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An incomplete historical perspective

From quantum logic to quantum reconstructions

1936—2011 - Selected milestones in two interacting research traditions

QUANTUM LOGIC & EXPERIMENTAL PROPOSITIONS OPERATIONAL PROBABILITIES & CONVEX STATE SPACES
1936 - Garrett Birkhoff & John von Neumann
The Logic of Quantum Mechanics (1936)
Sharp questions — non-Boolean lattice of subspaces
I
1950s -1~ Gleason (1957): probability measures on projections — density operators Gilinther Ludwig
J | 1950s roots * explicit axiomatization: 1964, 1967, 1968
George Mackey ~ J-M. Jauch & C. Piron Versuch Iemer ax:Qmat{schen Grund{egung ... (1964)
1960s -~ 1963 w B Properties —» generalized , Preparation + registration — probabilities — states and effects
Sif:,??;zc; %?Stzﬁgtlgfs Hilbert space (Piron, 1964) Marburg programme; consolidated in Foundations (1983-85) and An Axiomatic Basis (1985-87)

Mathematical Foundations of Quantum Mechanics Jauch: Foundations (1968) « Piron: Foundations (1976) l

} "~ shared operational / ErGEaBiTis'tlé?r;n?ém?o'ri """"""" 1960s—80s: the mathematical language of GPTs

1970s-80s FouI|§ & Rar.ld'all v """l Mielnik (1968): Geometry of quantum states Dahn & Stolz: Marburg convex framework

Operational Statistics I-Il (1972-73) Aerts (1982) Davies & Lewis (1970): instruments Gudder (1973): convex-state approach
Tests, outcomes and empirical logics Separated-system problem Holevo (1972): generalized measurements Werner (1983): statistical dualities
Measurements as families of outcomes

} ¥ '

1994-2001 - Foulis & Bennett (1994) Maria Pia Soleér (1995) Lucien Hardy (2001)
Effect Algebras and Unsharp Quantum Logics Characterization of Hilbert spaces ... Quantum Theory From Five Reasonable Axioms
Beyond sharp propositions Infinite orthonormal sequence — R, C or H Finite-dimensional GPTs; continuous reversibility distinguishes quantum from classical
1984-2005 | Q t inf tion & t h :
— uantum information & c ogra . L . .
ryptography 2003-07 | Information principles meet generalized theories
2003-07 -+ Bennett-Brassard (1984) « Ekert (1991) « Barrett-Hardy—Kent (2005) -4 » .
, . _ o ) ) ) Clifton—Bub—Halvorson (2003) « Barnum (2003) « Barrett (2007)

Information—disturbance; Bell correlations; no-signalling security No broadcasting / bit commitment; operational frameworks; non-quantum foils

2011: A WAVE OF OPERATIONAL RECONSTRUCTIONS

2011 +
Daki¢ & Brukner Masanes & Miiller Chlrlb_ella,_D’Arlano Hardy
j 2009 preprint — 2011 NJP 13, 063001 (2011) & Perinotti | arXiv:1104.2066 (2011)
PRA 84, 012311 (2011)
Quantum Theory and Beyond: A der/vat/on of quantum theory Informational derivation Reformulating and Reconstructing
Is Entanglement Special? from physical requirements of quantum theory Quantum Theory
1l Information capacity ¢ locality  reversibility Five physical requirements; finite-dimensional QT Purification + five informational axioms Circuit framework; operational postulates

TIME
compressed — development within a research tradition - - -+ conceptual connection Schematic, not a complete genealogy. Portraits are not necessarily contemporary with the papers.

References and portrait credits: quantum-reconstruction-sources.md
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From about 2000 on: impact of quantum information theory (focus on finite-dim. systems, compositional structure).
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Some conceptual remarks

e We will motivate GPTs via preparations, transformations, measurements.
But this does not commit us to an instrumentalist interpretation!

e |nstead, it is best understood as a minimal requirement for what a
theory can do for you: it should at least allow us to describe
experiments of that sort. This is a sort of minimal interpretation.

e Not saying any more than that means in particular not to make any
further assumptions. Which is arguably a desirable feature.

e For the same reason, the framework is agnostic to the interpretation
of probability. A Bayesian interpretation is arguably always possible.
What is implicitly often understood in the GPT context: the idea that
we can repeat a prescribed experiment many times and subject
probability claims to statistical testing via observed frequencies.

