R (respectively SO(4)L), then they would be too small to
generate GAB. We have thus recovered the quaternionic quantum bit, i.e. the d = 5 case above.
5The term ‘essentially’ refers to the fact that we have to divide this group by a finite subgroup to obtain an effective group
action; see [47].
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dimensional. Here, we obtain an intriguing physical interpretation of this mathematical fact,
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available to Alice should be in one-to-one correspondence to the set of phase plates available to
Bob. While this still allows that these plates act differently on the delocalized particle, it suggests
the following assumption (superseding assumption A3*):

A3. The transformations that Alice and Bob can perform locally in their arms are isomorphic
as topological groups: GA ≃ GB.

Similarly as in the previous subsection, we can work out the consequences of A3 and our previous
assumptions. We obtain the following generalization of theorem 6.1.

Theorem 6.2. Under the assumptions A1, A2, A3, relativity of simultaneity (REL) allows for the
following possibilities and not more:

— d = 1 (the classical bit), with GA = GB = {1} (i.e. without any non-trivial local transformations),
— d = 2 (the quantum bit over the real numbers), with GA = GB = Z2,

3This means that no two different group elements act in exactly the same way on the sphere. This is a technical assumption
that is needed in the mathematical classification results that we are using (otherwise one could always consider the product
of a transitive group with another arbitrary group that is supposed to act trivially). In our context, this condition is obviously
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That is, a unique additional solution shows up: the quaternionic quantum bit. This
quaternionic case will necessarily violate the experimental behaviour sketched in figure 3: except
for the reflection map −I (and the identity map I itself), no other of Alice’s local operations can be
undone by Bob. However, the ability to undo just these two operations is sufficiently permissive
to allow the d = 5 interferometer to implement the Deutsch–Jozsa algorithm [53], suggesting that
this additional case is computationally interesting.

Proof of theorem 6.2. If GA = GB, then we are back in the case that is treated in theorem 6.1,
leading to the first three cases d = 1, 2, 3 listed above (and no other ones). Let us therefore assume
that GA ̸= GB, which implies in particular that GB contains more than just the identity element. We
may also assume that d ≥ 3, because we have already enumerated all the cases with d = 1, 2. It is
easy to see that the commutant

G′
A := {G ∈ GAB | GX = XG for all X ∈ GA}

is a normal subgroup of GAB. Consider first the case G′
A = GAB. As GA ⊆ GAB, this implies that GA

is Abelian, and then A3 implies that GB is Abelian too. Owing to REL, it follows that arbitrary
products of elements of GA ∪ GB can be ordered in arbitrary ways, which implies that GAB must
be Abelian too. But A1 and A2 imply that GAB is transitive on the (d − 2)-sphere, and then we
are back in the case discussed in the proof of theorem 6.1: only the case of the standard complex
quantum bit, d = 3, is possible.

Now, consider the second case G′
A ! GAB, and let G0

AB be its connected component at the
identity, which must then also be transitive on the (d − 2)-sphere due to A1 and A2. We may also
assume that G0

AB is non-Abelian, as otherwise we fall back into the previous case. REL implies
that GB ⊆ G′

A, thus G′
A is non-trivial. Suppose that GB was a discrete group, then so would be

GA; and as GAB ⊆ {TATB | TA ∈ GA, TB ∈ GB} due to REL, this would imply that GAB is discrete too,
contradicting its transitivity on the (d − 2)-sphere (and hence contradicting A1 and A2). Therefore,
GB is not discrete, hence G′

A has a non-trivial connected component at the identity, G′
A,0. It is easy

to see that G′
A,0 inherits normality from G′

A. That is, G′
A,0 is a non-trivial connected proper normal

subgroup of GAB, and thus of G0
AB. In other words, G0

AB is not a simple Lie group, and it is also
non-Abelian.

Looking again at the list of compact connected Lie groups that act transitively and effectively
on the spheres, this leaves only the following possibilities for G0

AB: SO(4) for d = 5, and
essentially5 Sp((d − 1)/4) × U(1) for d − 1 = 8, 12, 16 . . . as well as essentially Sp((d − 1)/4) × SU(2)
for d − 1 = 4, 8, 12, . . .. As the Lie algebras of SO(4) and Sp((d − 1)/2) × SU(2) are semisimple, the
decomposition of these Lie algebras into ideals is unique, and thus the sets of normal connected
Lie subgroups of these groups can be read off directly (in particular, the symplectic groups are
simple [47]). If G0

AB = SO(4), then G′
A,0 must be either the left- or the right-isoclinic rotations in

SO(4) because these are the only non-trivial connected normal subgroups. Suppose G′
A,0 = SO(4)R,

the right-isoclinic rotations (otherwise relabel A ↔ B). Then G′
A ⊇ SO(4)R, and so every X ∈ GA

must commute with every G ∈ SO(4)R. It is easy to see that no reflection X ∈ O(4) with det X = −1
can have this property; among the rotations, only the left-isoclinic rotations satisfy this. Thus
GA ⊆ SO(4)L. As GA ≃ GB, this implies that GB does not contain any reflections either, and so
GAB = G0

AB = SO(4). Furthermore, this implies that GB ⊆ G′
A = G′

0,A = SO(4)R. However, if GA (or
GB) were proper Lie subgroups of SO(4)R (respectively SO(4)L), then they would be too small to
generate GAB. We have thus recovered the quaternionic quantum bit, i.e. the d = 5 case above.
5The term ‘essentially’ refers to the fact that we have to divide this group by a finite subgroup to obtain an effective group
action; see [47].
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Figure 2. AMach–Zehnder interferometer viewed by two observers. Twomoving observers Rachael (R) and Steven (S) witness
the operation of an interferometer (described in (gure 1). The dashed grey lines show the simultaneous lines of progress for
a particle travelling down either branch. (a) This as judged by Rachael, (b) by Steven. Rachael therefore witnesses event A
happeningbefore eventB;whereas Stevenwitnesses theopposite. If the transformations inducedatAandatBdidnot commute,
the observers would disagree about the ultimate detector click statistics. (Online version in colour.)

and it is well known that the only representation of this kind is the trivial representation [44].
Moreover, the ‘which path’ degree of freedom is not a geometric degree of freedom2 relative to
some Lorentz covariant property, say, a particle’s momentum direction (like photon polarization,
for example), which is why also Wigner’s little group does not apply. Thus TΛ = I for all Λ, and
the transformations done by Alice and Bob appear the same in every reference frame.

5. Consequences of relativity of simultaneity
We now analyse in detail the idea [40] that relativity of simultaneity might impose further
restrictions on the probabilistic behaviour of spatially extended interferometers. While doing so,
we follow the spirit of [45], but take Peres’ argumentation beyond quantum theory. As before,
consider the situation in figure 2, with two agents: Alice, who acts on the upper branch, and
Bob, who acts on the lower branch. As the branches are space-like separated, the transformations
applied by Alice and Bob should not cause the particle to jump from one branch to another, and so
will belong to the phase group Gφ := O(d − 1) ∩ G associated with the ‘which path’ measurement.
More generally, there will be a subgroup of transformations that can be locally applied by Alice,
GA ⊆ Gφ , and a subgroup locally applicable by Bob, GB ⊆ Gφ .

If there is at least one pair of transformations TA ∈ GA and TB ∈ GB such that [TA, TB] %= 0, then
the order in which Alice and Bob choose to apply their transformations will have an observable
effect on the output statistics of the interferometer at least for some states. This is particularly
problematic for a space-like separation between Alice and Bob: consider again the two observers
Rachael and Steven, moving at relativistic speed relative to each other, as in figure 2. Although
Rachael and Steven must agree what effect either action TA or action TB would have on the
interferometer individually (from the Lorentz invariance of transformations), Steven could in
general disagree with Rachael about the order in which the two events occur [21].

In particular, let us say that Rachael observes the application of TA by Alice followed by TB
by Bob; the compound operation is then TBTA. When changing into Steven’s reference frame, the
compound operation should be the same. However, Steven may observe instead that TB happens
before TA, describing the compound operation by TATB. This will lead to contradiction unless
TATB = TBTA in all cases; that is, [TA, TB] = 0 for all TA ∈ GA and TB ∈ GB.

In summary, we can formalize an additional assumption that will enter our analysis below:

REL. Relativity of simultaneity for the local operations at A and B implies that [GA,GB] = 0.

2One can imagine that the two material interferometer arms carry classical labels (like ‘A’ and ‘B’, or ‘passing Earth’ versus
‘passing Mars’). Then different observers will agree on whether a particle is detected in arm A or arm B, and thus on the
description of quantum states, regardless of their space–time frames of reference.
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Does information play a significant role in the foundations of physics? Information is the abstraction that
allows us to refer to the states of systems when we choose to ignore the systems themselves. This is only
possible in very particular frameworks, like in classical or quantum theory, or more generally, whenever
there exists an information unit such that the state of any system can be reversibly encoded in a sufficient
number of such units. In this work we show how the abstract formalism of quantum theory can be deduced
solely from the existence of an information unit with suitable properties, together with two further natural
assumptions: the continuity and reversibility of dynamics, and the possibility of characterizing the state of
a composite system by local measurements. This constitutes a new set of postulates for quantum theory
with a simple and direct physical meaning, like the ones of special relativity or thermodynamics, and it
articulates a strong connection between physics and information.

I. INTRODUCTION

Quantum theory (QT) provides the foundation on top of
which most of our physical theories and our understanding
of nature sits. This peculiarly important role contrasts with
our limited understanding of QT itself, and the lack of con-
sensus among physicists about what this theory is saying
about how nature works. Particularly, the standard postu-
lates of QT are expressed in abstract mathematical terms
involving Hilbert spaces and operators acting on them, and
lack a clear physical meaning. In other physical theories,
like special relativity or thermodynamics, the formalism can
be derived from postulates having a direct physical mean-
ing, often in terms of the possibility or impossibility of cer-
tain tasks. In this work we show that this is also possible
for QT.

The importance of this goal is reflected by the long his-
tory of research on alternative axiomatizations of QT, which
goes back to Birkhoff and von Neumann [1–3]. More re-
cently, initiated by Hardy’s work [4], and influenced by the
perspective of quantum information theory, there has been
a wave of contributions taking a more physical and less
mathematical approach [4–8]. These reconstructions of
QT constitute a big achievement because they are based
on postulates having a more physical meaning. However
some of these meanings are not very direct, and a lot of
formalism has to be introduced in order to state them. In
this work we derive finite-dimensional QT from four postu-
lates having a clear and direct physical meaning, which can
be stated easily and without the need of heavy formalism.
Also, contrary to [5] we write all our assumptions explicitly.

We introduce a postulate named Existence of an In-
formation Unit, which essentially states that there is only
one type of information within the theory. Consequently,
any physical process can be simulated with a suitably pro-
grammed general purpose simulator. Since the input and
output of these simulations are not necessarily classical,
this postulate is a stronger version of the Church-Turing-
Deutsch Principle (stated in [9]). On the other hand, it is
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FIG. 1: Encoder. Coding is an ideal physical transformation
which maps the unknown state ω of an arbitrary system to an
n-gbit state in a reversible way, and leaves the initial system
in a reference state 0. Reversibility means that there is an-
other ideal physical transformation, decoding, which undoes
the above, bringing the arbitrary system back to its original
state.

strictly weaker than the Subspace Axiom, introduced in [4]
and used in [5] and [6]. An alternative way to read this
postulate is that, at some level, the dynamics of any sys-
tem is substrate-independent. Within theories satisfying
the Existence of an Information Unit one can refer to states,
dynamics and measurements abstractly, without specifying
the type of system they pertain to; and this is exploited by
quantum information scientists, who design algorithms and
protocols at an abstract level, without considering whether
they will be implemented with light, atoms or any other type
of physical substrate.