This does not imply a frequentist interpretation of probability.
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e In classical physics / prob. theory:

P(a,blz,y) = »  Pa(alz,\)Pp(bly, A)Pa (M)
AEA

e |n quantum physics:
P(a,blx,y) = tr [,OAB(E;’ X F;)}

Quantum admits more general P’s due to the violation of Bell inequalities.
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Correlations in C come from classical prob. theory,
correlations in Q from quantum theory,
correlations in NS from a theory called “boxworld”.

3 examples of a “generalized probabilistic theory”.
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Generalized probabilistic theories

Example: classical coin toss.

e On every push of button, the preparation device produces

a biased coin toss.
e The transformation device, for example, inverts the coin

(if heads then tails, and vice versa).

® The measurement outcome is "heads" or "tails".
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Example: classical coin toss.

e The preparation device prepares a physical system
In a state w.

® Transformation: T( P ) — ( L=p )
1 —p p
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Generalized probabilistic theories

Example: classical coin toss.

—_

e The preparation device prepares a physical system 0
in a state w.
: D 1 —
® Transformation: 1
1—p
Maps states to states and is linear. 0

—_
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Generalized probabilistic theories

Example: classical coin toss.

® Every measurement outcome has a probability,
depending linearly on the state:

Prob(heads|w) = p = ( (1) ) . ( P

O >
D Q)+ D
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Generalized probabilistic theories

Example: quantum spin-1/2 particle. (‘

e The preparation device prepares a spin-1/2
particle in quantum state w.

0

0) = cos 0| 1)+ sin | 1)

More generally, it is described by a mixed
state (density matrix)

1 l4+7r, 1y —1ry
'0_2 re +try, 1—1r,

with [#] < 1 (pure states have p = [1)(%|), the Bloch ball.
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Example: quantum spin-1/2 particle. (‘

* Unitary transformation of the density matrix:
w i UwUT.
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Generalized probabilistic theories

Example: quantum spin-1/2 particle. (‘

* Unitary transformation of the density matrix:
w i UwUT.

* Measurement in arbitrary spin direction d-

O

)
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Prob(1 |w) = Tr(Pyw)
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Generalized probabilistic theories

® \What is a state?
It is the thing that allows us to determine, for all possible
measurements, the probabilities of the possible outcomes.

QT: Density matrix p.
Measure whether spin is up or down: P(up) = tr(p| T)(1).

® \What is a state space?
It is the collection of all states that a system could
possibly be in, closed under statistical mixtures.

Qr: Q ={p < Hy(C) | tr(p) =1, p>0}.

cPT: Q= {(p1,....pn) [ pi >0, » pi=1}
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Generalized probabilistic theories

® What is a transformation? T'(w) = ¢
Maps an incoming state to an outgoing state, must be linear.
T is reversible if 7! is also a transformation.

QT: Completely positive, trace-non-increasing maps.
Reversible transformations: unitary maps, p UpUT.

® How to describe measurements?
By a collection of linear functionals €1,€2,...,€n
such that the probability of outcomeiis e;(w).

QT: POVMs (positive operator-valued measures),
e;(w) = tr(F;w).

W9

convex



Generalized probabilistic theories

classical
bit bit

Classical trit Quanum trit: Arbitrary convex
(3-level-system)  gp and complicated! state space




Generalized probabilistic theories

There is a large landscape of state spaces, or theories (collections
of allowed state spaces):

operator-algebraic theories

@ @
QT CPT

“boxworld”




Generalized probabilistic theories

There is a large landscape of state spaces, or theories (collections
of allowed state spaces):

PR-box states!



Generalized probabilistic theories

There is a large landscape of state spaces, or theories (collections
of allowed state spaces):

operator-algebraic theories

@ @
QT CPT

“boxworld”




Generalized probabilistic theories

There is a large landscape of state spaces, or theories (collections
of allowed state spaces):

@ |
Qr CPT

“boxworld”

Goal: Find a small set of simple physical / information-theoretic
principles that singles out QT uniquely.




Generalized probabilistic theories

There is a large landscape of state spaces, or theories (collections
of allowed state spaces):

@ |
Qr CPT

“boxworld”

Goal: Find a small set of simple physical / information-theoretic
principles that singles out QT uniquely.