More precisely, Existence of an Information Unit states
that there is a type of system, the generalized bit or gbit,
such that the state of any other system can be reversibly
encoded in a sufficient number of gbits (see Fig. 1). The
reversibility of the encoding implies a correspondence be-
tween the states of any system and the states of a multi-
gbit system (or an appropriate subspace). This correspon-
dence also extends to dynamics and measurements: if a
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the operation of an interferometer (described in (gure 1). The dashed grey lines show the simultaneous lines of progress for
a particle travelling down either branch. (a) This as judged by Rachael, (b) by Steven. Rachael therefore witnesses event A
happeningbefore eventB;whereas Stevenwitnesses theopposite. If the transformations inducedatAandatBdidnot commute,
the observers would disagree about the ultimate detector click statistics. (Online version in colour.)

and it is well known that the only representation of this kind is the trivial representation [44].
Moreover, the ‘which path’ degree of freedom is not a geometric degree of freedom2 relative to
some Lorentz covariant property, say, a particle’s momentum direction (like photon polarization,
for example), which is why also Wigner’s little group does not apply. Thus TΛ = I for all Λ, and
the transformations done by Alice and Bob appear the same in every reference frame.

5. Consequences of relativity of simultaneity
We now analyse in detail the idea [40] that relativity of simultaneity might impose further
restrictions on the probabilistic behaviour of spatially extended interferometers. While doing so,
we follow the spirit of [45], but take Peres’ argumentation beyond quantum theory. As before,
consider the situation in figure 2, with two agents: Alice, who acts on the upper branch, and
Bob, who acts on the lower branch. As the branches are space-like separated, the transformations
applied by Alice and Bob should not cause the particle to jump from one branch to another, and so
will belong to the phase group Gφ := O(d − 1) ∩ G associated with the ‘which path’ measurement.
More generally, there will be a subgroup of transformations that can be locally applied by Alice,
GA ⊆ Gφ , and a subgroup locally applicable by Bob, GB ⊆ Gφ .

If there is at least one pair of transformations TA ∈ GA and TB ∈ GB such that [TA, TB] %= 0, then
the order in which Alice and Bob choose to apply their transformations will have an observable
effect on the output statistics of the interferometer at least for some states. This is particularly
problematic for a space-like separation between Alice and Bob: consider again the two observers
Rachael and Steven, moving at relativistic speed relative to each other, as in figure 2. Although
Rachael and Steven must agree what effect either action TA or action TB would have on the
interferometer individually (from the Lorentz invariance of transformations), Steven could in
general disagree with Rachael about the order in which the two events occur [21].

In particular, let us say that Rachael observes the application of TA by Alice followed by TB
by Bob; the compound operation is then TBTA. When changing into Steven’s reference frame, the
compound operation should be the same. However, Steven may observe instead that TB happens
before TA, describing the compound operation by TATB. This will lead to contradiction unless
TATB = TBTA in all cases; that is, [TA, TB] = 0 for all TA ∈ GA and TB ∈ GB.

In summary, we can formalize an additional assumption that will enter our analysis below:

REL. Relativity of simultaneity for the local operations at A and B implies that [GA,GB] = 0.

2One can imagine that the two material interferometer arms carry classical labels (like ‘A’ and ‘B’, or ‘passing Earth’ versus
‘passing Mars’). Then different observers will agree on whether a particle is detected in arm A or arm B, and thus on the
description of quantum states, regardless of their space–time frames of reference.
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there exists an information unit such that the state of any system can be reversibly encoded in a sufficient
number of such units. In this work we show how the abstract formalism of quantum theory can be deduced
solely from the existence of an information unit with suitable properties, together with two further natural
assumptions: the continuity and reversibility of dynamics, and the possibility of characterizing the state of
a composite system by local measurements. This constitutes a new set of postulates for quantum theory
with a simple and direct physical meaning, like the ones of special relativity or thermodynamics, and it
articulates a strong connection between physics and information.

I. INTRODUCTION

Quantum theory (QT) provides the foundation on top of
which most of our physical theories and our understanding
of nature sits. This peculiarly important role contrasts with
our limited understanding of QT itself, and the lack of con-
sensus among physicists about what this theory is saying
about how nature works. Particularly, the standard postu-
lates of QT are expressed in abstract mathematical terms
involving Hilbert spaces and operators acting on them, and
lack a clear physical meaning. In other physical theories,
like special relativity or thermodynamics, the formalism can
be derived from postulates having a direct physical mean-
ing, often in terms of the possibility or impossibility of cer-
tain tasks. In this work we show that this is also possible
for QT.

The importance of this goal is reflected by the long his-
tory of research on alternative axiomatizations of QT, which
goes back to Birkhoff and von Neumann [1–3]. More re-
cently, initiated by Hardy’s work [4], and influenced by the
perspective of quantum information theory, there has been
a wave of contributions taking a more physical and less
mathematical approach [4–8]. These reconstructions of
QT constitute a big achievement because they are based
on postulates having a more physical meaning. However
some of these meanings are not very direct, and a lot of
formalism has to be introduced in order to state them. In
this work we derive finite-dimensional QT from four postu-
lates having a clear and direct physical meaning, which can
be stated easily and without the need of heavy formalism.
Also, contrary to [5] we write all our assumptions explicitly.

We introduce a postulate named Existence of an In-
formation Unit, which essentially states that there is only
one type of information within the theory. Consequently,
any physical process can be simulated with a suitably pro-
grammed general purpose simulator. Since the input and
output of these simulations are not necessarily classical,
this postulate is a stronger version of the Church-Turing-
Deutsch Principle (stated in [9]). On the other hand, it is
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which maps the unknown state ω of an arbitrary system to an
n-gbit state in a reversible way, and leaves the initial system
in a reference state 0. Reversibility means that there is an-
other ideal physical transformation, decoding, which undoes
the above, bringing the arbitrary system back to its original
state.

strictly weaker than the Subspace Axiom, introduced in [4]
and used in [5] and [6]. An alternative way to read this
postulate is that, at some level, the dynamics of any sys-
tem is substrate-independent. Within theories satisfying
the Existence of an Information Unit one can refer to states,
dynamics and measurements abstractly, without specifying
the type of system they pertain to; and this is exploited by
quantum information scientists, who design algorithms and
protocols at an abstract level, without considering whether
they will be implemented with light, atoms or any other type
of physical substrate.