Role model: Einstein’s Relativity Principle and Light Postulate

determine Minkowski spacetime. .
physically realized ’3@0’6@’
%
| | iy
Euclidean Minkowski ‘
hyperbolic
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Some comments on work from the philosophy community

Conceptually, a more fitting picture would look as follows:

operator-
algebraic
theories

“boxworld”

Most of the mystery of "why QT?" is already captured by the question "Why
operator algebras?" No a priori reason for multiplication of observables.

Hence, most physicists were unimpressed by the "CBH"-reconstruction

R. Clifton, J. Bub, H. Halvorson, Characterizing quantum theory in terms of information-theoretic constraints,
Found. Phys. 33, 1561-1591 (2003)

despite its conceptual insights.

H. Brown and C. Timpson, Why special relativity should not be a template for a fundamental reformulation of quantum
mechanics, Physical Theory and its Interpretation, W. Demopoulos and I. Pitowsky (eds.), Springer, 2006.

Main objection: reconstructions leave explanatory work unfinished.
But many physicists happy with structural rather than mechanistic explanations.
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Generalized probabilistic theories

Physical properties depend (strongly!) on the shape of the state space.

The qubit admits “much more” reversible transformabtgons than the gbit.

90 45
45
180 %) 0
270

quantum "gbit"
bit (over R) (neither classical nor quantum)
G ~ SO(2) G ~ D, (dihedral group)

In particular, the qubit admits continuous reversible time evolution,
but the gbit does not.
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In both cases, can think of a 2-outcome “X”-measurement with
Prob(yes|X,w) =z, Prob(nolX,w)=1—z.

Distinguishes two states w;j, ws perfectly (deterministically).
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In both cases, the maximal number of perfectly distinguishable states is 2:

Wi,...,Wn states, €1,...,€n effects summing to unit effect,
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Both feature “complementarity”: cannot predict X and Z simultaneously.



Generalized probabilistic theories

Physical properties depend (strongly!) on the shape of the state space.
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bit (neither classical nor quantum)

However, the qubit features uncertainty relations, but not the gbit.

1
Qubit: Prob(yes|X,w) =0 or 1 = Prob(yes|Z,w) = 5

Gbit: results of both measurements can be simultaneously predetermined.



Generalized probabilistic theories

Physical properties depend (strongly!) on the shape of the state space.
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x
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bit (neither classical nor quantum)

In some sense, uncertainty relations are “a prize to pay” for Nature to admit
of continuous reversible time evolution on discrete systems (such as bits)!
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read one of them. The other box will explode!
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1 t 1 Remember:
The Exploding Bits Machine - . Rerempenl’
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Call the two bits x and z, then every state
is determined by two parameters:

p1 = Prob(zx is observed to be 1),
p2 = Prob(z is observed to be 1).
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Classical simulation of the gbit (sort of...)

1 t 1 Remember:
The Exploding Bits Machine - . Rerempenl’
Two bits are hidden in two black boxes. You can choose to do I want to read? a price.
read one of them. The other box will explode!

?“\ﬁ—‘ 5

(
-

1. Make your choice

I'll read
the first bit.

3. The other box explodes

. . EE.
You can learn one bit. The other one is gone. (v KOWIEDGE DOESNT COME FOR T @

Call the two bits x and z, then every state
is determined by two parameters:

p1 = Prob(x is observed to be 1),
p2 = Prob(z is observed to be 1).

ho $00M’ |

Denote by F; ; that
bit 1 has been prepared
to be i, and bit 2 to be .

1 1
Then — P, P
5 0,0 5 1,1
1 1
and — P _ P
54 0.1 + 51,0

are operationally
equivalent, represented
by the same state.
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there is a reversible T
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release button

l physical system A

outcomes £ and T

No-signalling condition:

state on AB: Alice's probabilities do not depend on

correlations

Bob‘s choice of measurement.

release button

I. outcomes x and ¥ R . o
l physical system B }{ ( /
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QT from three principles (“axioms”

X

|

iVi Axiom |l: States on AB ||
are uniquely determined
% /‘ by correlations of local
measurements on A,B.
= ,,Local tomography*:
No non-local measurements
necessary.
./

Global state space (yp C A® B
"/ but not uniquely fixed!
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Axiom lll: The Subspace Axiom

Some 3-level system:

5 Impossible to have system in 3rd level
K —

= find particle there with probab. 0

Ey— @

2-level system.