More precisely, Existence of an Information Unit states
that there is a type of system, the generalized bit or gbit,
such that the state of any other system can be reversibly
encoded in a sufficient number of gbits (see Fig. 1). The
reversibility of the encoding implies a correspondence be-
tween the states of any system and the states of a multi-
gbit system (or an appropriate subspace). This correspon-
dence also extends to dynamics and measurements: if a
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"The very idea of quantum states as representatives of information -- information that is sufficient for computing	
probabilities of outcomes following specific preparations -- has the power to explain why the theory has the	
very mathematical structure that it does. This in itself is the message of the reconstructions."

• Potentially useful lecture notes:
MM, Probabilistic Theories and reconstructions of Quantum Theory (Les Houches 2019	
lecture notes), SciPost Lect. Notes 28 (2021).

• What I didn't have time to talk about:	
Attempts to derive exclusively the set of quantum Bell correlations from simple principles.
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One of the most important problems in physics is to reconcile quantum mechanics with
general relativity, and some authors have suggested that this may be realized at the
expense of having to drop the quantum formalism in favour of a more general theory.
Here, we propose a mechanism to make general claims on the microscopic structure of the
Universe by postulating that any post-quantum theory should recover classical physics
in the macroscopic limit. We use this mechanism to bound the strength of correlations
between distant observers in any physical theory. Although several quantum limits are
recovered, such as the set of two-point quantum correlators, our results suggest that
there exist plausible microscopic theories of Nature that predict correlations impossible
to reproduce in any quantum mechanical system.

Keywords: non-local theories; quantum correlations; foundational physics

1. Introduction

At the beginning of the twenty-first century, one of the main goals of theoretical
physics is to come up with a theory that reconciles quantum mechanics and
general relativity. Currently, there are several approaches in this direction, such
as string theory (Polchinski 1998) or loop quantum gravity (Thiemann 2003;
Rovelli 2004; Smolin 2004). What most of these approaches have in common is
that they take the mathematical structure of quantum mechanics for granted and
then try to find a suitable dynamics, such that the resulting theory approaches
general relativity in some limit. The problem at stake is, thus, how to ‘quantize
gravity’. Such an approach may be doomed to fail, since it could very well be that
quantum mechanics is not a fundamental theory of Nature, but an effective model,
only valid within a specific range of energies. Indeed, some considerations about
black-hole evaporation suggest that certain axioms of quantum theory should be
re-examined (Page 1994).
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LETTERS

Information causality as a physical principle
Marcin Pawłowski1, Tomasz Paterek2, Dagomir Kaszlikowski2, Valerio Scarani2, Andreas Winter2,3

& Marek Żukowski1

Quantum physics has remarkable distinguishing characteristics.
For example, it gives only probabilistic predictions (non-
determinism) and does not allow copying of unknown states
(no-cloning1). Quantum correlations may be stronger than any
classical ones2, but information cannot be transmitted faster than
light (no-signalling). However, these features do not uniquely
define quantum physics. A broad class of theories exist that share
such traits and allow even stronger (than quantum) correlations3.
Here we introduce the principle of ‘information causality’ and
show that it is respected by classical and quantum physics but
violated by all no-signalling theories with stronger than (the
strongest) quantum correlations. The principle relates to the
amount of information that an observer (Bob) can gain about a
data set belonging to another observer (Alice), the contents of
which are completely unknown to him. Using all his local
resources (which may be correlated with her resources) and allow-
ing classical communication from her, the amount of information
that Bob can recover is bounded by the information volume (m) of
the communication. Namely, if Alice communicates m bits to Bob,
the total information obtainable by Bob cannot be greater than m.
For m 5 0, information causality reduces to the standard no-
signalling principle. However, no-signalling theories with maxi-
mally strong correlations would allow Bob access to all the data in
any m-bit subset of the whole data set held by Alice. If only one bit
is sent by Alice (m 5 1), this is tantamount to Bob’s being able to
access the value of any single bit of Alice’s data (but not all of
them). Information causality may therefore help to distinguish
physical theories from non-physical ones. We suggest that
information causality—a generalization of the no-signalling con-
dition—might be one of the foundational properties of nature.

Classical (as opposed to quantum) physics rests on the assumption
that all physical quantities have well-defined values simultaneously.
Relativity is based on clear-cut physical statements: the speed of light
and the electric charge are the same for all observers. In contra-
distinction, the definition of quantum physics is still a description
of its formalism: the theory in which systems are described by Hilbert
spaces and dynamics is reversible. This situation is all the more un-
expected because quantum physics is the most successful physical
theory and quite a lot is known about it. Some of its counterintuitive
features are almost popular knowledge: all scientists, and many laymen
as well, know that quantum physics predicts only probabilities, that
some physical quantities (such as position and momentum) cannot be
simultaneously well defined and that the act of measurement generi-
cally modifies the state of the system. Entanglement and no-cloning are
rapidly claiming their place in the list of well-known quantum features;
in next place are the feats of quantum information such as the
possibility of secure cryptography4,5 or the teleportation of unknown
states6.

These features are so striking that one could hope that some of
them provide the physical ground behind the formalism. Is quantum

physics, for instance, the most general theory that allows violations of
Bell inequalities, while satisfying no-signalling? When this question
was investigated3 the answer was found to be negative: impossibility
of being represented in terms of local variables is a property shared by
a broad class of no-signalling theories. Such theories predict intrinsic
randomness, no-cloning7,8 and an information-disturbance trade-
off9 and permit secure cryptography10–12. As regards teleportation
and entanglement swapping13, after a first negative attempt14, it seems
that they can also be defined within the general no-signalling frame-
work15,16. In summary, most of the features that have been high-
lighted as ‘typically quantum’ are shared by all possible no-
signalling theories. Only a few discrepancies have been noticed: some
no-signalling theories would lead to an implausible simplification of
distributed computational tasks17–20 and would have very limited
dynamics21. This highlights the importance of the no-signalling
principle but leaves us still uncertain about the specificity of quantum
theory.

Here we define and study a previously unnoticed feature, which we
call ‘information causality’. Information causality generalizes no-
signalling and is respected by both classical and quantum physics.
However, as we shall show, it is violated by all no-signalling theories
that are endowed with correlations that are stronger than the strongest
quantum correlations. It can therefore be used as a principle to dis-
tinguish physical theories from non-physical ones and is a good can-
didate for one of the foundational assumptions that are at the very
root of quantum theory.

Formulated as a principle, information causality states: ‘‘the
information gain that Bob can reach about a previously unknown
to him data set of Alice, by using all his local resources and m classical
bits communicated by Alice, is at most m bits’’. The standard no-
signalling condition is just information causality for m 5 0. The prin-
ciple assumes classical communication: if quantum bits were allowed
to be transmitted, the information gain could be higher, as demon-
strated in the quantum super-dense coding protocol22. The efficiency
of this protocol is based on the use of quantum entanglement, and
information causality holds true even if the quantum bits are trans-
mitted provided that they are disentangled from the systems of the
receiver. This follows from the Holevo bound, which limits informa-
tion gain after transmission of m such qubits to m classical bits.

We show that in a world in which certain tasks are ‘too simple’
(compare with refs 17, 18) and there exists implausible accessibility
of remote data, information causality is violated. Consider a generic
situation in which Alice has a database of N bits described by a string~aa.
She would like to grant Bob access to as big a portion of the database as
possible within a fixed amount of classical communication. If there
were no pre-established correlations between them, communication
of m bits would open access to at most m bits of the database. With
previously shared correlations they could expect to do better (however,
as we show here, in the real world they would be mistaken). For
concreteness, consider a generic task illustrated in Fig. 1. It is a
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and related communication complexity problems26. Alice receives a
string of N random and independent bits, ~aa~ a0, a1, . . . , aN{1ð Þ.
Bob receives a random value of b 5 0, …, N 2 1 and is asked to give
a value of the bth bit of Alice after receiving from her a message of m
classical bits. The restrictions are only on the communication that can
take place after the inputs have been provided. The resources that Alice
and Bob may have shared in advance are assumed to be no-signalling
because allowing signalling resources would open other communica-
tion channels. In a classical world, these additional resources would be
correlated lists of bits; in a quantum world, Alice and Bob may share an
arbitrary quantum state. However, the task itself is open to accom-
modate any hypothetical resource producing no-signalling correla-
tions, even those that go beyond the possibilities of quantum
physics. We shall call these imaginary resources no-signalling boxes,
or NS-boxes for short. The impact of stronger-than-quantum correla-
tions on the efficiency of random access coding has been studied
recently from a different angle24.

There exists a protocol that allows Bob to give the correct value of at
least m bits. If Alice sends him an m-bit message~xx~ a0, . . . , am{1ð Þ
Bob will guess ab perfectly whenever b[ 0, . . . , m{1f g. The price to
pay is that he is bound to make a completely random guess for
b[ m, . . . , N{1f g. Because the previously shared correlations con-
tain no information about~aa, for every strategy there will be a trade-off
between the probabilities for guessing different bits of~aa. Let us denote
Bob’s output by b. The efficiency of Alice’s and Bob’s strategy can be
quantified by

I:
XN{1

K~0

I aK : b bj ~Kð Þ ð1Þ

where I(aK : bjb 5 K) is the Shannon mutual information between aK

and b, computed under the condition that Bob has received b 5 K.
One can also show that

I§N{
XN{1

K~0

h PKð Þ ð2Þ

where h(x) 5 2x log2 x 2 (1 2 x) log2 (1 2 x) is the binary entropy of
x, and PK is the probability that aK 5 b, again for the case of b 5 K. To
obtain the inequality, the aK have been assumed to be unbiased and
independently distributed (details are given in Supplementary
Information).

Ideally, we wish to define that information causality holds if, after
transfer of the m-bit message, the mutual information between Alice’s
data~aa and everything that Bob has—that is, the message~xx and his part
B of the previously shared correlation—is bounded by m. Intuitively
appealing though such a definition is, it has the severe issue that it is
not theory-independent. Specifically, a mutual information expres-
sion ‘I ~aa :~xx, Bð Þ’ has to be defined for a state involving objects from
the underlying theory (the possibilities include classical correlation, a

shared quantum state and NS-boxes). It is far from clear whether
mutual information can be defined consistently for all non-local cor-
relations, nor whether such a definition would be unique.

Instead, we shall show that if a mutual information can be defined
that obeys certain elementary properties, then (a) information caus-
ality holds and (b) I ~aa :~xx, Bð Þ§I . Thus we obtain the following neces-
sary condition for information causality:

Iƒm ð3Þ

We stress that the parameter I is independent of any underlying
physical theory: I does not involve any details of a particular physical
model but is fully determined by Alice’s and Bob’s input bits and
Bob’s output. In this sense it resembles Bell’s parameter2, which also
involves only random variables and can be used to test different
physical theories.

For a system composed of parts A, B and C, prepared in a state allowed
by the theory, we need to assign symmetric and non-negative mutual
informations I(A : B), etc. The elementary properties mentioned above
are the following. First, consistency: if the subsystems A and B are both
classical, then I(A : B) should coincide with Shannon’s mutual informa-
tion. Second, data-processing inequality: acting on one of the parts
locally by any state transformation allowed in the theory cannot
increase the mutual information. That is, if B R B9 is a permissible
map between systems, then I(A : B) $ I(A : B9). This says that any local
manipulation of data can only decay information. Third, a chain rule:
there exists a conditional mutual information I(A : BjC) such that the
following identity is satisfied for all states and triples of parts:
I(A : B, C) 5 I(A : C) 1 I(A : BjC). This implies an identity between
ordinary mutual informations:

I A:B, Cð Þ{I A:Bð Þ~I A:B Cjð Þ~I A, C :Bð Þ{I B :Cð Þ

Information causality holds in both classical and quantum physics;
we may focus on the latter because the former is a special case of it.
This is because one can define quantum mutual information in a
formal extension of Shannon’s quantity, using von Neumann
entropy27, and all three of the above properties are fulfilled28. Details
are given in Supplementary Information, but in brief one argues as
follows.