Otherwise, physics would be affected

by impossible counterfactuals.
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Axiom lll: The Subspace Axiom

Axiom lll: Let 25 and 2n_1 be systems with capacities
Nand N-1.If (E1,..., Ex) is a complete measurement

on (), then the set of states w with En(w) = 0is ‘

equivalent to 2.

Capacity N of (2 = maximal # of perfectly distinguishable states.

(w1, ...,wn,) perfectly distinguishable, if there is a measurement
(El, . ,En) such that Ei(w]') — 523

If n= Nthen (E1,...,E,) is complete.
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Equivalent = same state spacesupto
a linear map (physically the same!) |




Result

LI. Masanes and M. P. Mdller, A derivation of quantum theory
from physical requirements, New J. Phys. 13, 063001 (2011).

Theorem. There are exactly two GPTs satisfying the following three axioms:
l. Reversibility

Il. Local Tomography
lll. Subspace Axiom

These are:
¢ Classical Probability Theory
Capacity-n states are the probability vectors (p1,...,Dn);
reversible transformations are permutations; the usual measurements.

¢ Quantum Theory

Capacity-n states are the complex n x n density matrices;
reversible transformations are unitary conjugations p+ UpUT;
the measurements are the POVMs.
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Sketch of first small part of proof

Why a bit is described by a ball:

}E(oo)= I N

W (1-E, E) is complete measurement.
‘s = {w: E(w) =0} ={wy} ~ Q.

) 3
here E(w)=0 = {1 contains a single state.

D
capatigy 2 (bit)

N g
5
5
D

E(w)=1
S
° ° ° ° ~~
If there is a face, similar reasoning: .. 0, /s

()1 contains © many states. 2§ . +here E‘(w)=0

=no faces: Reversibility axiom = ), is a ball.
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The qubit revisited

We have seen: simple assumptions tell us that a bit should have
a Euclidean ball state space.

classical guantum
bit bit
R, C,H, O -qubits would have d =2,3,5,9. Why d = 37

We have already seen an information-theoretic reason.
But there is also a “spacetime” reason!
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Constraints from relativity

Let’s relax this assumptionto G4 ~ Gg.
= d < 5. Quaternionic QM survives!
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So far, we assumed: Ga = 0UpR. Assumption of relationality!

Whatever happens in one arm can be undone in the other arm.
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A. Garner, MM, O. C. O. Dahlsten, Proc. R. Soc. A 473, 20170596 (2017).

A1) Beam splitter can prepare any upper-branch probability p.

A2) Every pure state with the same p can be prepared by
reversible operations applied locally on the two arms.

A3) The groups of operations of A and B are isomorphic.

REL) Relativity of simultaneity.

From A1-A3, all Bloch ball dimensions d are possible. But with REL, we get:

Theorem 6.2. Under the assumptions Al, A2, A3, relativity of simultaneity (REL) allows for the
following possibilities and not more:

— d =1 (the classical bit), with Ga = G = {1} (i.e. without any non-trivial local transformations),

— d =2 (the quantum bit over the real numbers), with Gp = G = Zo,

— d = 3 (the standard quantum bit over the complex numbers), with G = Gg = SO(2) =U(1),

— d =5 (the quaternionic quantum bit), with Gag = SO(4), Ga the left- and Gg the right-isoclinic
rotations in SO(4) (or vice versa) which are both isomorphic to SU(2), and Ga N Gg = {+1, —I}.

Spacetime structure constrains our world's probabilistic theory!
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e Quotation from Caslav Brukner, June 2014:

"The very idea of quantum states as representatives of information -- information that is sufficient for computing
probabilities of outcomes following specific preparations -- has the power to explain why the theory has the
very mathematical structure that it does. This in itself is the message of the reconstructions.”

e Potentially useful lecture notes:

MM, Probabilistic Theories and reconstructions of Quantum Theory (Les Houches 2019
lecture notes), SciPost Lect. Notes 28 (2021).

e What | didn't have time to talk about:
Attempts to derive exclusively the set of quantum Bell correlations from simple principles.
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One of the most important problems in physics is to reconcile quantum mechanics with

general relativity, and some authors have suggested that this may be realized at the (m classical bits) \'

expense of having to drop the quantum formalism in favour of a more general theory.
Here we propose a mechanism to make general claims on the microsconic structure of the
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Conclusions - or rather, final comments

MM, Probabilistic Theories and reconstructions of Quantum Theory (Les Houches 2019
lecture notes), SciPost Lect. Notes 28 (2021).
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