To show (a), denote by B Bob’s quantum system holding the shared
quantum state rAB, Alice’s data ~aa~ a0, . . . , aN{1ð Þ, and the m-bit
message~xx; our objective is to prove that I ~aa :~xx, Bð Þƒm. First, the chain
rule for mutual information yields I ~aa :~xx, Bð Þ~I ~aa :Bð ÞzI ~aa :~xx Bjð Þ.
Second, I ~aa :Bð Þ~0 because without the message Alice’s data and
Bob’s quantum state are independent (expressing the no-signalling
condition). Third, we use the chain rule again to express the conditional
mutual information as I ~aa :~xx Bjð Þ~I ~xx :~aa, Bð Þ{I ~xx :Bð ÞƒI ~xx :~aa, Bð Þ.
Finally, the latter can be upper-bounded by I ~xx :~xxð Þƒm, invoking data
processing. Similarly, (b) is obtained by repeated application of the
chain rule, data-processing inequality and non-negativity of mutual
information (details are given in Supplementary Information).

To study how other no-signalling theories can violate information
causality, we focus on the necessary condition in equation (3). First
consider the simplest example of two-bit input by Alice, (a0, a1); it is
described in Fig. 2. The probability that Bob correctly gives the value
of the bit a0 is

PI~
1

2
P A+B~0 0, 0jð ÞzP A+B~0 1, 0jð Þ½ $ ð4Þ

and the analogous probability for the bit a1 reads

PII~
1

2
P A+B~0 0, 1jð ÞzP A+B~1 1, 1jð Þ½ $ ð5Þ

where the symbol › denotes summation modulo 2.
One can recognize that these probabilities are intimately linked

with the Clauser–Horne–Shimony–Holt parameter29 S, which can be
used to quantify the strength of correlations. Indeed,

a0, a1, ..., aN–1 b = 0, ..., N – 1

(m classical bits)

ab

Figure 1 | The task. Alice receives N random and independent bits
~aa~ a0, . . . , aN{1ð Þ. In a separate location, Bob receives a random variable
b[ 0, 1, . . . , N{1f g. Alice sends m classical bits to Bob, with the help of
which Bob is asked to guess the value of the bth bit in Alice’s list, ab. Alice and
Bob can share any no-signalling resources. Information causality limits the
efficiency of solutions to this task. It bounds the mutual information
between Alice’s data and all that Bob has at hand after receiving the message.
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Conclusions - or rather, final comments

• Quotation from Caslav Brukner, June 2014:
"The very idea of quantum states as representatives of information -- information that is sufficient for computing	
probabilities of outcomes following specific preparations -- has the power to explain why the theory has the	
very mathematical structure that it does. This in itself is the message of the reconstructions."

• Potentially useful lecture notes:

• What I didn't have time to talk about:	
Attempts to derive exclusively the set of quantum Bell correlations from simple principles.

Proc. R. Soc. A (2010) 466, 881–890
doi:10.1098/rspa.2009.0453

Published online 11 November 2009

A glance beyond the quantum model
BY MIGUEL NAVASCUÉS1,2,* AND HARALD WUNDERLICH1,2,3

1Institute for Mathematical Sciences, Imperial College London,
London SW7 2PG, UK

2Quantum Optics and Laser Science Group, The Blackett Laboratory,
Imperial College London, London SW7 2BW, UK

3Fachbereich Physik, Universität Siegen, Siegen 57068, Germany

One of the most important problems in physics is to reconcile quantum mechanics with
general relativity, and some authors have suggested that this may be realized at the
expense of having to drop the quantum formalism in favour of a more general theory.
Here, we propose a mechanism to make general claims on the microscopic structure of the
Universe by postulating that any post-quantum theory should recover classical physics
in the macroscopic limit. We use this mechanism to bound the strength of correlations
between distant observers in any physical theory. Although several quantum limits are
recovered, such as the set of two-point quantum correlators, our results suggest that
there exist plausible microscopic theories of Nature that predict correlations impossible
to reproduce in any quantum mechanical system.

Keywords: non-local theories; quantum correlations; foundational physics

1. Introduction

At the beginning of the twenty-first century, one of the main goals of theoretical
physics is to come up with a theory that reconciles quantum mechanics and
general relativity. Currently, there are several approaches in this direction, such
as string theory (Polchinski 1998) or loop quantum gravity (Thiemann 2003;
Rovelli 2004; Smolin 2004). What most of these approaches have in common is
that they take the mathematical structure of quantum mechanics for granted and
then try to find a suitable dynamics, such that the resulting theory approaches
general relativity in some limit. The problem at stake is, thus, how to ‘quantize
gravity’. Such an approach may be doomed to fail, since it could very well be that
quantum mechanics is not a fundamental theory of Nature, but an effective model,
only valid within a specific range of energies. Indeed, some considerations about
black-hole evaporation suggest that certain axioms of quantum theory should be
re-examined (Page 1994).
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Information causality as a physical principle
Marcin Pawłowski1, Tomasz Paterek2, Dagomir Kaszlikowski2, Valerio Scarani2, Andreas Winter2,3

& Marek Żukowski1

Quantum physics has remarkable distinguishing characteristics.
For example, it gives only probabilistic predictions (non-
determinism) and does not allow copying of unknown states
(no-cloning1). Quantum correlations may be stronger than any
classical ones2, but information cannot be transmitted faster than
light (no-signalling). However, these features do not uniquely
define quantum physics. A broad class of theories exist that share
such traits and allow even stronger (than quantum) correlations3.
Here we introduce the principle of ‘information causality’ and
show that it is respected by classical and quantum physics but
violated by all no-signalling theories with stronger than (the
strongest) quantum correlations. The principle relates to the
amount of information that an observer (Bob) can gain about a
data set belonging to another observer (Alice), the contents of
which are completely unknown to him. Using all his local
resources (which may be correlated with her resources) and allow-
ing classical communication from her, the amount of information
that Bob can recover is bounded by the information volume (m) of
the communication. Namely, if Alice communicates m bits to Bob,
the total information obtainable by Bob cannot be greater than m.
For m 5 0, information causality reduces to the standard no-
signalling principle. However, no-signalling theories with maxi-
mally strong correlations would allow Bob access to all the data in
any m-bit subset of the whole data set held by Alice. If only one bit
is sent by Alice (m 5 1), this is tantamount to Bob’s being able to
access the value of any single bit of Alice’s data (but not all of
them). Information causality may therefore help to distinguish
physical theories from non-physical ones. We suggest that
information causality—a generalization of the no-signalling con-
dition—might be one of the foundational properties of nature.

Classical (as opposed to quantum) physics rests on the assumption
that all physical quantities have well-defined values simultaneously.
Relativity is based on clear-cut physical statements: the speed of light
and the electric charge are the same for all observers. In contra-
distinction, the definition of quantum physics is still a description
of its formalism: the theory in which systems are described by Hilbert
spaces and dynamics is reversible. This situation is all the more un-
expected because quantum physics is the most successful physical
theory and quite a lot is known about it. Some of its counterintuitive
features are almost popular knowledge: all scientists, and many laymen
as well, know that quantum physics predicts only probabilities, that
some physical quantities (such as position and momentum) cannot be
simultaneously well defined and that the act of measurement generi-
cally modifies the state of the system. Entanglement and no-cloning are
rapidly claiming their place in the list of well-known quantum features;
in next place are the feats of quantum information such as the
possibility of secure cryptography4,5 or the teleportation of unknown
states6.

These features are so striking that one could hope that some of
them provide the physical ground behind the formalism. Is quantum

physics, for instance, the most general theory that allows violations of
Bell inequalities, while satisfying no-signalling? When this question
was investigated3 the answer was found to be negative: impossibility
of being represented in terms of local variables is a property shared by
a broad class of no-signalling theories. Such theories predict intrinsic
randomness, no-cloning7,8 and an information-disturbance trade-
off9 and permit secure cryptography10–12. As regards teleportation
and entanglement swapping13, after a first negative attempt14, it seems
that they can also be defined within the general no-signalling frame-
work15,16. In summary, most of the features that have been high-
lighted as ‘typically quantum’ are shared by all possible no-
signalling theories. Only a few discrepancies have been noticed: some
no-signalling theories would lead to an implausible simplification of
distributed computational tasks17–20 and would have very limited
dynamics21. This highlights the importance of the no-signalling
principle but leaves us still uncertain about the specificity of quantum
theory.

Here we define and study a previously unnoticed feature, which we
call ‘information causality’. Information causality generalizes no-
signalling and is respected by both classical and quantum physics.
However, as we shall show, it is violated by all no-signalling theories
that are endowed with correlations that are stronger than the strongest
quantum correlations. It can therefore be used as a principle to dis-
tinguish physical theories from non-physical ones and is a good can-
didate for one of the foundational assumptions that are at the very
root of quantum theory.

Formulated as a principle, information causality states: ‘‘the
information gain that Bob can reach about a previously unknown
to him data set of Alice, by using all his local resources and m classical
bits communicated by Alice, is at most m bits’’. The standard no-
signalling condition is just information causality for m 5 0. The prin-
ciple assumes classical communication: if quantum bits were allowed
to be transmitted, the information gain could be higher, as demon-
strated in the quantum super-dense coding protocol22. The efficiency
of this protocol is based on the use of quantum entanglement, and
information causality holds true even if the quantum bits are trans-
mitted provided that they are disentangled from the systems of the
receiver. This follows from the Holevo bound, which limits informa-
tion gain after transmission of m such qubits to m classical bits.

We show that in a world in which certain tasks are ‘too simple’
(compare with refs 17, 18) and there exists implausible accessibility
of remote data, information causality is violated. Consider a generic
situation in which Alice has a database of N bits described by a string~aa.
She would like to grant Bob access to as big a portion of the database as
possible within a fixed amount of classical communication. If there
were no pre-established correlations between them, communication
of m bits would open access to at most m bits of the database. With
previously shared correlations they could expect to do better (however,
as we show here, in the real world they would be mistaken). For
concreteness, consider a generic task illustrated in Fig. 1. It is a
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and related communication complexity problems26. Alice receives a
string of N random and independent bits, ~aa~ a0, a1, . . . , aN{1ð Þ.
Bob receives a random value of b 5 0, …, N 2 1 and is asked to give
a value of the bth bit of Alice after receiving from her a message of m
classical bits. The restrictions are only on the communication that can
take place after the inputs have been provided. The resources that Alice
and Bob may have shared in advance are assumed to be no-signalling
because allowing signalling resources would open other communica-
tion channels. In a classical world, these additional resources would be
correlated lists of bits; in a quantum world, Alice and Bob may share an
arbitrary quantum state. However, the task itself is open to accom-
modate any hypothetical resource producing no-signalling correla-
tions, even those that go beyond the possibilities of quantum
physics. We shall call these imaginary resources no-signalling boxes,
or NS-boxes for short. The impact of stronger-than-quantum correla-
tions on the efficiency of random access coding has been studied
recently from a different angle24.

There exists a protocol that allows Bob to give the correct value of at
least m bits. If Alice sends him an m-bit message~xx~ a0, . . . , am{1ð Þ
Bob will guess ab perfectly whenever b[ 0, . . . , m{1f g. The price to
pay is that he is bound to make a completely random guess for
b[ m, . . . , N{1f g. Because the previously shared correlations con-
tain no information about~aa, for every strategy there will be a trade-off
between the probabilities for guessing different bits of~aa. Let us denote
Bob’s output by b. The efficiency of Alice’s and Bob’s strategy can be
quantified by

I:
XN{1

K~0

I aK : b bj ~Kð Þ ð1Þ

where I(aK : bjb 5 K) is the Shannon mutual information between aK

and b, computed under the condition that Bob has received b 5 K.
One can also show that

I§N{
XN{1

K~0

h PKð Þ ð2Þ

where h(x) 5 2x log2 x 2 (1 2 x) log2 (1 2 x) is the binary entropy of
x, and PK is the probability that aK 5 b, again for the case of b 5 K. To
obtain the inequality, the aK have been assumed to be unbiased and
independently distributed (details are given in Supplementary
Information).

Ideally, we wish to define that information causality holds if, after
transfer of the m-bit message, the mutual information between Alice’s
data~aa and everything that Bob has—that is, the message~xx and his part
B of the previously shared correlation—is bounded by m. Intuitively
appealing though such a definition is, it has the severe issue that it is
not theory-independent. Specifically, a mutual information expres-
sion ‘I ~aa :~xx, Bð Þ’ has to be defined for a state involving objects from
the underlying theory (the possibilities include classical correlation, a

shared quantum state and NS-boxes). It is far from clear whether
mutual information can be defined consistently for all non-local cor-
relations, nor whether such a definition would be unique.

Instead, we shall show that if a mutual information can be defined
that obeys certain elementary properties, then (a) information caus-
ality holds and (b) I ~aa :~xx, Bð Þ§I . Thus we obtain the following neces-
sary condition for information causality:

Iƒm ð3Þ

We stress that the parameter I is independent of any underlying
physical theory: I does not involve any details of a particular physical
model but is fully determined by Alice’s and Bob’s input bits and
Bob’s output. In this sense it resembles Bell’s parameter2, which also
involves only random variables and can be used to test different
physical theories.

For a system composed of parts A, B and C, prepared in a state allowed
by the theory, we need to assign symmetric and non-negative mutual
informations I(A : B), etc. The elementary properties mentioned above
are the following. First, consistency: if the subsystems A and B are both
classical, then I(A : B) should coincide with Shannon’s mutual informa-
tion. Second, data-processing inequality: acting on one of the parts
locally by any state transformation allowed in the theory cannot
increase the mutual information. That is, if B R B9 is a permissible
map between systems, then I(A : B) $ I(A : B9). This says that any local
manipulation of data can only decay information. Third, a chain rule:
there exists a conditional mutual information I(A : BjC) such that the
following identity is satisfied for all states and triples of parts:
I(A : B, C) 5 I(A : C) 1 I(A : BjC). This implies an identity between
ordinary mutual informations:

I A:B, Cð Þ{I A:Bð Þ~I A:B Cjð Þ~I A, C :Bð Þ{I B :Cð Þ

Information causality holds in both classical and quantum physics;
we may focus on the latter because the former is a special case of it.
This is because one can define quantum mutual information in a
formal extension of Shannon’s quantity, using von Neumann
entropy27, and all three of the above properties are fulfilled28. Details
are given in Supplementary Information, but in brief one argues as
follows.

To show (a), denote by B Bob’s quantum system holding the shared
quantum state rAB, Alice’s data ~aa~ a0, . . . , aN{1ð Þ, and the m-bit
message~xx; our objective is to prove that I ~aa :~xx, Bð Þƒm. First, the chain
rule for mutual information yields I ~aa :~xx, Bð Þ~I ~aa :Bð ÞzI ~aa :~xx Bjð Þ.
Second, I ~aa :Bð Þ~0 because without the message Alice’s data and
Bob’s quantum state are independent (expressing the no-signalling
condition). Third, we use the chain rule again to express the conditional
mutual information as I ~aa :~xx Bjð Þ~I ~xx :~aa, Bð Þ{I ~xx :Bð ÞƒI ~xx :~aa, Bð Þ.
Finally, the latter can be upper-bounded by I ~xx :~xxð Þƒm, invoking data
processing. Similarly, (b) is obtained by repeated application of the
chain rule, data-processing inequality and non-negativity of mutual
information (details are given in Supplementary Information).

To study how other no-signalling theories can violate information
causality, we focus on the necessary condition in equation (3). First
consider the simplest example of two-bit input by Alice, (a0, a1); it is
described in Fig. 2. The probability that Bob correctly gives the value
of the bit a0 is

PI~
1

2
P A+B~0 0, 0jð ÞzP A+B~0 1, 0jð Þ½ $ ð4Þ

and the analogous probability for the bit a1 reads

PII~
1

2
P A+B~0 0, 1jð ÞzP A+B~1 1, 1jð Þ½ $ ð5Þ

where the symbol › denotes summation modulo 2.
One can recognize that these probabilities are intimately linked

with the Clauser–Horne–Shimony–Holt parameter29 S, which can be
used to quantify the strength of correlations. Indeed,

a0, a1, ..., aN–1 b = 0, ..., N – 1

(m classical bits)

ab

Figure 1 | The task. Alice receives N random and independent bits
~aa~ a0, . . . , aN{1ð Þ. In a separate location, Bob receives a random variable
b[ 0, 1, . . . , N{1f g. Alice sends m classical bits to Bob, with the help of
which Bob is asked to guess the value of the bth bit in Alice’s list, ab. Alice and
Bob can share any no-signalling resources. Information causality limits the
efficiency of solutions to this task. It bounds the mutual information
between Alice’s data and all that Bob has at hand after receiving the message.

LETTERS NATURE | Vol 461 | 22 October 2009

1102
 Macmillan Publishers Limited. All rights reserved©2009

Thank you very much	
for your attention!

MM, Probabilistic Theories and reconstructions of Quantum Theory (Les Houches 2019	
lecture notes), SciPost Lect. Notes 28 (2021).


